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On Cardinal Invariants and Generators
for von Neumann Algebras

David Sherman

Abstract. 'We demonstrate how most common cardinal invariants associated with a von Neumann
algebra M can be computed from the decomposability number, dens(M), and the minimal cardi-
nality of a generating set, gen(M). Applications include the equivalence of the well-known genera-
tor problem, “Is every separably-acting von Neumann algebra singly-generated?”, with the formally
stronger questions, “Is every countably-generated von Neumann algebra singly-generated?” and “Is
the gen invariant monotone?” Modulo the generator problem, we determine the range of the invariant
( gen(M), dens(M)) , which is mostly governed by the inequality dens(M) < ggen(M),

1 Introduction

In this paper we consider various ways of describing the size of a von Neumann al-
gebra M. We show that most common cardinal invariants can be computed in terms
of the minimal cardinality of a generating set, gen(M), and the decomposability num-
ber, dec(M). For example, their product is the representation density, x,(M) (The-
orem 2.1(2)). (See the next section for definitions.) With ¢ the cardinality of the
continuum, always dec(M) < &2 (Theorem [Z1K2)); this essentially determines
the range of the invariant (gen(M), dec(M)) (Theorem [43]). We give a formula
for computing gen of an arbitrary direct sum (Theorem [41)) and deduce that the
condition dec(M) > W, - gen(M) can only hold when the center is large (Proposi-
tion[5.1((1)). We also show that dec(M) and gen(M) determine the cardinality of M.,

but not of M, although the formula [M| = (R, - gen(M)) RordecOD orks as long as
M can be written as a direct sum of algebras each of which can be generated by
Kk < (2%)™ elements, and this bound is sharp (Theorem [8.3)).

One of our underlying motivations is to give new formulations of the generator
problem for von Neumann algebras, which we briefly describe now.

There are many criteria by which a von Neumann algebra may be considered
“small”. One is separability of the predual; this is equivalent to the existence of a
faithful representation on £2. We will call such algebras “separably-acting”. Another
criterion for smallness is the presence of a countable generating set, or even better,
the presence of a single generator.

Question 1.1 (The Generator Problem) Is every separably-acting von Neumann
algebra singly-generated?
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Every separably-acting von Neumann algebra is countably-generated, but the con-
verse is not true. For example, the atomic abelian von Neumann algebra £2° is gen-
erated by any single element whose components are all distinct, and its predual £! is
nonseparable. Thus the following question is formally stronger.

Question 1.2 Is every countably-generated von Neumann algebra singly-genera-
ted?

We will see that the two questions are actually equivalent (Theorem[3.4)), so that ei-
ther may be termed “the generator problem”. We also show that Questions[[.Tland[L.2]
are equivalent to asking whether gen is monotone (Theorem[6.1(3)) or multiplicative
on tensor products (Corollary[6.2)3)). Unfortunately we offer little insight here into
the answers to these questions, other than the fact that they are identical. Over the
years more and more classes of separably-acting von Neumann algebras have been
shown to be singly-generated, including those that are type I [27] or properly infi-
nite [47, Theorem 2]. It is also known that a full positive answer would follow from
a positive answer for II; factors [46, Corollary 2]—here we add the possibly useful
observation that one can restrict attention to finitely-generated II; factors (Theo-
rem [3.8(3)). On the other hand there has been feeling that free entropy and other
tools from free probability might show that algebras such as L(IF3) are counterexam-
ples. For more on the current status of the generator problem for II; factors, the
reader could consult [41, Chapter 16] or [13]].

The paper is structured as follows. In the next section we establish a number of
relations between invariants that measure the size of a von Neumann algebra. In
Section Bl we prove that Questions [[L.Iland [[.2] are equivalent and use Shen’s invari-
ant §(-) to further reduce to the finitely-generated case. Section [ establishes the
formula gen(3°% M;) = log, (|I]) - sup gen(M;) and then identifies (modulo the gen-
erator problem) the pairs of cardinals that arise as (gen(M), dec(M)) . In Section[3]
we consider what cardinal invariants can say about the center, or about the algebra
modulo the center, and we generalize some results of Kehlet. Section [@] proves that
the generator problem is equivalent to monotonicity of gen or multiplicativity of gen
on tensor products. Section [/l comments on the invariants of double duals of C*-
algebras and responds (not quite completely) to some questions of Hu and Neufang.
In the final section we investigate when and how gen(M) and dec(M) determine the
cardinality of M.

Owing to the quantity of invariants, it can be difficult even for experts to keep
the interdependences straight. A secondary goal of this paper is simply to collect and
organize all the relevant information, including examples and some brief historical
discussion.

None of the results in this paper rely on set theoretic assumptions beyond ZFC.

2 Describing the Size of a von Neumann Algebra

Representations of von Neumann algebras are always understood here to be normal.
The symbol “~” stands either for *-isomorphism of von Neumann algebras or iso-
metric isomorphism of Banach spaces. The center of a von Neumann algebra M is
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2(M), and in any direct sum 5. M; we let {e;} be the coordinate projections.

The cardinality of a set S is |S|. The density character of a topological space is
the minimal cardinality of a dense set, and the norm density character of a Ba-
nach space X will be denoted dens(X). For a Hilbert space £, we have dens($) =
Ny - dim(9): consider finite linear combinations of basis elements over Q) + i(Q). We
also write s-dens for the density character of a von Neumann algebra M or its unit
ball M <, with respect to the o-strong topology. The reader should be aware that in
general (nonmetrizable) Hausdorff spaces the density character may increase when
passing to a subspace, or even a closed subgroup of a topological group (see [6] for
examples and discussion). It will turn out that this phenomenon does not occur in
the situations considered in this paper.

Here are three cardinal invariants for a von Neumann algebra M.

e gen(M) = minimal cardinality of a generating set. By fiat we set gen(C) = 1
instead of 0.

* x(M) = minimal dimension of a Hilbert space on which M acts faithfully. We
take this notation and the name representation density from [10, Section 7], where
the C*-version is briefly developed. In Theorem 2.1(2) we show that (M) =
dens(MM,) whenever M is infinite-dimensional, which generalizes the often men-
tioned, rarely proved fact that a von Neumann algebra is separably-acting if and
only if it has separable predual (e.g., [48, Lemma 1.8]).

¢ dec(M) = maximal cardinality of a set of pairwise orthogonal nonzero projec-
tions in M. (That the supremum is achieved is proved in [17, Theorem 2.6(i)].)
This notation, for decomposability number, is taken from the series of papers [17],
[16], [25]], although the concept had appeared earlier in I} p. 54]. Of course it is
motivated by the condition called either o-finiteness or countable decomposabil-
ity, which amounts to dec(M) < X,.

It is classical that a von Neumann algebra M acts faithfully on a separable Hilbert
space if and only if it is both countably-generated and o-finite [[7, Exercice 1.7.3bc].
In other words,

(2.1) Xr(M) <Ny <= [gen(M) < R and dec(M) < Ny].

In Theorem 2.1)2) we will obtain the general statement x,(M) = gen(M) - dec(M).
(See Remark[5.2]for a related generalization.)

One reason (2.]) is easy to misremember is that the analogous conditions for C*-
algebras interact in a totally different manner: countable generation is equivalent to
separability (of the algebra), and this is strictly stronger than being representable on
a separable Hilbert space. Figure 1 is intended to help the reader visualize (Z.I]) and
its relation to our treatment of the generator problem. Most von Neumann algebras
one encounters are in C, and we have already mentioned that the algebra £2° belongs
to B. We will describe several inhabitants of E in Example The usual generator
problem (Question [L.T]) asks whether D is empty, while Question [[.2] asks whether A
and D are both empty.

