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over the plane with the maximum metric
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Déniel Virosztek

Abstract. We study p-Wasserstein spaces over the branching spaces R? and [-1,1]? equipped with
the maximum norm metric. We show that these spaces are isometrically rigid for all p > 1, meaning
that all isometries of these spaces are induced by isometries of the underlying space via the push-
forward operation. This is in contrast to the case of the Euclidean metric since with that distance
the 2-Wasserstein space over R? is not rigid. Also, we highlight that the 1-Wasserstein space is not
rigid over the closed interval [-1,1], while according to our result, its two-dimensional analog, the
closed unit ball [-1,1]? with the more complicated geodesic structure is rigid.

1 Introduction and the main result

Recent developments of optimal mass transport theory [I-3, 9, 16, 17] serve as
main motivation for studying the Wasserstein space; that is, the space of probability
measures endowed with a metric generated by optimal mass transport. The structure
of the isometry group of Wasserstein spaces has been studied for the first time in
a groundbreaking paper by Kloeckner [13] in the case when the underlying space
is the Euclidean space R". This research has been followed up by Bertrand and
Kloeckner [6, 7], Gehér, Titkos, Virosztek [10, 11], Santos-Rodriguez [15]. These
authors considered various underlying metric spaces with different properties. The
general feature of these spaces was, that they were non-branching geodesic metric
spaces. This non-branching property of the underlying space was inherited by the
Wasserstein space as well [1, 15] and it was used in an essential way (e.g., in [15]) to
show that isometries of Wasserstein spaces preserve the class of Dirac masses.
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2 Z. Balogh et al.

In this article, we consider the situation of branching spaces, namely R? and
Q = [-1,1]* endowed with the maximum metric. Since the above-mentioned tech-
nique does not work in our case, we shall use a different method in order to determine
the structure of the isometry group of the Wasserstein space over these spaces.

Before defining the necessary notions and introducing the notation we will use
throughout this article, we highlight a very recent result of Che, Galaz-Garcia, Kerin,
and Santos-Rodriguez [8] which provided interesting examples of non-rigid Wasser-
stein spaces over certain classes of normed spaces.

To state our main result, we start by introducing some notation. Let X € R? be a
closed subset equipped with the maximum metric dy, : X x X — [0, 00)

dm ((x1,%2), (31, y2)) = max {|x1 = yl, [x2 = yal},

which is a complete and separable metric space. For p >1 we consider the
p-Wasserstein space (CPP(X, dm), dwp), where X cR? is a closed subset and
Pp(X,dm) is the space of Borel probability measures y supported on X ¢ R? with
finite pth moments:

f df(x,x0) du(x) < o0

for some (and thus for all) xq € R2. This set is endowed with the Wasserstein metric
coming from optimal mass transport, i.e.,

dw,(4,v) = min ffdﬁl(x,y)dﬂ(x,y) ,

neC(u,v)

where C(u, v) is in the set of couplings between y and v. That s, 7 € P(X x X) and its
marginals are equal to p and v: m(A x X) = p(A), and (X x A) = v(A) for any Borel
set A € X. Recall that if 0 < p < 1, then the definition of the p-Wasserstein distance is
slightly different. In that case, dw, (¢, v) = mingec(u,y) [f db(x,y) dn(x, y).

XxX
For the sake of brevity, we will denote the Wasserstein space (iPP (X,dm).d Wp) by
Wy (X, d).
The support of a measure p will be denoted by supp(u). For some distinguished
collection of lines L c R? the set

Wy (L,dm) = {4 € Wp(R?, dw) | supp(p) € L}

will play an important role. Recall that a geodesic segment (or shortly: geodesic) is a
curve y : [a,b] - W, (X, dy,) such that

dw, (y(£),y(s)) = Clt = |

for all t,s € R. Note, that by reparametrizing the curve y we can always achieve that
C = 1. Geodesics with C = 1 will be called unit-speed geodesics.

This article aims to connect isometries of the underlying space X, and the
Wasserstein space W, (X, dy,). Recall that given a metric space (M, o) a map
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f+ M — Mis called an isometry if it is bijective and distance preserving, i.e., o(f(m),
f(m")) = o(m,m’) forall m, m’ € M.

Recall that any isometry of (X, dy,) induces an isometry of W, (X, d,) by push-
forward. Indeed, if T: X — X is an isometry, then the map T; is an isometry of
W, (X, dm ), where T;u stands for the push-forward measure of y by T

Tsu(A) = u(T™'(A) forall Borel sets A c X.

In what follows, we shall call isometries of the type Ty trivial isometries. We call the
Wasserstein space W, (X, dy, ) isometrically rigid if all of its isometries are trivial.

Let us recall that by the results of Kloeckner [13] the quadratic Wasserstein
space Wy (R",d).|,) is not rigid as it has non-trivial shape-preserving isometries.
Moreover, in the case n = 1there is a flow of exotic (non-shape-preserving) isometries.
Furthermore, the structure of the isometry group of Wasserstein spaces could depend
both on the choice of X and the value of p. Indeed, the results of [10] show in the one-
dimensional case X = R that the isometry group of W,(R, d,) is much larger than
the isometry group of W, (R, d}) for all p # 2, while if X = [0, 1], then the isometry
group of W;([0,1],d),) is richer than the isometry group of W, ([0,1],d,) for all
p >1 (see [10]). As it was already pointed out in [10], the same conclusion holds for
every compact interval [a, b]. For our considerations, the relevant conclusion is that
W, ([-1,1], |- ) is rigid if and only if p # 1.

In this article, we distinguish the cases p =1and p > 1. We note that the case p <1
has already been covered by the general result [11, Corollary 4.7] which says that the
Wasserstein space W, (X, d) is isometrically rigid for every Polish underlying space
(X, d) and for every parameter p < 1. Furthermore, the underlying space X will be
either R? or the closed unit ball Q = [~1,1]%. Our main result shows, that in contrast
to the above non-rigidity results in the one-dimensional case, (and also in the higher
dimensional R” with the Euclidean metric) in our situation the Wasserstein spaces
are isometrically rigid when the underlying space R? or Q is considered with the
maximum metric.

Theorem1.1 LetX = R?or X = Q = [-1,1]? equipped with the maximum metric. Then
for any p > 1 the Wasserstein space W, (X, dw,) is isometrically rigid. That is, for any
isometry ® : W, (X, dm) = W, (X, dy,) there exists a unique isometry T : (X, dp,) —
(X, dm) such that

O(u) = Typ, forany pe Wy(X,dp).

The proof will be a combination of Proposition 2.1 with Theorems 3.3, 3.6, 3.9,
and 3.10.

Due to the difficulty caused by the branching nature of the underlying space,
instead of Dirac masses, we shall consider measures supported on diagonal lines and
prove that this class of measures is preserved by isometries. This seems to be a similar
phenomenon to the one in the recent work of Balogh, Titkos, and Virosztek [5] about
rigidity in the setting of the Heisenberg group. In that paper, the authors proved that
measures supported on vertical lines in the Heisenberg group are preserved. In our
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setting vertical lines will be replaced by diagonals that are suitable to our geometry. In
the sequel, we shall consider two special lines (briefly: diagonals)

Ly ={(t,t)|teR} and L_={(t,-t)|teR},
and their translates:
(1.1) L=L.,= {(xl,xz) eR? |x2 =ex) + a} for some e € {-1,1} and a € R.

When we are working in Q = [~1,1]%, (with a slight abuse of notation) these symbols
denote the line segment contained in Q.

The consideration of diagonal lines in our arguments is based on the observation
that there is a unique geodesic (with respect to the maximum metric) connecting two
points in the plane if and only if the two points are on the same diagonal L, ,. We think
that understanding rigidity in this special branching space will give us important clues
to tackle the same question in general normed spaces.

Definition 1.1  Let X be either R* or Q equipped by the maximum metric. We call
the Wasserstein space W, (X, dy, ) diagonally rigid, if for every Wasserstein isometry
O :W,(X,dm) > Wy(X,dn) there exists an isometry T : (X, dm) = (X, dm) such
that ®(u) = Ts(u) whenever the support of y is a subset of L, or L_.

Our aim in Section 2 is to prove that diagonal rigidity implies rigidity. This step
is quite general in the sense that its proof works the same way for any p >1 and
X € {R?, Q}. To prove that W, (X, dr) is indeed diagonally rigid is more tricky and
uses very different arguments for different underlying spaces X = R? and X = [-1,1]?
and for different values of p. These results are proven in Section 3.