The next theorem shows how several cardinal invariants for von Neumann alge-
bras are related. Some special cases were noted in work of Hu and Neufang (e.g.,

https://doi.org/10.4153/CJM-2011-048-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-048-2

458 David Sherman

Dxr(M) < Rp] = [CUD]

Figure I: The “small” von Neumann algebras described in (2.I). Question[TT]asks whether D
is empty. Question[T2lasks whether A and D are both empty.

[16} Proposition 3.2] and [17, Corollary 2.7]); their emphases were different and are
briefly discussed in Section

Theorem 2.1 Let M be a von Neumann algebra.
(1) One can write M as a direct sum ZiI M, where |I] < dec(Z(M)) < dec(M),
and for each i

Xr(Mi) <N - gen(M) = s-dens(M) = s-dens(M<,).
(2) The following relations hold:

@) gen(M) - dec(M) = x,(M) < Ry - x,(M) = dens(M,.) < |M,|

= (DR < @0,

Thus gen(M) and dec(M) together determine s-dens(M), x,(M), dens(M,.), and
M ].

Proof We first dispose of the case where M is finite-dimensional. Then M is of the
form Z? M, with gen(M) = 1 and x,(M) = dec(M) = >, m. All claims of
the theorem are easily verified. For the remainder of the proof we assume that M is
infinite-dimensional, so that x,(M) and dec(M) are necessarily infinite ([I7, Propo-
sition 2.5]).

(1) Let M be generated by {x, } a<gen(v)- Set Ag to be the o-strongly dense subset
of M consisting of noncommuting *-polynomials in the x,, with coefficients in Q +
iQ). Because any o-strongly dense set is infinite and generating, we have

s-dens(M) < |Ap] < Vg - gen(M) < Vg - s-dens(M) = s-dens(M).
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As mentioned earlier, it is in general false that the density character of a topological
space dominates the density character of a subspace, so we need a short argument to
establish that s-dens(M<1) also equals |Ag| = s-dens(M). The Kaplansky density
theorem implies that M<; N Ay is o-strongly dense in M«,, giving s-dens(M<;) <
|M<; N Ag| = |Ag|. On the other hand, if S is any o-strongly dense set in M <, then
the set of positive rational multiples of elements of S (which has the same cardinality
as S) is o-strongly dense in M: this gives s-dens(M<;) > s-dens(M).

Now represent M on a Hilbert space $ and choose any 0 # £ € $. The space $y =
ME = Ay is M-invariant and clearly has density character < |Ag| = R, - gen(M).
Since M is represented normally (but not necessarily faithfully) on £, the image
of M is isomorphic to zM for some central projection z € M.

By Zorn’s lemma $) can then be decomposed as a sum of M-invariant subspaces
{9i}ier with dim 9; < Ny - gen(M). Write M|y, ~ z;M. Totally order the index
set, and define y; = zj(1 — Vj<izj). SetI’ = {i € I | y; # 0} and M; = y;M for
i € I, so {yi}ierr are nonzero central projections summing to 1 and M ~ ZIG? ¥iM.
By definition |I'| < dec(Z(M)). Also x,(M;) < Vg - gen(M), since M; can be
represented on a subspace of 9;.

(2) We treat each nontrivial relation separately.

o gen(M) < x,(M): Since gen(M) < N - gen(M) = s-dens(M<;) from part (1), it
suffices to prove that s-dens(M<;) < x whenever M C B(£2). We effectively show
that s-dens(M<;) < s-dens(B(£2)<;). Later (Theorem[6.1(2)) we will combine this
fact with others to obtain the same conclusion for any inclusion of von Neumann
algebras.

Fix a basis {£3} s, for £2. Let {xa }a<r C B(£2)<; be a o-strongly dense set: for
example, one can take the contractive operators whose matrices have finitely many
nonzero entries taking values in Q) + iQ. The o-strong topology on B(¢%)<, is just
the strong topology, generated by the seminorms pg(y) = ||y{s||. Consider the
strongly open subsets of B(£2)<;

Varn ={y | ps(y —x4) < 1/nfor all 5 in the finite set of indices F}.

For each multi-index (e, F, n), choose an element y, g, € M<; NV, g, if the inter-
section is nonempty. We claim that the set of <  elements chosen is strongly dense
in MSL

For the claim, it suffices to take any y € M«,, any F, and any n, and show that
some o/ v satisfies ps(y — yarprar) < + forall 3 € F. By density of {x,}, find
Xo with ps(y — x47) < i for all 3 € F. Then V,/ f,, intersects M<; nontriv-
ially (it contains y), so it contains an element y, p2,. Finally, note that for § € F,
Pﬂ()’ - ya’,F,Zn) < PS(}’ _xa’) +p/3(x0<’ - ya’,F,Zn) < %
o dec(M) < x,(M): If M C B(¢?), M cannot contain a set of > x pairwise orthog-
onal projections.

o dec(M) - gen(M) = x,(M): From part (1) we have
0 = x(32706) =3 x(OV) < 1] Ry - gen(hD)
< dec(M) - Ny - gen(M) = dec(M) - gen(M).
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(This also uses the additivity of x, on direct sums, an easy fact noted as part of The-
orem .l below.) The opposite inequality follows from the preceding two bulleted
statements.

o Ny - x, (M) = dens(M,): Recall that L>(M) denotes the underlying Hilbert space in
a canonical left regular representation (with extra structure) called the standard form
of M [14]]. Since L*(M) and M, ~ L'(M) are homeomorphic [34, Lemma 3.2], we
have dens(M,.) = dens(L*(M)) = Ry - dim(L*(M)) > Ny - x,(M). On the other
hand, if M C B(9), then

dens(M,,) = dens(B(.%)*/Ml) < dens(B(Sf))*) = Ny - dim 9,

which suffices for the conclusion. Here M | is the preannihilator of M (the annihila-
tor of M in B(9).). The last equality is justified by identifying B($), with the trace
class operators under the tracial pairing; a dense set can be obtained by choosing a
basis for $ and considering matrices with finitely many nonzero entries taking values
in Q +iQ.

o |[M,| = ¢ x,(M)X: This follows from the preceding bulleted statement and the
fact that the cardinality of any Banach space X is dens(X)™ [22} Lemma 2].

o M, | < 8OV With Aj as in the proof of part (1), let A = C*({x;}) be the norm
closure of Ayg. Now M ~ zA** for some central projection z in the von Neumann
algebra A**, and M, ~ zA*. Any linear functional on A is completely determined
by its restriction to Ao, so |M,| = |z2A4*| < [A*]| < Mol = Rogen@DO — cgen0 g

Remark 2.2 The proof of TheoremR2.I(1) shows that X, - gen(M) is also the density
character of M or M« in the o-strong* or o-weak topology.

Example 2.3 (Type I factors) The representation density and decomposability
number of B(¢2) are easy to compute; one argumentis £ = dim(¢2) > x,(B(£2)) >
dec(B(£2)) > k, using () for the third relation and minimal projections for the
fourth. As for the gen invariant, note that a type I factor cannot be written nontriv-
ially as a direct sum, so Theorem[2.1(1) gives xk = X,(B(fﬁ)) <N, - gen(B(ZfC)) <
No - &2 (generating B(2) from its matrix units). This forces gen(B(¢2)) = & for x
uncountable. For x < Ry, B(£2) is singly-generated by classical results, being either
finite-dimensional or properly infinite.