2 Diagonal rigidity implies rigidity
The main result of this section is the following.

Proposition 2.1 Let p>1 and X € {R?,Q}. Assume that the space W,(X,dy) is
diagonally rigid. Then the W, (X, d,) is rigid.

For the sake of brevity, we only prove the case X = R?. The same argument works
in the case X = Q, replacing lines by line segments contained in Q.

The proof of the statement will be a combination of lemmas. The first lemma is
about the minimal distance projection onto lines.

Lemma 2.2 Let L c R? be a line that is not parallel to the x-axis and the y-axis, and
let x € R2. Then there exists unique X € L such that di, (x,%) < dm(x, y) forall y € L.

Proof If x € L, then we take % := x and the claim is obvious. If x ¢ L, then % is the
first point of contact of metric balls centered at x with L. Since metric balls are squares
aligned with the x and y-axes, and by assumption L is not parallel to any of these axes,
x is uniquely defined. ]

Denoting by P; (x) = &, we obtain a well-defined projection map Py, : R? — L. Our
second statement is about the projection of measures defined by the push forward
under this projection map.
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Lemma 2.3 Let y € W,(R?,dy,). Then, the measure ji = P, (u) is the metric projec-

tion W, (R?, dm) = W,(L, dw) i.e., the unique measure in W, (L, dy, ) such that
dw, (4 1) < dw, (4, v)

forallve W,(L,dy).

Proof To prove the inequality in the statement, let v € W, (L, dy,,) be an arbitrary
measure and 7 be an optimal coupling between y and v. Then

d‘ljv,, (u,v) = f db(x,y) dn(x, y).
R2xL

Since d&,(x, y) > db (x, P(x)) for all x € R?, y € L and supp(7) € R? x L, we have
that

dh, ()= [ dh(ey) i)z [ dhop(o) dn(xy)

R2xL RZxRR2
= [ e Pu()) du(x) = dby, ().
R2

This shows that /i is a minimizer for the problem inf{d€vp (u,v):veW,(L,dm)}-

To show that j is the unique minimizer, note that in the case equality we
have that y = P;(x) for 7 almost every (x,y) showing that m = (Id x Py )sp and
thus v = Py p. ]

The next lemma shows that the action of the isometry and the push-forward by
projection commute.

Lemma2.4 If®:W,(R* dw) > W,(R?, dw) is an isometry such that ®(u) = p for
all y e Wy(Ly,d) UW, (L, diy) then we have the commutation relations

O(PrL, (1) = Pr,o(®(p))  and  O(P_,(p)) = Pr_,(P(4))
forall p e W,(R?, dp,).

Proof The proof is based on the previous lemma, and we prove only the first
commutation relation regarding L. as the case of L_ is very similar.
Let y € W,(R?,dy) and i = P, (). We have to show that ®(4) = P, ,(®(p)).
Since fi € Wy, (L, dm ), we note that ®(ji) = j by assumption. As @ is an isometry,
D= dw, (1) = dw,(O(u), B(4)) = dw, (P (u), 4).
Letv e Wy(Ly,dm). Thus v = @' (v) € W, (L, dm), and therefore
dw,(®(u),v) = dwp(y,q)_l(v)) =dw,(u,v) 2D forallveW,(Ly,dn).

Since dw, (®(¢), ®(f)) =D and g = ®(f) € Wy(Ly,dn) is the minimizer of the
distance, from the uniqueness part of Lemma 2.3, we have i = ®(j) = P, ,(P(¢))
as required. [ ]

After this preparation we can turn to the proof of Proposition 2.1. The proof is
inspired by Bertrand and Kloeckner [6] and it is based on the method of Radon
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transform. In our case, the Radon transform will be a mapping R : W, (R?, dyy ) —
Wy (Ly,dm) x Wy(L-, dr) defined by

(1) R(p) = (Pros()s Py (W)

Proof of Proposition 2.1  Without loss of generality, we can assume that ® () = p for
allp e Wy(Ly,dm) UW,(L_,d). Now we want to extend this property to the whole
W, (IR?, dyy ). The main idea is to consider a subset F ¢ W, (R?, dy,) such that

o Fisdensein WP(RZ, dm),
o for any uy, y, € F the following holds:

Pr,(m) =Py (42) and Pp () =P (1) = =4,
e O(F)cT.

The second condition is the injectivity of the Radon transform on the set F. Suppose
that we have such an J. Then, applying Lemma 2.4 we get that for any y € F

PL+#(CD(.U)) = q)(PL+#(/")) = PL+#(/")

and

P (D(u)) =D(PL_,(p)) = Pr_,(1)-

By the third condition we have ®(u) € F and so we can apply the second condition
for the two measures y; = p and p, = ©(p). This implies that ®(u) = yforall y € F.
Using the density of F in W, (R?, dy) (the first condition) we get that ®(u) = u for
all p e Wy(R?, dy).

Therefore it is enough to find a set J that satisfies the conditions above. We define
F by the following:

N
F:= Z a;0y,
i=1

N
N>1LY a;i =1,
i=1

for i # j we require a; # aj, and P;, x; # Pr,xjand P;_x; # PL_xj}.

Let us check the required conditions for this choice of F. For the first condition we
use the fact that the set of finitely supported measures is dense in W, (R?, dy,). Since
a finitely supported measure can be clearly approximated in W, (R?, dy, ) by elements
of J, the first property follows.

In order to show the second property, let yy, g € F such that P, 4 (p1) = Pr, +(p2)
and P;_4(p1) = Pr_#(p2). We have to conclude that y; = p,.

To check this, let us assume that

N, N,
Y1 = Z al(l)(?xgl), and y; = Z aSZ)Sx@.
i=1 ! i=1 !
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By the condition that Py s(p1) = Pr, #(p2) and Pp_#(p1) = Pr_s(y2), we obtain the
equations

M
Z; @ Op,, (<) = Z 0, ()
and

Ni
)
Z;ai Py (x(l)) Za P (xi(z))’

i=

From here we conclude, that N; = N, = N, a(l) = a( and xl.(l) = xl.(z) fori=1,...,N
which gives that y; = p5.

To verify the third property, ie., that ®(F)cF, let us take an element
p=2N a;8,, €. Recalling that ® fixes all measures supported on the diagonals L,
and L_, we get by Lemma 2.4 that

Pry(p) = ©(Pry(4)) = Pre (O (1))
for L € {L,,L_}, and therefore we have

N
PL+#(CD(AL[)) = PL+#(A“) = Zai(SPL+(xi)’
i=1

where Pp, (x;) € L, and

N
Pr_ (@) = Pr_y(4) = ). aibp, (x>
i=1

where P;_(x;) € L_.In conclusion, we obtain that the Radon transform of y and ®(u)
are equal

N N
R = R(u) = R(O(4)) = (ZaiapL+<x,.>,Zai6pL_<x,.>)-
i=1 i=1

Now observe that ®(u) is a finitely supported measure with support contained in
the intersection of the two pre-images:

(Pr) " ({Pr, (1) P, (xn) 1) 0 (PL) M ({PL_(31)5 -5 PL_(xn) })-

This intersection is an N-by-N grid, and we refer to its points by z; j(1< i, j < N),
where z; j satisfies that P;, (z; ;) = Pp, (x;) and P;_(z;,j) = P;_(x;). Hence ®(¢) can
be written as

N N
O(u) = Z Zai,j‘szw’

i=1 j=1

N N N N . .
where a;,; >0, ¥;0; ;2 45,5 = land Y17, a4, = aj and Y1, a;,j = a;. Since the grid
is finite, there is a positive minimal distance between its points

ci= min du(zj zij)>0.
(5,7)*(i",")
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Figure I: Illustration of a finitely supported measure y with a possible image @ () and the grid
determined by the pre-images of P, and Py _.

Figure 2: Tllustration of u’, the measure that we obtain by a sufficiently small perturbation
of p.

From here, we assume by contradiction that ®(u) ¢ F. Since ©(u) ¢ F, then there
exist at least two points z,z’ € supp(®(u)) such that their projection onto either L,
or L_ coincide (Figure 1).

We briefly sketch how to obtain the desired contradiction and we give the details
later.

First, by slightly perturbing the measure ¢ we will construct a measure g’ (Figure 2)
such that

(2.2) argmin {dyw, (4, &) | £ e W, (R, dw), R(§) =R(u')} = {4}

Next, using the existence of z and z’ as above; by small perturbations of ®(u) we
will construct two measures v; and v; (Figure 3) such that R(v;) = R(v3) = R(u')
and

(2.3) argmin {dw, (®(u), &) | &€ W,y (R?, din ), R(E) = R(p")} 2 {v1, 5}

Finally, dy, (4, ®7'(v])) = dw, (4, ¢') = dw, (4, ®~'(v})) contradicts the fact that
' is the unique minimizer (Figure 4). This contradiction guarantees that ®(y) € F.

After this brief sketch of the proof, we turn to the details.

If ©(u) ¢ F, then there exist two points z, z" € supp(®(p)) such that their projec-
tions onto either L, or L_ coincide. Indeed, if there are no such points, then all points
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Figure 3: Illustration for v{ and v} - the two measures that we obtained by sufficiently small
perturbations of @ (y).

{EIR(E) = R(w)} {EIR(E) =Rk}

Figure 4: Tllustration of the final step leading to a contradiction. Dashed lines represent equal
distances.

of the support of ®(u) project to different points of L, and L_. Since

N N
Py (®(p)) = 3 ip,_(x)> Pr.,(®(w)) = ) aidp, (x)
i=1 i=1

and a; #a; (1<i#j<N), this implies that ®(u) = Y1, a;8y, = 4, which leads
to a contradiction. Without loss of generality, we can assume that this common
projection is Pp, (x;) € Ly, i.e, Pp (z) = Pr,(2') = Pr,(x;), and for some 1< j; #
j2 <N we have z = 71,2 = 2z1,j, and ayj, >0, ay,j, > 0. Using this observation, we
construct the measures y’, v;, v} as follows. We take a point x” € L, such that ¢q :=
dm(Pr, (x1),x") < /2. Let us denote the elements of

(e (R D) 0 (B {PL (1), o0 P ()
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by zo,j (1< j<N)sothat P, (2o,j) = x"and Pr_(z,j) = P_(x;j). We will also use the
notation x = zg;. Forevery0 < i’ <N,1<j,j <N

dm(Zo,j, Zl,j) <dm (Zi’,j’> Zl,j)

if (', j") ¢ {(0, j), (1, j) }. To see this, observe that by construction, d,, (2,3, 21,j) = co-
If i" #0 and (i',j") # (1, ), then we have d,,(zi7,jr,z1,;) > ¢ by definition. If i’ = 0
and j' # j, then using the reverse triangle inequality, we have d,,(zo,j,21,j) >
dm(z1,jr,21,j) — dm (20,7, 21,j7) > € = co > ¢o. Let us fix a weight a satisfying 0 < a <
min{a,j,ay,;j,} < a. Now, we consider the following measures

N
u'=ady, +(a1—a)dy, + Y a;iby,,

i=2
N N N
/ — . p— . . P
Vi =adg,, + (au, a)ézl,h +a1,j,0z,;, + Z a,j0z,; + Z Z a0z ;>
J=Lj#ju ja i=2 j=1
N N N
/ —
Vy = a(SZo,jz + al:]'l(szl,jl + (al,jz - a)azl,jz + Z al’j(szl,j + Z Z ai,jaz,»)j'
J=Lj*j1sj2 i=2 j=1

Obviously, u’,v;, and v} are probability measures satisfying R(y') = R(v]) =
R(vy) = R', namely

N N
fR/ — (a(SX/ + (a1 - a)(SpL+(xl) + Z ai6pL+(xi), Z ai(SpL_(xi)) .
i=2 i=1
Our next step is to prove that:

(2.4) dw, (4, @) = dw, (), V) = dw, (D (), v}) = ar o,

moreover, y' satisfies the following uniqueness property:
(2.5) if dw, (u, &) = av co, and R(&) = R then £ = ',

Equations (2.4) and (2.5) together will justify relations (2.2) and (2.3).
In order to show (2.4) note that if &, &, are finitely supported probability measures
with supports in a discrete set P, then
b
d R = min dﬂ u,v) - I (u,v .
(@)=, mp (5 dien) )
The proof of each of the equations in (2.4) is similar, therefore we will only prove the

1
equality dw, (4, 4") = a? co. Notice first, that since every transport plan must move a
total weight of at least a to x; from the support points of y’, we have that

N % 1 1
dw,(p,u') 2 (Zdﬁ,(x,-,xl)l'[(xi,xl)) > (db(x0,x1)a)? = arco,

i=0

since db, (x;,x1) > db,(xo, %) and YN TI(x;, x1) > a. On the other hand, if we move
weight a directly from x to x;, we exactly get that the cost of this transport plan is
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a® . Now we turn to the proof of (2.5). Let us suppose that we have a probability
measure & with R(&) = R'. Then £ can be written in the form

N N
f = Z bi,j(sz,',j)

i=0 j=1

~,

such that
N N N N
Zbo,j:a, Zbl,]’=al—a, Zbi,]':ai (ZSiSN), Zb,-,j:aj.
=1 = = i=0

Again, every transport plan must move a total weight of at least a to x; from the
support points of &. Hence, we get that again

N N b L

(26) dwp(f, [J) > ( Z Z dﬁ(zi,j, xl)H(zi,j, xl)) > (d%(xo,xl)a)ﬂ =arcy.
i=0 j=1

Let us recall that d,,(xo,x1) < dm(zij,x1), if (i,7) ¢ {(0,1),(1,1)}. (Note that

Zo,1 = X0, 21,1 = %1). Therefore, equality holds in (2.6) if and only if all transport occurs

between xo and x; with weight a. This implies that & — ad,, = p — ad,, and hence

E=y'.

In the last step, we show that the existence of v; # v} implies that u’ is not a unique
minimizer in relation (2.2). Indeed, since @ is an isometry preserving measures
supported on L, and L_ we have by Lemma 2.4 that R(®!(v;)) = R(®7(v})) = R'.
Furthermore, according to (2.4), we have

dw, (4, @7 (v])) = dw, (®(p),v}) = arco = dw, (p, '),

and similarly,

dyw, (u, @71(v})) = dw, (P(u),vy) = arco = dw, (4, ).

Since ®7(v]) # ®~'(v}), this is a contradiction. ]
3 Proof of the main result

According to Proposition 2.1, it is enough to show that the Wasserstein space
W, (X,dn) is diagonally rigid. The proof of this fact is divided into four parts
according to the choice of X = R*or X =Qand p=1orp > 1.

3.1 Diagonal rigidity of W,(R?, d,,)

In this subsection, we deal with the case p = 1and show that W, (R?, d,;,) is diagonally
rigid. That is, we show that if ® : W;(R?, dp) > Wi(R?,dyy) is an isometry, then
®O(u) =y for all yeW;(L,)uW;(L_)—up to a trivial isometry induced by an
isometry of the underlying space R?.

We recall the slightly more general notion than L, and L_ of diagonal lines by
calling L c R? a diagonal line if

(3.) L=L,,= {(xl,xz) eR? |x2 =ex) + a} for some e € {-1,1} and a € R.
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e=1,a<0 e=-1,a>0

e(ylj/z T(—1.1) \ ' . / e(y) = (1,1)
K

N

N

Y1 Yy

L
e(y) = (-1,-1) /

e(y) = (1,-1)

Figure 5: 'The allocation of directions in R* according to (3.3).

Observe that these lines coincide with the set of images of L, by the isometry group of
(R?,d,,). The following proposition is a metric characterization of those elements of
W (R?, dy,) that are supported on a diagonal line. Let us note that this statement plays
the same role as [11, Lemma 3.5], where Dirac masses were characterized in a similar
way in Wasserstein spaces over a Hilbert space. In this sense, diagonally supported
measures in our space have the same metric property as Dirac masses in the case of
Hilbert spaces.

Proposition 3.1 Let y € W,(R?, dy,,). The following statements are equivalent.
(i) w is supported on a diagonal line L, , c R?.
(ii) Forevery v e Wi(R?, dy,) there exists an n € Wy(R?, dyy, ) such that

62) () = duw, (v = S, ().

Inwords, this item means that y admits a symmetrical with respect to every other
measure.