We separate out the following consequence of Theorem 2.] for use in Section
It is in some sense “known to the experts”. We could not find it fully proved in the
literature, although it has been stated [9, bottom of p. 95], and half of it (remove
the modifier “< ¢”) appeared as [40, Lemma 6.5.2]. Its converse is also valid (see

Remark[3.3k2)).

Corollary 2.4 A countably-generated von Neumann algebra M is a direct sum of < ¢
separably-acting algebras.

Proof If gen(M) < Ny, Theorem[2.1K(1) says that M is a direct sum of < dec(M) von
Neumann algebras M;, each satisfying x,(M;) < Ng - gen(M) = Ny. Thus the M are
separably-acting. There are at most ¢ of them, as dec(M) < 8™ = cby (7). m
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3 An Equivalent Formulation of the Generator Problem

We start this section with some review of the relevant history.

In the very first paper on what are now called von Neumann algebras, von Neu-
mann showed that an abelian von Neumann algebra is generated by a single self-
adjoint operator [26} Satz 10]. This was in 1929, so Hilbert space meant ¢2 (explicitly
stated in the opening paragraphs), and thus the result is often stated as “separably-
acting abelian von Neumann algebras are singly-generated”. But in his proof, the first
step is to note that the algebra is generated by a countable family of projections; he
then gives a purely algebraic method for constructing a generator. Since the spectral
theory in the same paper shows that a singly-generated abelian von Neumann alge-
bra is generated by a countable family of spectral projections, a countably-generated
abelian von Neumann algebra is also generated by countably many projections, and
von Neumann has really shown that “countably-generated abelian von Neumann al-
gebras are singly-generated.” (His spectral theory is developed on a separable Hilbert
space, but this is not needed for the existence of spectral projections.) Von Neu-
mann’s construction of a generator is quite intricate. Nowadays we have an elegant
one-paragraph proof that goes back at least to Rickart’s 1960 book [35} A.2.1].

From von Neumann’s result and the decomposition into real and imaginary parts,
a general von Neumann algebra is singly-generated if and only if it is generated by
two abelian *-subalgebras that are either countably-generated or a fortiori separably-
acting. This seems to have been first leveraged nontrivially in Pearcy’s 1962 paper
[27] on type I algebras. In 1963 Suzuki and Saité made the following observation.

Lemma 3.1 ([42, Lemma 4]) If a von Neumann algebra is generated by countably-
many commuting singly-generated x-subalgebras, then it is singly-generated.

For completeness we sketch the proof. If generators of the subalgebras are decom-
posed into real and imaginary parts as x; + iy;, then W*({x;}) and W*({y,}) are
abelian and countably-generated. By von Neumann’s result each has a single self-
adjoint generator, say x and y respectively. Then x + iy generates the original algebra.

Lemma [3.1] implies in particular that the direct sum of countably many singly-
generated algebras is singly-generated (noted, for instance, in [36, Remark, p. 451]).
The following improvement seems to be new.

Lemma 3.2 Let {M;};c; be a set of < ¢ singly-generated von Neumann algebras.
Then Z@ M; is also singly-generated.

Proof For each i, let x; be a generator for M; with norm < 1. Since |I| < ¢,
W*({e;}) ~ £5° is a singly-generated subalgebra of the center of _% M;. The com-
muting singly-generated algebras W*({e;}) and W*((x;);) together generate all of

S°% M;, which is therefore singly-generated by Lemma 3.1l ]

Remark 3.3
(1) Lemma[3.2l generalizes neither Lemma 3.l nor the von Neumann result. In par-
ticular, it does not say that an abelian von Neumann algebra generated by < ¢

elements is singly-generated; that is false. There are counterexamples in Exam-
ple[£.2)2,3) and at the end of Section[Z11
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(2) Lemmal[3.2lis a noncommutative analogue of the Pondiczery—Hewitt—Marczewski
theorem from classical point-set topology [31]], [15], [23]: the Cartesian prod-
uct of < ¢ separable Hausdorff spaces is still separable. In fact, this theorem
and the equality X, - gen(M) = s-dens(M) can be used to show directly that the
direct sum of < ¢ countably-generated von Neumann algebras is still countably-
generated. For countable generation is equivalent to o-strong separability, and
the o-strong topology on a direct sum is the product topology. (This can also
be proved in the same way as Lemma[3.21) When combined with Corollary 2.4}
this gives the following characterization: a von Neumann algebra is countably-
generated if and only if it is a direct sum of < ¢ separably-acting algebras.

In terms of cardinal invariants, von Neumann algebras behave very much like a
tractable class of topological spaces, with gen, ¥, and dec substituted for density,
weight, and cellularity, respectively [5].

(3) Lemma[32lis sufficient to prove the next theorem. But the reader will guess that

it can be generalized, and we do this in Theorem[4.I]below.

Theorem 3.4 Questions[L1] and[L2l are equivalent: if all separably-acting von Neu-
mann algebras are singly-generated, then all countably-generated von Neumann alge-
bras are singly-generated.

Proof Assume that all separably-acting von Neumann algebras are singly-generated.
Let M be countably-generated. By Corollary[2.4] M is a direct sum of < ¢ separably-
acting algebras, each singly-generated by assumption. Then Lemma[3.2limplies that
M is singly-generated. ]

The author considers Question [L.2] to be a natural formulation of the generator
problem and closer in spirit to von Neumann’s original result. Nearly all construc-
tions involving generators have been algebraic, i.e., without reference to an underly-
ing Hilbert space. For example, Wogen’s original proof that separably-acting prop-
erly infinite von Neumann algebras are singly-generated [[47, Theorem 2] requires no
change if M is only assumed to be countably-generated. The exception is the use of
direct integrals.

Recall that a von Neumann algebra is said to be approximately finite-dimensional
(AFD) if it has an increasing net of finite-dimensional *-subalgebras whose union is
o-strongly dense.

Proposition 3.5 A countably-generated AFD von Neumann algebra M is singly-
generated.

Proof By Corollary 2.4] M is a direct sum of < ¢ separably-acting algebras, each
clearly AFD. By Lemma[3.2]it suffices to show that any separably-acting AFD algebra,
say N, is singly-generated. This is known, but a little hard to pin down in the liter-
ature. A very short argument goes by direct integral theory. By [45, Theorem 2], N
has a direct integral decomposition into (a.e.) AFD factors, each of which is singly-
generated by [42, Theorem 1]. Then their direct integral N is singly-generated [46}
Theorem 1]. |
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Remark 3.6 Here is an alternate proof of the last step in Proposition[3.5that avoids
both direct integral theory and post-1969 mathematics. Decompose N into three
summands that are type I, type II;, and properly infinite. The type II; summand is
isomorphic to RQA, where A is abelian and R is the unique hyperfinite II; factor
[20, Théoreme 6]. The four commuting subalgebras R, A, the type I summand, and
the properly infinite summand are each singly-generated by [42, Theorem 1], [26}
Satz 10], [27], and [47, Theorem 2], respectively. They generate N, which is then
singly-generated by Lemma[3.1]

Suzuki and Saito wrote [42, p. 279] that single generation of R had been estab-
lished in 1956 by Misonou, who apparently did not publish his proof. But the earliest
claim for this fact, also without proof, goes all the way back to Murray and von Neu-
mann [24} Footnote 68].

We conclude this section by showing that the generator problem is also equivalent
to deciding whether all finitely-generated algebras are singly-generated, or even just
all finitely-generated II; factors. It seems possible that this reduction could be useful.