Proof We prove the direction (i) = (ii) first. Let ¢ € {-1,1} and a € R be fixed, let
€ Wi(R?, dy,) such that

supp(.“) clL= Ls,a = {(xlyxz) e R? |X2 =&x1 + a} .
Let us construct the following map, which we will call the allocation of directions in
the sequel:

(-&1) ifya2en+a,

3.3 R > R (1 y2) = e((y1.02)) =
33) e (715 y2) = e((71,52)) {(s,—l) if y <eyi+a.

See Figure 5 for an illustration the map given above.
The above allocation of directions has the crucial property that for all
x = (x1,%) € L, forall y = (y1, y2) € R?, and for all £ > 0 we have

(3.4) dm(x, y+te(y)) =dm(x,y) +dn(y, y + te(y)) = dm(x, y) + t.
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Let us justify (3.4) only in the sub-case ¢ = 1 and y, > ey, + a as the other three sub-
cases are very similar. We know that x, = x; + a and y, > y; + a which implies that
Y2 — X3 > y1 — X1, or equivalently, x; — y; > x; — y,. Therefore,

A (%, y) = dm ((x1,%2), (715 ¥2))
(3.5) =max{x; — y1, )1 — X1, X2 — Y2, Y2 — X2}
= max{x1 - yl,yz — XZ}.

Moreover,

dm (%, y + te(y)) = dm((x1,%2), (71, 2) + 1(-1,1))

=dn((x1,%2), (1 —t,y2+1))

(36) :max{xl—y1+t,y1—xl—t,yz—x2+t,x2—y2—t}
=max{x; - y1+ 5 Y2 — X +1}
=max{x; — y1,y2 — X2} + t.

That is, (3.5) and (3.6) show that d;,(x, y + te(y)) = dm(x, ) + t indeed, and it is

clear by the definition (3.3) that d,,(y, y + te(y)) = t for every nonnegative ¢.

It is a straightforward consequence of the definition of e(y)—see eq. (3.3)—that
for every t > 0 the map y —~ y + te(y) is an injection of R? and hence invertible on its

range.
Let v e Wi (R?, dy, ) and let tg = dy, (4, v). Let us define

(3.7) new=(yry+te(y)),v

for t > 0. As the map y — y + te(y) is invertible, the couplings of 4 and v are in a
one-by-one correspondence with the couplings of ¢ and 7, (for every ¢ > 0), and this
correspondence is given by

S(f)a) = (dg2 x (y =y +1e(3))s 7wy Ty € C( V), () € C(s110))-
Therefore,
dw, (¢ nt) mf{ff]sz]R2 dm(x,2) dﬂ(ﬂ,m)(x,z) () € C(u, Wt)}
= 1nf{[f]Rz - dm(x, y +te(y)) dme,,.)(x, y) ‘ () € C(y,v)}
(3.9) :mf{ffRz . (x,p) + 1) dr(u,y) (%, y)‘n(ﬂ v) eC(y,v)}

inf{fjﬂ;zxw dm (%, y) Ay (x5 y) ‘ () € C(y,v)} +t
=dw,(p,v)+t=ty+t

for every t > 0.
Note, that in the above computation, we heavily relied on the identity (3.4). The
reversed triangle inequality implies that

dw,(v,11¢) 2 |dw, (4 me) = dw, (s v)| = (o + 1) —to = t.
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On the other hand, the cost of the coupling (y ~ (y,y +te(y))),ve C(v,n,) is
simply ¢, and hence dw, (v, 7;) = t. Therefore, with the particular choice t:=ty =
dw, (4, v) the triple (p, v, 1, ) satisfies the requirement

1
(3‘10) dW](.“’ v) = dW](V’ ’71‘0) = Edwl(!’l’ rlfo)

as every expression in (3.10) is equal to t,.
We turn to the proof of the direction (ii) == (i). The assumption (ii) implies in
particular that for every y € R? there exists an ne Wl(]RZ, dm ) such that

1
(3.11) dw, (1, 8y) = dwi (85, 1) = ~dw, (> ).
Note that
i, (r8) = [ () du(x) and du, (3y21) = [ dm(3.2) dn(2).
R2? R2?

Moreover, let 77/, ., denote an optimal coupling of ¢ and 7, and let us note that we
have the following chain of inequalities:

i) = [ n(502) Al (502)
: /]DQ{ZXRZ dm(x,2) d(p @ 1)(x,2)
: ff%@z(dm(x»y) +dm(y,2)) du(x) dn(2)

= dWl(M’(S)’) + dW1(8y> 7).

Therefore, (3.11) implies that both inequalities of (3.12) are saturated. The saturation
of the first inequality means that 4 ® # is an optimal coupling of i and v with respect
to the transport cost c(x, y) = dm(x, y), while the saturation of the second inequality
means that

(3.12)

(313)  dm(x,2) = dm(x, y) + dm(y, 2) for y ® y-almost every (x,z) € R* x R,

In order to get a contradiction, assume that y is not supported on a diagonal line, and
let x and x’ be points of the support of u that do not lie on a common diagonal line.
Now let us choose y to be y := 1 (x + x”). With this choice we get

dm(x,2) <dm(x,y) +dm(y,z) or dn(x',2)
(3.14) <dm(x',y) +dm(y,2) forall z e R*\{y}.

Indeed, it is easy to check—see also Figure 6—that if both triangle inequalities in (3.14)
are saturated, then z = y by necessity.

Consequently, (3.13) forces 7 to be 7 = §,.. But then dy, (8, 1) = 0, which contra-
dicts to (3.11), because dw, (¢, 8,) > 0 as y is not diagonally supported and hence not
a Dirac. This contradiction completes the proof of the implication (ii) == (i). [

Now we give a metric characterization of the property that two measures y; and y;
are supported on the same diagonal line.
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{z € R?|dp (2, 2) = dp (2, y) + dim(y, 2)}

(-

< {z eR*|dy(z,2) = dpn(2,y) + dn(y. 2)}

Figure 6: Illustration for eq. (3.14).

Proposition 3.2 Let yy, py € Wi (R?, dyy,). The following statements are equivalent.

(i) w1 and py are supported on the same diagonal line.
(ii) Forevery v e Wi(R?, dy,), there exists an n € Wy (R?, dy,) such that

(3.15) dw,(ui-n) = dw,(ui,v) +dw,(v,5) fori=1,2 and dw, (v, n) = 1.

In words, this item means that there is a measure 1 aligned with both (y, v)
and (pa, v).

Proof Let us start with the proof of the direction (i) == (ii). Assume that y; and y,
are supported on the diagonal line L = {(xl, x;) € R? | Xy = €x1 + a} . Let us recall the
allocation of directions (3.3) and its crucial property (3.4). Let 7 be defined by

(3.16) ni=(y~=y+e(y)),v.

Note that (3.16) is a special case of (3.7) with #=1, and hence dyw, (ui,n) =
dw, (ui,v) +1fori=1,2.

Similarly as in the previous proposition, the reverse triangle inequality ensures
that dw, (v, n) > |dw, (i, 1) — dw, (i, v)| =1, and the transport map (y — (y,y +
e(y)))sv between v and # shows that dw, (v, 1) = 1 which completes the proof of this
direction.

To prove the direction (ii) == (i), note that by the previous statement, both of
the measures y; and y, are supported on some diagonal line. Assume by contra-
diction that y; and y, are not supported on the same diagonal line, and hence in
particular there exist points x; € supp(p;) and x, € supp(y2) that do not lie on a
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common diagonal line. As in the proof of Proposition 3.1 let us choose v := §, where
y = 2(x1+ x3). With this choice, (3.15) implies that

dm(x,2) = dm(x, )
+dm(y,2) for yu; ® n-almost every (x, z) € R* x R? (i=1,2).

In particular, dy(x;,2) = dm(xi, ¥) + dm(y,2) for i =1,2 which implies z = y for
#-almost every z, and hence forces 7 to be §,. However, this contradicts the require-
ment dy, (v,77) =1, so we got the desired contradiction. ]

Now we are in the position to prove the main result of this section.

Theorem 3.3 The Wasserstein space W, (R?,dy,) is diagonally rigid. That is, for any
isometry ® : Wy (R?,dp,) - Wy (R?,dyy,) there exists an isometry T : R* — R? such
that © o Ty fixes all measures supported on L, and L_.