The main tool is Shen’s [0, +00]-valued invariant G for countably-generated tra-
cial von Neumann algebras, which was introduced in [38]] and further developed
in [8]. One thinks of G(-) very roughly as a continuous version of the invariant
gen(-) — 1; it is defined to be +00 only when the algebra is not finitely generated.
In the interest of economy we simply quote the facts we need about G, referring the
reader to [[41} Chapter 16] for a full treatment (including the definition).

We thank Stuart White for his suggestions on organizing this argument. The sec-
ond equivalence in Theorem[3.8[(3) was essentially pointed out to the author by Don
Hadwin.

Theorem 3.7 Let M be a countably-generated I factor. We allow the value G(M) =

+00 in the (in)equalities below, with obvious interpretations.

(1) Bounds. The minimal cardinality of a set of self-adjoint generators for M lies be-
tween 2G(M) + 1 and 2G(M) + 2, inclusive [8, Corollary 5.7].

(2) Scaling. Fort € Ry, S(M;) = % (8L Theorem 4.5]. Here M; is the usual
amplification: the IT; factor is well defined up to isomorphism as p(M,, ® M)p, for
any n € N and projection p € M, ® M whose normalized trace is t /n.

(3) Continuity. If M; C M, C --- C M are II; subfactors of M such that M =
W*(UM,,) and G(M,,) = 0 for all n, then G(M) = 0 (~[38}, Theorem 5.5]).

Theorem 3.8

(1) The range of G on countably-generated I, factors is either {0} or [0, +o0].

(2) The range of gen on countably-generated 11, factors is either {1} or {1,2,...,Ro}.

(3) The generator problem is equivalent to deciding whether all finitely-generated 11,
factors are singly-generated, or whether all countably-generated II, factors are
finitely-generated.

Proof (1) Inall cases where G has been computed for a countably-generated II; fac-
tor, the value is zero. By Theorem [3.7|2) it either attains all finite nonzero values or
none. If none, we claim that it does not attain the value +oco either. For let M be an
arbitrary countably-generated II; factor, and let {x,, }5°, generate M. We may choose
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x1 so that W*(x,) is an irreducible hyperfinite subfactor of M, i.e., W*(x;)' "M = C
[32} Corollary 4.1]. Now for n € N, set M, = W*({xy,...,x,}). Each M, isa1l; fac-
tor, because any central projection has to commute with x;. And by Theorem[3.7(1),
SM,) < n-— %, so the assumption that G attains no nonzero finite values implies
G(M,,) = 0 for all n. From Theorem[3.7(3) we conclude that (M) = 0.

(2) This follows from part (1) and Theorem[3.7(1).

(3) For the nontrivial directions, note that either of the last two conditions, plus
part (2), entail that all countably-generated II; factors are singly-generated. This
implies a positive answer to the generator problem, as mentioned in the Introduction.

|

4 Cardinal Invariants and Direct Sums

In this section we will see that the inequality dec(M) < 8" essentially determines
which pairs of cardinals arise as (gen(J\/[)7 dec(M)) . As we have seen, these two
invariants determine many others. For cardinals x and A > 1, log, (x) denotes the
least nonzero cardinal p such that \* > k.

Theorem 4.1 Let {M;}ic; be a family of von Neumann algebras. The invariants X,
and dec are additive on direct sums in the sense that X,(z:ea M) = > x,(M;) and
dec(ZeB M;) = > dec(M;). The invariant gen is only subadditive and follows the
formula

(4.1) gen(z69 J\/[i) = max{log.(|I]), sup gen(M;)} = log (|I]) - sup gen(M;).

Proof Since each M; can be represented faithfully on Kir(Mx_), clearly 5% M; can
be represented faithfully on @Ei,(Mi)’ which has dimension Y x,(M;). On the
other hand, if Z@ M acts faithfully on 9, then each M; = e,-(XfB M;) acts faith-
fully on ¢;9, which therefore has dimension > x,(M;), entailing that dim$ =

>_dim(eiH) > - x-(M).

The additivity of dec is only slightly less straightforward. For each j € I, let
{p(jx}MdEC(MJ) C M; be nonzero projections summing to 1y¢,. For each j € I and
a < dec(M;), consider the projection (d;; pf;),» S Z@ M;; this family shows that
dec(XP M;) > 37 dec(M;). For the opposite inequality, let {gs}se; € .9 M;
be nonzero projections summing to 1. For each 3, ) .eiqs = qg, so in partic-
ular e;gs # 0 for at least one i. Then the nonzero projections in {e;qs}i 3 sum

to 1 and have cardinality > |J|. Also for each i, the identity ), eiqs = e; implies
{8 | eiqp # 0}] < dec(M;). Finally,

1J] < {G,B) | eiqs # 0}| = Z {8 | eiqs # 0}] < Zdec(M».

The second equality of (4] follows from the fact that log (|I|) takes no finite
values other than 1. Before proving the first inequality of (4.I]) in generality, we han-
dle the subcase when all M; = C and so S.% M; ~ £°. We simply need enough
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generators to separate the points of the underlying topological space I [44, Proposi-
tion 6.1.3]. Any element of ¢§° partitions the space into at most ¢ equivalence classes
as inverse images of single complex numbers. Thus A elements can create up to ¢*
equivalence classes. Separating the points means that each equivalence class is at most
a singleton, so \ has to be large enough to satisfy ¢* > |I|.

The remainder of the argument consists of establishing three inequalities.

° gen(zjeB M;) > sup gen(M;): If {x, } generates Z@ M, then {e;x, } must gener-
ate M.

e gen(39 M) > log, (|I]): This follows readily from the computation
1] < dec( 37 M;) < cgen(E7 20,

based on (©).

o gen(3®M;) < max{sup gen(M;),log (|I|)}: Each M; can be generated by a
set of contractions {yf,}a<supgen(Mi). For a < supgen(M;), set x, = (¥,);. Let
{28} p<tog, (1)) generate W*({e;}) = (7°, as explained at the beginning of this ar-
gument. Then S = {x,} U {z5} is a generating set for 3.% M; of cardinality
(sup gen(M;)) + log, (|I]). For indices v < min{log (|I]),sup; gen(M;)}, x, and
z, commute, since z, belongs to the center: then W*(x,, z,) is singly-generated by
Lemma[3.1] Replacing the doubletons {x,,z,} in S by singletons gives the conclu-
sion. ]

Example 4.2 To belong to region E of Figure 1, a von Neumann algebra M must

have gen(M) > Ny and dec(M) = N,. Here are some examples; the main novelty

probably lies in the technique of (1), the generality of (2), and the reference for (3).

We repeatedly use the fact that an algebra with a faithful normal state must be o-

finite.

(1) Let G be a discrete group and L(G) its associated (left) group von Neumann al-
gebra, which has a faithful normal trace. Using () (including the fact, noted in
its proof, that M, and L?>(M) are homeomorphic),

N, - gen(L(G)) =N - dec(L(G)) . gen(L(G))
= dens(L(G)*) = dens(LZ(L(G)))

=Ry - dim L’ (L(G)) =Ry - dim L*(G) = Ry - |G-

In particular, gen(L(G)) = |G| when G is uncountable. For the group of finite
permutations of an uncountable set, this conclusion was obtained differently in
(3, Proposition 1.1].

(2) Let {(M;, pi)}ic; be an infinite family of nontrivial von Neumann algebras
equipped with faithful normal states, and assume that either I or sup gen(M;)
is uncountable. Consider the tensor product M = &Q(M;, ;) with its faithful
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normal state ¢ = ®¢; [4} Section I11.3.1], and identify each M; with its image in
M under the canonical inclusion. We claim that

(4.2) gen(M) = |I| - sup gen(M;) = Z gen(M;).
The second equality follows from elementary estimates of the sum:
1], sup gen(M;) < den(Mi) < |I] - sup gen(M;),

and by assumption one of |I| and sup gen(M;) is infinite. The first equality re-
quires a little more assembly.

It is obvious that gen(M) < > gen(M;), by taking the union of generating
sets for the M.

Also observe that for each i, the slice map S; corresponding to the normal
faithful state j4i Pj on ® j (M, ¢;j) is a normal conditional expectation
from M onto M; [[4}, Section II1.2.2.6]. It follows that no M; = S;(M) can have
greater o-weak density character (=o-strong density character, see Remark 2.2)
than M. This gives s-dens(M) > sup s-dens(M;).

Any element of M« is a o-strong limit of finite linear combinations of finite
tensors, which we may assume by Kaplansky density to belong to M<;. On M,
the o-strong topology is generated by the norm ||x||, = ¢ (x*x)!/, so it suffices
to consider limits of sequences. Suppose x, — x strongly, where each x, is a
finite linear combination of finite tensors as above. Then for each n, S;(x,) is a
scalar for all but finitely many i. Thus S;(x) = s-lim S;(x,) is a scalar for all but
countably many i. Since S; is normal, any o-weakly dense set must have elements
that expect onto non-scalars in each M;. It follows that when I is uncountable,
s-dens(M) > |I|. Of course this inequality is also valid when I is countable.

Putting the conclusions of the previous three paragraphs together with
s-dens(N) = Ny - gen(N) from Theorem 2I(1) and the second equality
from (4.2)), we get

(4.3) 1] - sup s-dens(M;) < s-dens(M) = Ry - gen(M) < Ny - den(Mi)
=Ny - [I| - sup gen(M;) = |I| - sup s-dens(M;).

All terms of (4.3]) are therefore equal. By the assumption that I or sup gen(M;) is
uncountable, the Ny factors can be dropped, giving the first equality in (4.2).

If I and sup gen(M;) are countable, we can only give the estimate gen(M) <
sup gen(M;). For each i € I, let {x?} j<supgen(;) generate M;. Then for each
j < sup gen(Mj;), the family {x’]}, is commuting, so by Lemma[3.1] W* ({x?},-) is
generated by some y/. This allows us to write M = W*({M;}) = W*({x?}i,j) =
w ({)’]}j<sup gen(M;) )

We discuss (finite) tensor products of non-o-finite von Neumann algebras,
with no reference states, in Section|[6

(3) A tracial ultrapower of a II; factor is a II; factor (so o-finite) that is not
countably-generated. This follows from a more general theorem proved in [11]]
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in 1956(!), well before ultrapower terminology was introduced in operator alge-
bras. See [32, Remark 4.4 and proof of Proposition 4.3] for the fact that a tracial
ultrapower of L>°[0, 1], which has cardinality ¢ as a quotient of £>°(L*°[0, 1]), is
not countably-generated.

Note that the examples in (2) and (3) include abelian algebras.

Example shows that gen(M) is not bounded by any function of dec(M). One
can manufacture examples with dec(M) strictly larger than gen(M) by exploiting
the distinction between additivity and subadditivity on direct sums (Theorem [£.1]
simple examples are M = £2° for any k), but the gap is restricted by the inequality
dec(M) < 8 from (). This turns out to be nearly the whole story.

Theorem 4.3
(1) For any pair of cardinals kg and k4 satisfying

(4.4) kg >Ng and Ny < kg < %

there is a von Neumann algebra M with gen(M) = x, and dec(M) = k.
(2) The range of the von Neumann algebra invariant M — (gen(M), dec(M)) is the
union of the following three sets:
(a) all values allowed by (£.4);
) {(1,m) | 1<k <
(c) either &, or [2,Rg] X [N, c].
(The generator problem asks whether the third set is &.)

Proof (1) We claim that M = £2° (L(lFHg)) works, where IF,; denotes the free group
on « letters. By Theorem Z.Tland Example[£2)(1), we compute

deC(Zfif(L(lFﬁg))) = kg dec(L(Fy,)) = ka-No = kg,
gen(ézj(L(]Fﬁ-,g))> = max{log (k4), kg} = Ky.

(2) It follows from part (1) and the algebras £;° that the values in (a) and (b)
are attained. Also these are the only possibilities when gen(M) is 1 or uncountable,
because of the inequality dec(M) < &2 from (), and the fact that gen(M) > 1
implies that M is infinite-dimensional and so dec(M) > N,.

If the generator problem has a negative answer, then by Theorem 3.8 the gen in-
variant takes all countable values on II; factors. Assuming this is so, choose any
(A, i) € [2,X0] x [Ng, ], and let M be a II; factor with gen(M) = A. Then
gen(fﬁo(M)) = Aand dec(ﬁﬁo(M)) = p by Theorem 1] [ |

Remark 4.4 Note thatin Theorem[4.3](1), L(F,,) could be replaced with any algebra
with the same gen and dec invariants, even an abelian one (Example £2)(2)). So if

the generator problem has an affirmative answer, the entire range of the invariant
( gen(M), dec(M)) is achieved on abelian algebras.
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Remark 4.5 As stated, the converse to Theorem 3.4 is trivial. However, looking
at Figure 1, Theorem [3.4] could be phrased, “If D is empty then A is empty.” This
statement’s converse follows from the last part of Theorem An algebra M lying
in region D would have gen(M) € [2,N] and dec(M) = Ry; then gen(ﬁfo(M)) =
gen(M) and dec(£2°(M)) = ¢ by Theorem I} making £2°(M) an element of re-
gion A.

5 Cardinal Invariants and the Center

In the previous section we built our examples satisfying dec(M) > gen(M) as direct
sums. This is unavoidable, as the first part of the next proposition shows.

Proposition 5.1 Let M be a von Neumann algebra.

(1) If dec(M) > Vg - gen(M), then dec(M) = dec(Z(M)).

(2) Ng - x, (M) =Ng - dec(Z(M)) - gen(M).

(3) If M has o-finite center, then x,(M) < RNq - gen(M), with equality when M is
infinite-dimensional.

(4) (Strengthening of Theorem[2.I(1)) M can be written as a direct sum in which each
summand M is either some M, or satisfies x,(M;) = Ro - gen(M;).

Proof (1) Assume dec(M) > N, - gen(M) and let M = Z@ M, be as in Theo-
rem[2.I(1). Compute
Xk = X (M) < dec( (M) - Ry - gen(M)
< dec(M) - Ry - gen(M) = dec(M) = x,(M),

using additivity of , for the first step and () for the fifth. Then
Ny-gen(M) < dec(M) = dec(Z(M)) No-gen(M) = max{dec(Z(M)), Ry-gen(M)}

implies that the maximum on the right is dec( Z(M)) .
(2) By (@) we have

No - xr(M) = Ro - dec(M) - gen(M),

and by (1) either the right-hand side is 8, - gen(M) or dec(M) = dec( Z(M)) .

(3) Follows directly from part (2).