Proof Let ®: W;(R?, dy) > Wi(R?, dyy) be an isometry, and let p, u’ € Wy(L,)
be two measures, y # u’. According to Proposition 3.2, their images ®(u) and ®(u")
are supported on a diagonal line L, , for a suitable ¢ € {-1,1} and a € R. Since for
every ¢ € {-1,1} and a € R there is an isometry T : R* - R? that maps L, , onto L,,
we can assume that supp(®(u)) € L, and supp(®(4)) € L,. In fact, for every v
with supp(v) < L, we conclude that supp(®(v)) < L. Indeed, let us repeat the above
argument for y and v. Since they are both supported on L., their images are supported
on the same diagonal line. We already know that supp(d)(y)) € L., and therefore if
@ () is not a Dirac mass, then Proposition 3.2 guarantees that supp(d)(v)) cL,.If
®(u) is a Dirac mass, say ®(¢) = §(x,x) then we have to exclude the possibility of
supp((D(v)) € L_y,5,. To this aim, consider v and y', and again, apply Proposition 3.2
to conclude that supp((D(y’)) C L_j,25. But this is a contradiction, as we already

know that supp(®(y’)) € L, and therefore supp(®(u)) = {(x,x)}, or equivalently
D(p') = O(x,x) = P(4).

We obtain in this way, that ® restricted to W;(L,) is a (bijective) isometry of
Wi (L), which is isomorphic to W;(R, | -|) which is known to be isometrically rigid
— see [10]. Therefore measures in Wi (L, ) are left invariant by ©.

Finally we need to show that measures in W;(L_) are also left invariant by ®. To
see this note that (0,0) € L, n L_ and considering the measure y = &,y together
with another measure v supported on L_ we conclude by applying Proposition 3.2
that both ®(y) and ®(v) are supported on the same diagonal line. Since we know
already that ®(u) = 4 = 8,0y we can conclude that the support of ®(v) is in L, or
itisin L_. Since the first option cannot hold as the pre-images of measures supported
on L, are supported on L, by the previous paragraph, we are left with the second one.
This shows that if v € Wy (L_) then so is ®(v). By possibly applying another isometry
of R? we obtain that @ fixes the elements of v € W;(L_) as well. |

3.2 Diagonal rigidity of W,(R?,d,,) for p > 1

In this subsection, we show that the Wasserstein space W,(R?,dy,) for p>1 is
diagonally rigid. First, we give a metric characterization of Dirac measures. Such a
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characterization will guarantee that if y is a Dirac mass, then @ () is a Dirac mass as
well.

Proposition 3.4 Let p >1and yu € W,(R?, dy,). The following statements are equiva-
lent.

(i) p is a Dirac mass, that is, y = 8 for some x € R?,
(i) For every v e W,(R?, d,) there exists an 1 € W, (R?, dy ) such that

61) dw, (2) = dw, (v1) = S, (),

In words, item (ii’) means that y admits a symmetrical with respect to every other
measure.

Note that the above Proposition 3.4 characterizing Dirac masses in W,(IR?, dyy)
for p > 1 highlights the difference between the cases p = 1and p > 1. This statement is
very similar in spirit to Proposition 3.1 characterizing measures supported on diagonal
lines in Wy (R?, dpp). In fact, condition (ii) of Proposition 3.1 is the same as condition
(if’) of Proposition 3.4, up to a modification in the parameter value of the Wasserstein
distance that we consider. This means that diagonally supported measures play the
role of Dirac masses in the case p = 1, and in particular, there are plenty of examples
of non-Dirac measures satisfying condition (ii), which is the 1-Wasserstein version of
condition (ii’) above. These examples are explicitly constructed in the proof of the
(i) = (ii) part of Proposition 3.1.

Proof Let us prove the direction (i) == (if’) first. Let x € R, let y = §,, and let us
define the following dilation with center x on R?:

(3.18) D, :R* > R% y o Dy(y) i=x+2(y - x).
Now, for any v € W, (R?, dy), let us define the corresponding 7, by
(3.19) #y = (Dx)y V.

It is clear that dw, (4, 11v) = 2dw, (¢, v). Indeed,

==

di, (8es) = | [ dh(x.2) d(DL)sv(z)

R2

==

- f b (x,x +2(y - x)) dv(y)
RZ

- [ 2 dh (x,y)) dv(y)

]RZ

= ZdWP (8x> V)'

Moreover, by the reversed triangle inequality, dw,(v,#ny)>dw, (¢ 1v) -
dw, (4, v) = dw,(u,v), while the obvious coupling of v and 7, given by the dilation
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D, guarantees that dw, (v,#,) < dw, (¢, v), and hence the direction (i) = (ii) is
proved.

To prove the other direction (ii’) == (i), let v be a Dirac mass, v = §,, and let
be as in condition (ii"). Then

) :
v o) =[], dhx.2) i (32))

<[] e due n)(x,z));

: (f/RZsz(dm(x’y) +dm(y,2))P d(p® ﬂ)(x,z));

(/]RMRZ (x, )P d(p®n)(x, z)) +(ffR2XR2 d{,’l(y,z) d(‘u®r1)(x,z));
= (f dm(x, y)? dﬂ(x)) +(f dh(y.2) dn(Z))P

R? R?

([fR L dn(52)" (5 ®8,)(x z)) ([f a8 (x,2) d(8, ® n)(x, z))l

= dwp(tu’ ) + de(v’ T’l).

)4

Since we assumed that d, (4, v) = dw, (v, 1) = 3dw, (1), all the inequalities in
the above chain are saturated. In particular, by the saturation of the L,-Minkowski
inequality for p > 1 (strictly convex norm), we get that there is a nonnegative constant
a > 0 such that

(3.20) dm(y,2) = adn(x, y) for y-a.e. x € R* and for #-a.e. z € R%,

If uis not a Dirac mass, then let x; and x;, be two different points in its support, and
let y := xl + xz Then the left-hand side of (3.20) is independent of x, while the
right- hand s1de is not—a contradiction. |

The next step is to find a metric characterization of the property that the support
of a measure y is diagonally aligned with a point x in the underlying space, that
is, supp(y) c (x + L) U (x + L_). This metric characterization turns out to be the
property that there is only one p-Wasserstein geodesic between 8, measure and p.

Proposition 3.5 Let p>1 and x € R? be fixed. For a measure y € W,(R?,dy,) the

following statements are equivalent:

(a) There exists a unique unit-speed geodesic segment y such that y(0) = 8, and
y(T) = u, where dy, (8, 1) = T,

(b) We have the inclusion suppy C Dy, where Dy = (x + Ly) U (x + L_).

Proof To prove the statement let us note that Corollary 7.22 in Villani’s book [17]
says that if p > 1, and the underlying metric space is a complete, separable, and locally
compact length space, then constant-speed geodesics connecting two measures are
all displacement interpolations, i.e., geodesics are always constructed from optimal
transport plans.
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Therefore (see [17, Corollary 7.23]), if we want to guarantee that there is only one
geodesic between two measures 4, v, we need two properties:

« we need a unique optimal transport plan 7,
« and for 7-almost every (x, ¥), x and y must be joined by a unique geodesic.

Let us note that the first property is automatically satisfied since one of the masses that
we consider is a Dirac mass. Furthermore, note that in (R?, dy, ), the second property
means exactly that x and y are diagonally aligned, i.e., both points lie on the same
diagonal line. For a fixed x € R? let us denote by D, the set of those points that are
diagonally aligned with x. Of course, Dy is the union of the two diagonal lines L. + x
and L_ + x passing through x concluding the proof. [ ]

Now we are in position to prove that W, (R?, d,,,) is diagonally rigid for p > 1.
Theorem 3.6  For all p > 1 the Wasserstein space W, (R?, dy,) is diagonally rigid.

Proof Let ® be an isometry. Since Proposition 3.4 is a metric characterization
of Dirac masses, we know that ® maps the set of Dirac masses onto itself. That
is, there exists a bijection T :R?* - R? such that ®(§,) = Or(x)- In fact, T is an
isometry, as dw, (8x,8y) = dm(x, y) for all x, y € R?. Without loss of generality, we
can assume that T(x) = x, and thus ®(J,) = 8, for all x € R?. Next, consider the
diagonal line L. (The case of L_ is completely analogous.) Fix an arbitrary x € L.,
and observe that according to Proposition 3.5, for any y such that supp(u) < L, there
is only one geodesic connecting &, and y. Therefore, there must be only one geodesic
between ®(J,) =9J, and ®(u). Again, according to Proposition 3.5 this means
that supp(d)(y)) ¢ D,. Now choose a y € L, (y # x) and repeat the argument. The
conclusion is that supp(®(u) ) € D,,. But D, n D, = L., and therefore supp(®(u)) <
L. Now we know that ® sends measures supported on L, into measures supported
on L,. Since L, endowed with the restriction of d,, : R*> x R> - R, onto L, x L, is
nothing else but (R, | -|), the set

Wy (Lo dum) = {4 € Wy (R, dy) | suppp € L}

endowed with the Wasserstein distance is isometrically isomorphic to the Wasserstein
space W, (R, d||) investigated in [10, 13], which is isometrically rigid if p # 2. Since
we assumed that ®(J,) = , isometric rigidity forces the restriction ®|vy, (L, 4,) to
be the identity, i.e., ®(p) = u for all y supported on L,. The same argument with
L_ completes the proof in the p # 2 case.