(4) Follows from part (3) by writing M as a direct sum of its matricial summands
and arbitrary other summands with o-finite center. ]

Remark 5.2 We cited Dixmier’s book [[7, Exercice 1.7.3bc] for the classical fact
that “separably-acting” is the same as “countably-generated and o-finite”, then gave
the equation x,(M) = gen(M) - dec(M) as a generalization. The same exercises in
Dixmier also show that “separably-acting” is equivalent to “countably-generated and
having o-finite center,” which is generalized by Proposition[5.1}2).
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Next we consider modified invariants that ignore the size of the center, at least in

terms of decomposability. If M +— F(MM) is any cardinal invariant, its “localization”
is

F'(M) = min{ k | M can be written as a direct sum of
algebras {M,, } with F(M,,) < « for all a} .

Lemma 5.3 Assume that a cardinal invariant F has the regularity property F(M) <
FE(M @& N) for arbitrary M and N, as all invariants in this paper do. Then for any
decomposition M = 3% Mj;,

(5.1) F'(M) = sup, F'(M;).

Proof For eachilet M; = E;BEL Ml] be such that F'(M;) = Sup e, F(M;). Then

sup F'(M;;) = sup sup F(OM’) > F'(M),
i i jEJi

since M is the direct sum of all the M. In the other direction, let M = Z@ M, be
such that F'(M) = sup,, F(M,). For any iy we have

F'M) =supF(M,) > sup  FOM,NMy) > sup  F(M,NMG,) > F'(VG,).
: M(J?j\l/[,“%o MumaMiO#O

This implies F'(M) > sup, F'(M;). [ |
Here are some applications of invariants of this type.

1. The smallness criterion dec’ (M) < X, means that M is a direct sum of o-finite
algebras. It has implications for dimension theory ([39, Proposition 3.8], where
dec’ (M) is denoted “kp”).

2. The main content of Theorem [Z.I[( 1) is the inequality
(5.2) X (M) < Ry - gen(M).

Here is an improvement.

Proposition 5.4 For a von Neumann algebra M, we have
Rg - X, (M) = Ry - gen’ (M).

Thus the invariants gen’ (M) and x /(M) only differ when gen’(M) is finite and M is
not atomic abelian.
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Proof Let M = 269 M; be a decomposition such that gen’(M) = sup gen(M;).
Compute

Rg - X1(M) = Ry - sup x/(M;) < R - sup gen(M;) = R - gen’ (M),

where the first two relations are justified by (5.1) and (5.2), respectively. The opposite
inequality follows from the general fact gen(N) < x,(N) from ().

The necessary observation for the second sentence is gen’(M) > 1 = x/ (M) >
Ny (because a summand that is not singly-generated must be infinite-dimensional
and so has infinite representation density). ]

Proposition[5.4]generalizes a result of Kehlet [21}, Proposition 1], where it is shown
that gen’ (M) < Ny <= x /(M) < R,.

3. We can also generalize [21}, Proposition 2], which says that if {M,, } is a countable
set of von Neumann algebras acting on a common Hilbert space, and x/(M,) < R,
for each n, then x/(W*({M,})) < Ry too. The broader fact is that for any family
{M;}ie; on a common Hilbert space,

X, (WH{ME) < 11 - Ro - sup x; (V).

Here is the idea, not much different from [21] or the proof of Theorem[2.1i(1) above.
For any nonzero vector ¢ and index i, let M; be decomposed into summands that
are each generated by < gen’(M;) elements. All but countably many summands
of M; annihilate &, so all but < X, - gen’(M;) generators of M; annihilate . At most
|1]-Ry-sup gen’(M;) generators of M fail to annihilate £, so the invariant subspace M¢
has a dense set of cardinality < |I| - Ry - sup gen’(M;) (= |I| - Ng - sup x/(M;) by
Proposition[5.4)). The rest of the argument is the same as for Theorem[2.1[(1).

6 Monotonicity and Multiplicativity of the Invariant gen(M)

We say that a cardinal invariant F is monotone if N C M entails F(N) < F(M). (We
do not require that inclusions be unital.) It is obvious that dec and x, are monotone.
What about gen?

Theorem 6.1

(1) If there exists an inclusion N C M such that gen(N) > gen(M), then M is finitely
generated and N is countably-generated.

(2) The invariant s-dens is monotone.

(3) The generator problem is equivalent to deciding whether gen is monotone.

Proof (1) Suppose N C M and gen(N) > gen(M). Find nonzero o-finite projec-
tions {e; }ie; C Z(M) that sum to 1. Writing M; = ¢;M, we have M = Z€B M; with
dec(Z(M,-)) < Ny.

For each i the algebra ;N is isomorphic to a direct summand z;N of N. Since
the inclusion N < M is faithful, Vz; = 1x. Well-order the indices and set y; =
zi(1 — Vj<izj), sothat 3 y; = 1. LetI’ = {i € I | y; # 0}. Writing N; = y;N,
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we have N ~ ZfB, N;, and for each i € I’ the embedding zN < M; carries N;
isomorphically onto a subalgebra of M;.
By Theorem[4Tland hypothesis,

max{log (|I|), sup;c; gen(M;)} = gen(M) < gen(N)

max{log (|I']), sup;c;, gen(N;)}.

Since I’ C I, the right-hand side must be sup; ;- gen(N;). The inequality gen(N;) >
gen(M) must then happen for some i = iy; we show that this entails countability of
gen(NN;,) and finiteness of gen(M). Since N;; — M;,, we get

(6.1) gen(M;,) < sup;; gen(M;) < gen(M) < gen(N;))
< xr(Nip) < X (M) < Vo - gen(M;,),

using Proposition 5.1(3) for the last relation. Comparing the end terms, gen(M;,)
must be finite, making gen(N;,) countable and gen(MM) finite. We have shown that
gen(N;) > gen(M) = gen(N;) < N, so gen(N) = sup gen(N;) < Ro.

(2) Part (1) guarantees that for any inclusion N C M, X, - gen(N) < Rg - gen(M).
Then the conclusion follows from Theorem[2.1(1).

(3) If gen is monotone, then M C B(¢?) = gen(M) < gen(B(¢?)) = 1, giving
a “yes” answer to Question[LI] A “yes” answer to Question[T.Ilentails a “yes” answer
to Question[T.21by Theorem[3.4] Finally, a “yes” answer to Question[T.2limplies that
gen must be monotone by part (1). ]

Corollary 6.2 Let M and N be von Neumann algebras.
(1) gen(M@N) < max{gen(M), gen(N)}.
(2) If at least one of M and N is not countably-generated, then

(6.2) gen(M@N) = gen(M) - gen(N).

(3) The generator problem is equivalent to deciding whether (6.2)) is universally valid,
i.e., whether gen is multiplicative on tensor products.

Proof (1) Same argument as the second-to-last paragraph of Example [£.2/(2).
(2) Use part (1) and Theorem[6.1(1), noting M and N are subalgebras of M@N.
(3) A “yes” answer to Question [I.2l makes both sides of (6.2)) equal 1 whenever
M and N (so also MRXN) are countably-generated. A “no” answer to Question [L.2]
implies the existence of M with gen(M) € (1,R,]. Since M ® B(£?) is countably-
generated and properly infinite,

(6.3) gen(M@%(ﬁz)) =1 < gen(M) = gen(M) - gen(%(ﬁz)) . [ |

Tensoring with B(¢%) can either increase or decrease gen(M), depending on
and the answer to the generator problem. For uncountable x, by Example 23] and
Corollary[6.2(2) the action is nondecreasing, and even strictly increasing when x >
gen(MM). But for countable , the action is nonincreasing by Corollary[6.2(1). In fact,
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if the generator problem has a negative answer, the decreasing effect gets stronger
as k increases, until at kK = Ry all countably-generated tensor products are singly-
generated. This is illustrated by two very nice results from a neglected 1972 paper of
Behncke.