If p = 2 we need to use a more involved argument, since W, (R, d|) is not isometri-
cally rigid. In fact, if ¥ : W, (R, d}) - W1(R, d,) is an isometry, then ¥(J) = d, for
all x € R itself does not imply W (u) = u for all u € W1(R, dy), as W»(R, d}|) admits
exotic isometries and a non-trivial shape-preserving isometry.

Therefore, even if we know that ®(8(,,x)) = d(x,x) for all (x,x) € L, we cannot
guarantee yet that ®(y) = p for all y with supp(¢) < L. We have to rule out that the
restriction of ® onto W, (L., d) does not act like a non-trivial isometry. This boils
down to investigating the action on measures whose support consists of two points of
L, as follows: using the isometric identification ¢ — (t, t) between the real line and
Ly, we will use Kloeckner’s result which tells us how the image of a y = ad(, x) +
(1-a)d(y,yy would look like if ® would act on L, like non-trivial isometry. Then
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we will choose a special ¢ and a special Dirac measure J,, ,) (not supported on L, )
with the property that dw, (, 8(u,v)) # dw, (P(4), 8(uv)) = dw, (P (1), P(S(u,v) )
a contradiction.

Let us introduce some notations. For the diagonal line L, the set of measures
supported on two points of L, will be denoted by A,

(3.21) Ay ={ad(xx) + (1= a)d(y,y) | €(0,1), x,y e R}.

Following the notations in Kloeckner’s paper [13], elements of A, will be parametrized
by three parameters m € R, 0 > 0, and r € R as follows:

e’ e’

(3.22) H(”’l; o, f') = ma(m—ae',m—oe') + ma(mﬂfe*’,mﬂre*')'

According to [13, Lemma 5.2], if an isometry @ fixes all Dirac masses, then its action
on A, is

®(u(m, o,1)) = u(m, 0, 9(r)),

where ¢ : R — R is an isometry. In other words, ® is equal to the shape-preserving
isometry

(3.23) D" : W,(Ly) > Wy(Ly), d)*(y(m,a, r)) = u(m,o,-r),
or @ is equal to an exotic isometry
(3.24) O Wo(Ly) > Wa(Ly), @ (p(m,o,r)):=p(m,o,r+t)

for some t # 0, or @ is the composition ®; o ®* for some t # 0. Note, thatif t = 0, then
®, is the identity, so @ is not an exotic isometry.
To handle the case ®*, choose y = #(0,1,In2) = £8(5,2) + §8(1,1). Then

* 4 1
O () = u(0,1,=In2) = 28y 4 + 2000

Calculating the Wasserstein distance of y and ®(u) from §(5,¢), we obtain that

4
dw, (8(2,0)>#(0,1,In2)) =v/5 and dwz(é(z,o),y(o,l,—lnz)):\/5+g.

So if @ is an isometry, it cannot act on L, like ®*.

To handle the case ®; for t>0, choose p=pu(0,1,0) =261 1)+ 200,
Then ®(u(0,1,0)) = (0,1, ¢). Now fix the Dirac measure §_1,0) and calculate
dw, (8(-1,0y> #(0,1,0) and dw, (8(-1,0y> #(0,1,t). Again, if ® would act like ®; on
L., we should get the same result, since ® is an isometry. The calculation shows that

sz (8(—1,0)) ‘U(O, 1, 0)) = \/g and

2—et

el + et

dw, (81,0, (0,1, 1)) =/ 2+

These two numbers are equal if and only if t = 0 or ¢ = In 3. We assumed that ¢ > 0,
so one single Dirac §(_; ¢ excluded all ®; except ¢ = In 3. Choosing a different Dirac
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measure, say 8(,%)0), a simple calculation shows that

13 /121
\/;: dw,(8(-1,0) #(0,1,0)) = dw, (8(_1.0), #(0,1,1n3)) = T

a contradiction. Similar calculations for ®, with negative t and for ®* o ®, show that
the only case when we don’t get a contradiction is when @ acts as @, which is the
identity. .

3.3 Diagonal rigidity of W,(Q, dp,)

In this subsection, we consider the case when X = Q = [-1,1]* and p = 1. Diagonal
rigidity is achieved as a result of the following statements about measures that are
supported on the sides, at the corners, and finally on the diagonals of Q. The first
statement concerns measures supported on the opposite sides of the boundary of Q
and it is valid for all p > 1.

Lemma 3.7 Let p>1 and ®:W,(Q,dm) > W,(Q,dm) be an isometry. If
v € Wy (Q, dr) are two probability measures whose supports lie on opposite sides of
the closed unit ball Q = [~1,1]?, then their isometric images ®(u) and ®(v) have the
same property.

Proof Letusnote thatif x, y € Q are any two points then dy, (x, ) < 2 with equality
if and only if x and y lie on two opposite sides of Q.
This implies that if y, v € W,(Q, dr ), then

(3.25) dw, (u,v) <2,

with equality if and only if the supports supp(u) and supp(v) are contained in two
opposite sides of Q. To see this, note that inequality (3.25) follows immediately from
the definition of the Wasserstein metric dy, and the fact that dp, (x, y) <2 for all
X, y € Q. Furthermore, if supp(y) and supp(v) are contained in two opposite sides
of Q, then dp, (x, y) = 2 for all x € supp(u) and y € supp(v).

Let 79 be an optimal coupling of y and v. Since supp(7o) < supp(u) x supp(v) we
have that dy, (x, y) = 2 for any (x, y) € supp(mo) and therefore

b, (uv) = [ dh(xy) dmox,y) = 2%
QxQ
To show the converse, let us assume that dﬁ,p(y,v) = 2P, Then for all couplings
n € C(u,v) we have

2P = d{vp(y,v) = f db (x,y) dn(x, y) < f 27 dn(x, y) =27,
QxQ QxQ

thus dp (x, y) = 2 for 7 almost all (x, y). This applies for 7= 4 ® v, and so y and v
must be concentrated on the opposite sides of Q.

The statement of the lemma is now an immediate consequence of this claim.
Indeed, assume that supp(u) and supp(v) are contained in two opposite sides of Q.
Then we have dﬁ,p (4,v) =2F.Since @ : W, (Q,dm) = W,(Q, dr) is an isometry, we
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have dﬁ,ﬂ(@(y), @(v)) = 2P. But, then the supports of the two measures ®(y) and
®(v) must be contained in two opposite sides of Q. ]

Corollary 3.8 Let usfixa p > 1and denote by D = {x1, x2, X3, x4 } the set of vertices of
Q and let V be the set of Dirac measures supported on the points of D, i.e.,

V= {‘le = 5(_1,_1), 6X2 = 5(1,—1)) 5x3 = 5(1,1), 5x4 = 5(—1,1)}-

Given any isometry ®:W,(Q,dm) -~ Wy(Q,dn), there exists an isometry ¥ :
(Q,dm) = (Q,dm) such that ® o V4 (8,) = 8y forall x € D.

Proof Let us denote by Sy, S5 the two vertical and by S,, S4 the two horizontal sides
of Q such that §; is the left vertical and Sy is the top horizontal side.

We apply Lemma 3.7 to every pair of elements of V, and we conclude that for every
j€{1,2,3,4}, the measure ®(Jy,) is supported on a certain side S; of Q.

We claim that each ®(d,;) must be in fact supported on some vertex. To see this
we argue by contradiction. Let us assume that for example ®(3J,, ) is supported on one
of the sides, say S; but not on any of the vertices of S;.

It is clear by Lemma 3.7 that all other measures ®(9y,) for i =2,3,4 must be
supported on the opposite side of S;, that is S5. But the mutual distance of any pair of
these measures must be equal to 2 which shows that any two of these three measures
must be lying on opposite sides again, which is S, and S,. But there are only two
possibilities for measures with support in S, N S3 and S4 N S5, namely the two Dirac
masses on the vertices of S; which gives a contradiction.

It is easy to see that there exists an isometry ¥ : Q — Q such that ® o W, fixes
0y, and Jy,,, for some i€ {1,2,3,4}, and therefore we can assume without loss
of generality that (O o W,)(dy,) = dy, for i =1,2. This will imply that all measures
supported on Sy are fixed. We must show that ® o W, (Jy,) = Oy, for i = 3,4. Note,
that the map

D oWy : Wy(Qrdm) = Wp(Q, dnm)

is itself an isometry. Let us assume indirectly that ® o W4(dy,) = 0, (which implies
that and @ o W (98, ) = Oy, ), and take a & such that supp(&) € S;, & ¢ {Jy,, Oy, }- Since
dw, (85,5 §) = 2, we have

2= dw,(8x,¢) = dw, (P(8,), D(8)) = dw, (8, ©(£)),
which implies that supp(®(§)) € S3 U S,. Similarly, dw, (dx,, §) = 2, and thus

2= dWP(axv f) = de((D(am)’(D(f)) = de(6x3’®(£))’

which implies that supp(®(€)) € S; U S,. Combining supp(®(£)) c S U S, and
supp(®@(&)) € S5 U Sy with & ¢ {8, 0y, }, we get that O (&) = a* 6y, + (1— a™)dy, for
some a* € (0,1). (Recall that ®(dy,) = 8y,, P(dy,) = Oy, and @ is injective.) If p > 1,
then this is a contradiction. Indeed, choose & := §,, with y € S3\{x;, x3}, and observe
that the triple dy,, §,, and J,, saturates the triangle inequality, but the triple ® (4, ) =
0x,s @(0y) =a*dy, + (1-a*)dy, and P(Jy,) = 8y, does not, as {/2°(1-a*) +
{2pa* #2. If p=1, we need a different argument. The set J:= {yy := ady, + (1-
)0y, | €(0,1)} is isometric to the set ((0, 1),2|-), since dw, (¢a>pp) = |a - fl.
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Therefore for any three different elements p4,, 4o, and p, there exists a bijection o :
{1’ 2’ 3} - {1’ 2’ 3} such that dWl (A"L“o(l) 4 /’l‘xn(s) ) = (H“a(l) > nufxv(z) ) + (A"l“a(z) 4 ”“u(s) )
Now choose a non-degenerate triangle &;, &,, and &; supported on S;\{x;, x5} in the
sense that they do not saturate the triangle inequality in any order. The existence of
such a triple is a contradiction, as an appropriate permutation of their image in J will
saturate the triangle inequality. [

From now on we shall assume without loss of generality that our isometry

fixes the elements of V, i.e., the Dirac masses on the corners of Q. Note that this
property implies by Lemma 3.7 that any measure supported on one of the sides of
Q will be mapped to a measure supported on the same side of Q.

In what follows we shall prove, even a stronger property for measures supported
on the main diagonals

Ly ={(t,t):te[-1,1]}, and L_={(¢t,-t): te[-L1]},
namely, that they are fixed under the action of the isometry. This is valid for the case
p=1
Theorem 3.9  The Wasserstein space W (Q, dy, ) is diagonally rigid.

Proof By Corollary 3.8, we can assume without loss of generality that ® fixes the
Dirac masses at the four corners of Q. It is enough to show that if y € Wi(Q, dp)
supported on L., then ®(u) = p as the case of L_ is similar. We show first that if
supp(u) € L., then supp(®(u)) < L.. This is based on the following observation: If
x € Q then

(3.26) A ((-1,-1), %) + din (%, (1,1)) > du (-1, -1), (1,1)) = 2

with equality if and only if x € L,.

The above inequality follows simply by the triangle inequality applied for the metric
dm. The characterization of the equality case is slightly more tricky. It is based on the
fact that the line segment L, : t > (¢, 1), t € [-1,1] is the only geodesic with respect to
the metric dy, connecting the endpoints (-1, -1) and (1,1). This observation has the
following consequence for measures: If u € W;(Q, dpp, ), then

(3.27) dw, (8(—1,-1)> #) +dw, (1, 011)) 2 2,

with equality if and only if supp(¢) € L.. To show inequality (3.27), we integrate
inequality (3.26) with respect to . In this way, we obtain

dw1(5(—1,—1)’ #) +dw, (4, Sayy)

= [ dn((-1-D.3) du() + [ dn(x,(1,1)) du(x)
(3.28) Q Q

> fzdy(x) =2.
Q
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Let us assume that supp(y) € L.. Then equality holds true in (3.26) for every point
x € supp(u) and thus by integrating, we obtain that equality holds in (3.28) as well.
Conversely, let us assume, that

dw, (8(—1,-1y> #) + dw, (4, 8(1,1)) = 2

for some measure g € W;(Q, dy,, ). We have to show that supp(y) S L. We argue by
contradiction: assume that the exists a point x¢ € supp(y) that is not contained in
L. Then there exists a small radius > 0 and a small ¢ > 0 with the property that
8 = u(B(xp,r) >0and

dm((-1,-1),x) + dm(x,(1,1)) > 2 + ¢, for all x € B(xo, 7).
Using this relation, we obtain
dw; (81,1 #) + dw; (4 81,1
- [ (L) @)+ [l (L1) du()

supp(#) supp(4)
= [ [n((-1-0.%) + du(x, (L1)] du(x)
supp(p)

- f [din((=1,-1), x) + din (x, (1,1))] dpu(x)

supp(u)NB(xo,1)

v [ (L 1.%)  dn(x (LD)] du(x)
supp(#)\B(x0,7)
>(2+€)d+2(1-8)=2+¢ed>2,

which is a contradiction. Let us consider an isometry @ : W (Q, dp) = Wi(Q, dm)
that fixes the elements of V (i.e., the Dirac masses on the corners of Q). Then we have

dw1(8(_1,_1), O(p)) +dw, (O(p), 5(1,1)) = dw1(5(—1,—1)> 1)) +dw, (i, 5(1,1))-

Assuming that supp(y¢) € L, we obtain that by the above that

dWl(5(—1,—1)>M)) + dwl(% 5(1,1)) =2.

By the above equality we have, then
dw, (8(-1,-1)> () + dw, (P(p), d11)) = 2,

which implies in turn that supp(®(u)) € L.

As mentioned at the beginning of the proof, the same argument shows that if we
have supp(u) < L_, then it follows that supp(®(u)) € L_ as well. Since po = §(9,0) has
its support in L, n L_, and it is the unique measure with this property, we conclude,
that ®(po) = po. Now let us consider the Wasserstein space Wi (L, d,, ) of measures
supported on L. . By the above consideration, we have

D: WI(L+7 dm) - WI(L+7 dm)>
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moreover, we know that ®(ug) = yo for the measure g = 89,0y € Wi(Ly, dm). We
cannot apply the characterization of Wasserstein isometries on a line segment (see [10,
Theorem 2.5]) which implies that ®(u) = y for all measures g € Wi(L,,dy,). In the
same way we can also conclude, that ®(u) = y for all measures y € Wi(L_,dy,). ®

The combination of Proposition 2.1 and Theorem 3.9 implies that W (Q, dy,) is
isometrically rigid.

3.4 Diagonal rigidity of W,(Q, dy,) for p >1

In this final subsection, we consider the case X = Q = [~1,1]* and p > 1. In this case,
we also have the following statement.

Theorem 3.10  The Wasserstein space W, (Q, dr,) is diagonally rigid.

Proof Let ® be an isometry of the Wasserstein space W, (Q, dr, ). Since the Wasser-
stein space W, ([~1,1], d}) is isometrically rigid, Corollary 3.8 and the remark after
that, implies that we can assume without loss of generality that @ leaves every measure
supported either on the right vertical side [(1,-1), (1,1)] or on the top horizontal side
[(-1,1), (1,1)] fixed. We are going to show that @ leaves every measure supported on
the line diagonal segment [ (-1, -1), (1,1)] ¢ Q fixed. The case of the other diagonal is
analogous.

In the first step, we consider measures supported on the upper half of the diagonal,
i.e., on the line segment [ (0, 0), (1,1)]. We prove first that these measures will be fixed.
In the second step, we proceed to consider general measures supported on the full
segment [(-1,-1), (1,1)].