Theorem 6.3 ([2, Lemma 2, Theorem 1 and subsequent remark]) Let M and N be

separably-acting von Neumann algebras.

(1) If M is generated by n self-adjoint operators, then My @ M can be generated by
m > 2 self-adjoint operators as longasm — 1 > (n — 1) /k%.

(2) If M and N lack finite type I summands, then MQN is singly-generated.

From inspection of its proof, this theorem remains valid if “separably-acting” is
replaced by “countably-generated.”

The fact that gen is nonincreasing under tensoring with a matrix algebra is a hal-
lowed trick in the history of the generator problem, evolving quickly from its in-
ception in Pearcy’s 1963 paper [29]. Based on a fairly thorough survey of the liter-
ature, the author concluded that Theorem [6.3[ 1) is the sharpest result of this type.
It is essentially the strongest possible implication that is compatible with the contin-
gency that L(F,,) is not generated by fewer than m self-adjoint operators, because of
(and exactly matching) Voiculescu’s isomorphism L(FF,,) >~ M ® L(IFj442(,—1)) for
1 <k<Npand1 < m < N, [43, Theorem 3.3(b)]. Notice that Shen’s invariant G(-)
scales similarly under tensoring with matrix algebras (Theorem[3.7(2)).

Special cases of Theorem[6.3(2) include properly infinite M (since then M ~ M®
B(£?*)) and tensor products of II; factors (later reobtained as [12, Theorem 6.2(c)]).

For completeness we observe that x, and dec are multiplicative on tensor prod-
ucts.

Proposition 6.4 If M and N are von Neumann algebras, then
Xr(MIN) = x,(M) - x,(N) and dec(MIN) = dec(M) - dec(N).

Proof This is straightforward when both algebras are finite-dimensional, so assume
that at least one is infinite-dimensional.
The inclusions M, N C M&N give the relation

Xr (V) - x(N) = max{x,(M), x,(N)} < x,(M&N)

by monotonicity. For the opposite inequality just note that if M acts faithfully on $
and N acts faithfully on &, then MQN acts faithfully on $ ® & by construction [4}
11.1.5.4].

For dec, let {pa}ta<decvty € M and {qs}s<decny C N be families of nonzero
projections adding to 1. By [I7, Theorem 2.6(i)] we may assume that all these pro-
jections are o-finite. Then the dec(M)-dec(N) projections { po ®95 } a<dec(M), B<dec(N)
are an infinite family of o-finite nonzero projections adding to 1 as well, so again by
[17, Theorem 2.6(1)], dec(M@N) = dec(M) - dec(N). (Comments: (1) The result in
[17, Theorem 2.6(i)] refers to cyclic projections instead of o-finite projections. The
former concept depends on a choice of representation and the latter does not, but in
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a suitable (say, standard) representation they agree. (2) To see that the tensor prod-
uct of o-finite projections is o-finite, note that o-finiteness is equivalent to being the
support of a normal state. If ¢ is supported on p, and © is supported on gg, then
¢ ® 1 is supported on p, ® gz [4, Proposition II1.2.2.29].) ]

7 Some Remarks on Cardinal Invariants for Double Duals of
C*-algebras

7.1 Double Duals of Full C*-algebras of Free Groups

If gen(M) = K, then M is generated by < 2k unitaries and is therefore a summand
of C*(IFpx)**. Thus C*(IF,,)** is the “largest” von Neumann algebra generated by s
elements. Note that one can construct a one-dimensional representation of IF,,; by
sending the 2k generators to arbitrary unit scalars. This produces ¢* = ¢* distinct
1-dimensional summands in C*(IF,,)**, which therefore has decomposability num-
ber > ¢”. On the other hand C*(IF,,)** is visibly generated by x elements. The
general relation dec(M) < &V from (@) then forces dec(C*(le,{)**) = "

While this argument does not show that gen(C *(]FZ,{)**) equals &, it is not larger,

and 8" (F2:)"") = ¢%[n other words
(71) IOgC(CK’) S gen(C*(]FZN)**) S K.

By the same analysis, (Z.)) also applies if IF,,, is replaced with 3>, the free abelian
group on 2k generators. In particular 1 < log (¢*) < gen(C*(F®)**) < ¢ this
phenomenon was mentioned in Remark[3.3(1). (Incidentally, each of the relations
log (¢‘) = cand log (¢‘) < cis consistent with ZFC. The author thanks Ilijas Farah
for explaining this to him.)

7.2 Relations to the Work of Hu and Neufang

Hu and Neufang proved many results about dec(M) in [[17], [16], [25]], especially for
von Neumann algebras that are second duals and/or associated to locally compact
groups. As remarked earlier, the intersection between these papers and the present
one mostly concerns (U). Here is something interesting that follows from the union:
for G any infinite locally compact group, dec(L(G)) - dec(L>®(G)) = x,(L(G)).
(Both quantities equal dim L?(G), by [17, Proof of Lemma 7.6] and the proof of “X; -
xr(M) = dens(M,.)” in Theorem.1§2).)

In the rest of this section we apply our results to two questions raised by Hu and
Neufang.

In [17, Remark 6.7(ii)] they ask whether dec(A**) = |A*| for every infinite-
dimensional unital commutative C*-algebra A. The answer to this question is no.
Let I be an infinite set whose cardinality satisfies |I| < |I|™; for example |I| could
be Xy or R, (the latter by Konig’s theorem, see [18, Corollary 5.14]). Let A be the
unitization of ¢o(I), so that A** ~ ¢7°. Then from (©),

JA*| = [(A*).] = ¢ x, (€)% = [I]™ > |I] = dec(£5°) = dec(A*).
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In [17, Remark 6.7(iii)] they ask for which infinite-dimensional C*-algebras A
one has

(7.2) dec(A**) = dens(A™).

(One always has the relation “<,” by [17, Corollary 2.7] or (7)) Since dens(A*) =
dens( (A**)*) =y, (A**) also by (@), condition says that A** is maximally
decomposable [[16, Definition 3.1], the main concept of Hu’s paper [16]. Hu and
Neufang show that (Z2)) holds for many classes of C*-algebras associated to infinite
locally compact groups. Does (Z2) hold for all infinite-dimensional C*-algebras? We
do not know, but at least it is widely enjoyed.

Proposition 7.1 If an infinite-dimensional C*-algebra A is either type I or generated
by < c elements, then ([Z.2) holds.

Proof We will work with a reformulation of (Z2). Since dec(A**) - gen(A**) =
dens(A*) by ©), is equivalent to dec(A**) = dec(A**) - gen(A**), which is in
turn equivalent to

(7.3) gen(A*) < dec(A*™).

Suppose that A is type I. Let {J,}aer be a composition series for A in which
Ja+1/3d4 1s a continuous trace algebra for every a € I [4} Corollary IV.1.4.28]. Then

(7.4) A o S PG /00)

Because dec is additive on direct sums and gen is only subadditive (Theorem[4.1]), to
prove ([Z3) it suffices to prove gen < dec for all summands in (Z4)). Thus we only
need to show (Z3) for A a continuous trace algebra. We may assume that A and A**
are infinite-dimensional, since otherwise gen(A**) = 1.