Let u be a measure supported on the upper half of the diagonal of Q (that is, on
[(0,0),(1,1)]), and consider the projections p, : (t,t) » (1,2t —1) and p, : (t,t) —
(2t -1,1) that map [(0,0),(1,1)] onto the right vertical side [(1,-1),(1,1)] and
the top horizontal side [(-1,1), (1,1)], respectively (Figure 7). Let us introduce the

notation y, := (p,)#(¢) andand p, := (p,)s(p).
Our goal is to show that y is the unique minimizer of the functional

(3.29) W,(Q,dm) av»dﬁvp(yr,v)+dﬁ,1’(v,yu).

Hu = (prt)# (/l)

1 e = (pr) (1)

Dr

Figure 7: Illustration for the definition of pu, pr, yu, and ;.
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Once this is proved, we are done, as in this case the equation

(3.30)
@b, (ur, (1)) + dly (D), ) =y (D(pr), D () + dlly, (P(1), D ()

= dfy (uro i) +dly (4o i)

= i (dh )+ (0 g0)

forces @ (u) to be p.
Letv e W,(Q, dp,) be arbitrary, let 7(4,,yy D€ an optimal transport plan between 4,

and v with respect to the cost c(x, y) = dh (x, y), let 7(,,u,) D€ an optimal transport

plan between v and p,, with respect to the same cost, and let 7, € Prob(Q?) be
the gluing of them—see the “gluing lemma” [16, Lemma 7.6] for further details of this

construction. Moreover, set nzy ) = (ﬂzﬂ -, )) . Now
ol PVolin) )13

a0, (o) +dly (v,1,)
= [ by dniy o)+ [ dh(n2) dng, (002)
(3.31) = fff@ (dh(x,y) +di(y,2)) dnl,,, 0y (%5 9 2)
> ] min(ah (eo) + dh (020} dnfy (5 :2)
= [ min(dhx5) + dh(7.2)} dnjy, 0, (2)

Let us compute min,eq{dh (x, y) +dh(y,2)} for any (x,2) € Q% — the case x = z
gives a trivial zero. By the reversed triangle inequality, we have

P
d2.(x, y) > |dm(%,2) — di (3, 2)|? = dB(x,2) 1 - m .
Consequently,
dn (3. 2) " |dn(p.2)|”
d]% > d1€1 > = dgl > 1- .
(59) + dh(3.2) > dhy(x )(‘ pe| I e

It is crucial that p > 1 and hence the map ¢ — [¢|f is strictly convex on R. Therefore,
the function R 5 A = |1 - A|? + [A|? has a unique minimizer which is A = 1, and the
minimum is 27 — this can be justified by simple one-variable calculus. To sum up,

min{df (x, ) + db (12)} = 2Py (x.2),
yé
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and this minimum is achieved if and only if di (x, ¥) = din(y,2) = 3dm(x,z)—note

that this does not imply that y = 2(x + ). So we can continue (3.31) as follows:

(3.32)
. p )4 * _ Al- P *
ffz r;gg{dm(x,y) +dm(y,2)}dng, o (%,2) =27F /]QZ dm(x,2) dr(,, ) (%:2)

> 21_pdﬁ,p(y,, Pu)-

The inequality in (3.32) is saturated if and only if 77, | is an optimal transport plan

between y, and g, with respect to the cost ¢(x,z) = d% (x,z). Observe, that (p, x
pu)#(4) is the unique optimal transport plan between p, and p,, for this cost. Indeed,
by the definition of the max norm we get

(3.33) (1-(2t-1))? <db((1,2t-1),(2s - 1,1))
and
(3.34) (1-(2s-1))? <dh((1,2t -1),(2s - 1,1))

for all (s, t) € [0,1] x [0,1]. By the construction of g, and y,, the couplings of these
measures are in 1-1 correspondence with the couplings of y with itself—now we
consider y as a measure on [0,1]. This correspondence is described as follows: if
m € C(fyr, 4y ), then let us define € C(y, u) by 7 := (p;* x p;!)# (7). Then

foz dP (x,2) dn(x,2) = /f[o)l]z 2 (1,26 1), (25— 1,1)) d7(, ).

(3.35) 2 f/[m]z(l - (2t-1))P da(t.s)

- [ a-@e-1)? au()
(0,1]

and (3.35) is saturated if and only if s > ¢ for i—a.e. (s, t). Using (3.34) we get

fo dh(x,2) dn(x,2) 2[0 [] (1= (25— 1)) du(s)

which is saturated if and only if ¢ > s for 7—a.e. (s, t). Therefore, if 7 is an optimal
coupling of y, and p,, then 7 is supported on the diagonal of [0,1]* which implies
that 77 = (id x id)«(u). This means that 7 = (p, x p,,)#(p). So (pr x pu)«(p) is the
only optimal transport plan.

At this point we know by (3.31) and (3.32) that

(3.36) diy, (urv) + dy (v, ) 2270 dY, (prs pa),

https://doi.org/10.4153/50008414X25101053 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101053

28 Z. Balogh et al.

and (3.36) is saturated if and only if 7, . )= (prx pu)s(p) and dm(x,y) =
dn(y,2) = 2dw(x,2) for T o)~ (x, y,z) € Q*. Therefore, equality in (3.36)
implies that

Supp (7, 1,0,)) € {((1,26=1), 3, (2t =1,1)) [ €[0,1], y € Q}.

However, the unique metric midpoint of (1,2¢ —1) and (2t —1,1) is (¢, t). Therefore,
y = 2(x + z) must hold for T ) € (X, 9,2) € Q?*, which forces v to be

(2 3G +9) Ty = ((02) = 3 +2)) (o x pu)s() =

Now let us consider g, a probability measure supported on the main diagonal
[(-1,-1), (1,1)]. The displacement interpolation given by

ps = ((6x) > (1=5)(L1) +5(x, %)), (u) (s [0,1])
is the unique geodesic line segment between yo = 8(1,1) and 4y = p. Note that p, is

supported on the “upper half of the diagonal” [ (0, 0), (1,1)] and hence preserved by ®.
Moreover, (#5)0553% is the only geodesic line segment between J(;,1) and y1, and the

unique extension of this geodesic segment to the parameter domain [0, 1] is () o<, -
Therefore, the geodesic line segment (¢(s)) .., containing ®(uo) = ©(8(1,1)) =
d(1,1) and dD(/,t%) = y1 must coincide with (#s)geser » in particular, ®(u) = (py) =
U1 = . ]

The combination of Proposition 2.1 and the above theorem implies that the Wasser-
stein space W, (Q, dp, ) is isometrically rigid for p > 1.

4 Final remarks and open questions

We think that the ideas developed in this article can be used to prove isometric rigidity
of Wasserstein spaces that are built over certain normed spaces. Recent studies of the
structure of Wasserstein isometries feature interesting examples of both rigid and non-
rigid Wasserstein spaces. Kloeckner showed in [13] that the quadratic Wasserstein
space over R” admits non-trivial isometries. As a recent result of Che, Galaz-Garcia,
Kerin, and Santos-Rodriguez demonstrates [8], non-trivial isometries show up even
if the underlying normed space X can be written as H x Y, where H is a Hilbert space
and Y is a finite-dimensional normed space. Furthermore, by an application of a recent
result of Balogh, Stoher, Titkos, and Virosztek (see [4, Theorem 1.1]) it follows that
the Wasserstein space W;(Q, d ), (where d; is the ¢;- metric on Q) is non-rigid as it
contains mass-splitting isometries. This result is in sharp contrast to our main result,
Theorem 1.1. On the other hand, non-quadratic Wasserstein spaces over Hilbert spaces
[10,11], and Wasserstein spaces over spheres, tori, and Heisenberg groups [5,12] turned
out to be rigid in the last years. Based on these recent developments, it would be an
intricate question to study the problem of rigidity of quadratic and non-quadratic
Wasserstein spaces over general normed spaces.

The question of rigidity of quadratic Wasserstein spaces have been investigated
for various underlying spaces including Hadamard spaces [6], [7] and more general
metric spaces with negative curvature in the sense of Alexandrov. The case of positive
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sectional curvature has been considered by Santos-Rodriguez [15]. It would be an
interesting question to study the problem of rigidity in more general metric measure
spaces satisfying a curvature-dimension condition, the so-called CD(K, N) (see [14]
and [17]) for K > 0 Note, that CD(K, N) spaces have a generalized lower bound on
the Ricci curvature and therefore are more general objects that the spaces considered
in [15].
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