Continuous trace algebras are type I, so A** is a type I von Neumann algebra.
Write A** ~ Z?e K B(£2)RZ,, where the Z,; are abelian von Neumann algebras and
> 2w = Z(A*™). Let kg = supK. Since dec is monotone and A** contains the
algebras Z(A**) and {B(¢2)}, dec(A**) dominates both dec(Z(A**)) and kg. We
are assuming that dec(A**) is infinite, so

(7.5) dec(A™™) > Ky - dec(Z(A**)) .
Working from the other direction, compute

(7.6) gen(A™™) = log (|K]|) - sup gen(B(fi)@Z,{)
<log.(IK]|) - ko - sup gen(Z,) = Ko - gen(Z(A**)) .

Here we used Theorem [l for the equalities, and Corollary[6.2(1) and Example[23]
for the inequality. Putting (Z35) and (Z6) together, (Z3) will follow if we show
gen(Z(A*)) < dec(Z(A*)).

https://doi.org/10.4153/CJM-2011-048-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-048-2

Generators for von Neumann Algebras 475

Since A is continuous trace, Z(A**) ~ Co(A)** [29, Theorem 6.3]. This means
that we only need to show (Z3) for abelian A. We write A = Cy(X) for some in-
finite locally compact Hausdorff space X. For each unequal pair x,y € X, there
is a function f,, € Co(X) with f,(x) # f,(y). By the Stone-Weierstrass the-
orem the family of [X|* + 1 = |X| functions {f;,} U {1} generates Cy(X) as a
C*-algebra and thus Cy(X)** as a von Neumann algebra, making gen(Co (X)**) <
|X|. On the other hand, the points of X give disjoint one-dimensional representations
of Cy(X), which correspond to one-dimensional summands in Co(X)**. This entails
dec(Co(X)**) > |X| and completes the proof of the type I case. (The subcase just
established, that double duals of abelian C*-algebras are maximally decomposable,
improves [17, Corollary 5.2] and its incorporation into [17, Theorem 5.5].)

Now suppose that A is generated as a C*-algebra by < ¢ elements. This implies
that gen(A**) < ¢, and from (1) we may also assume that A is not type I. By Sakai’s
nonseparable version of Glimm’s theorem (conveniently formulated in [30, Corol-
lary 6.7.4]), there is a C*-subalgebra B C A with ideal J < B such that B/J is
«-isomorphic to the CAR algebra M, . Powers showed that M, has a continuum
of nonisomorphic factor representations [[33, Section 4], each of which is then a sum-
mand of M3% . From all this we deduce

A™ DB~ I @ (B/I)M D (B/I) ~ ML = dec(A™) > dec(M3%) > c.
|

The parts of Proposition [ZI]can be combined to give it wider scope. Let I(A) de-
note the largest type I ideal of a C*-algebra A [4} Section IV.1.1.12]. Then A satisfies
(Z2) whenever gen( (A/I (.A))**) < ¢, by applying Theorem[4.Iland Proposition[Z.1]
to the decomposition A** ~ I(A)** & (A/I(A))**.

8 Cardinality of a von Neumann Algebra

One of the goals of this paper is to demonstrate that many cardinal invariants for von
Neumann algebras can be expressed in terms of gen and dec, mostly based on Theo-
rem[2.]] This is true for the cardinality of the predual, but in this section we show that
it is not true for the cardinality of the algebra itself. Nonetheless the situation is not
so bad: there is a simple formula that works unless the algebra is fantastically large.
(See the third condition in Theorem[8.3]2). We mean large to an analyst, maybe not
to a set theorist.)

We will go to the trouble of determining an exact cardinal bound for this phe-
nomenon, so let us first review some notation and facts regarding cardinal arithmetic.
For a cardinal x and ordinal &, x*¢ denotes the “£th successor of &, i.e., if K = N,
then k*¢ = a+¢- For infinite cardinals » and A, the value of > is determined by the
following iterative scheme [[18, Theorem 5.20]:

e if there is 4 < x with p* > k, then k* = p* (so in particular k* = 2* when
K< 2Y);

e otherwise cfk > A = k* = kand cf kK < A = g = k*,

Here cf k is the cofinality of k, the least cardinality of a set of cardinals < x that sum
to . From Konig’s theorem we always have k% > « [I8] Corollary 5.14].
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We thank Ilijas Farah for initially pointing out that part (1) of the next lemma is
true.

Lemma 8.1
(1) There exist cardinals k., X such that K > 2* - g™,
(2) If k* > 2M - KN, then v > (2%1)*@1,

Proof (1) Let {#¢}¢<u, be a sequence of cardinals greater than 2™ such that &, >
K?O whenever n > . Set k = sup{k¢} and A = Ry; from cfx = Ny we compute
K> o= kMo > 28,

(2) From k* > k™ we have A > Xy, while from £* > 2* = (2*)* we conclude
k > 2*. Taking A = N, for now, we are looking for the least x > 2™ such that
KR > Mo,

R R

Obviously (28)® = (2%)® = 2% and moreover ((2“‘)”‘) b= ((ZNI)”‘) ' =

R R
(2%)*k for every finite k. Now ((ZN‘ )“’) "and ((2Nl )+"J) " are larger than (2%1)**,
whose cofinality is Ny, but they are still equal. We may continue to argue by induc-
R R

tion that ((2%)*¢) ' = ((2")*) * for any countable ordinal €. For if & were the
lowest counterexample, the iterative scheme implies that cf(2%1)*¢ = Xy, but this is
impossible. (If ¢ is a successor ordinal, (2%)* is its own cofinality, and otherwise the
cofinality is N,.)

This identifies (2%')*! as the smallest possibility for x when A = X;. The same
argument for a larger A shows that x > (2*)*¢", where £’ is the least ordinal of cardi-
nality \. Writing 2% = X, and 2* = X,/, we have o’ > avand £’ > w as ordinals.
This entails that o’ + £’ > a + w;. (Otherwise o’ + £’ would be isomorphic to an
initial segment of v + wy; this would carry o’ to an initial segment containing «, but
&’ cannot embed into the remainder even as a set, having cardinality larger than X;.)
We conclude that (21)*¢" is greater than (2%1)*“1, so the latter is a universal strict
lower bound for x when A\ > N;. [ |

Remark 8.2 The conclusion of Lemma[8.K2) cannot be improved in ZFC. If one
assumes the Generalized Continuum Hypothesis, or even just the Singular Cardinal

Hypothesis, then ((2%1)*) NS o ((@%)ren) Yo [18} Theorem 5.22].

Theorem 8.3 Let M be a von Neumann algebra.
(1) We have

No-dec(M
(8.1) M| < (R - gen() M

(2) The inequality (8.1)) is an equality whenever any of the following conditions hold:

o M is o-finite;

o M is a factor; or

o gen’'(M) < (2M)™1, ie, thereis k < (28)™ such that M can be written as a
direct sum of algebras each of which can be generated by < k elements.

(3) In general, the cardinality of M is not determined by gen(M) and dec(M).

https://doi.org/10.4153/CJM-2011-048-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-048-2

Generators for von Neumann Algebras 477

Proof We start with the elementary observation that [M| = |M<,|. One justifica-
tion is as follows:

Mar| < M| = | U Mau| <D 1Manl =R - [May| = (M.
neN

We use this freely in the rest of the proof.

First suppose that M is o-finite. Then there is a faithful normal state ¢ on M, and
the strong topology on M« is induced by the norm |x||, = ¢(x*x)!/? [4, Proposi-
tion II1.2.2.7]. From Theorem[2.1[(1), we know s-dens(M<;) = Ry -gen(M). Arguing

just as in [22}, Lemma 2], it follows that |[M<,| = (NO . gen(M)) NO. The o-finiteness
of M makes (8.1)) an equality.

Next assume that M can be written as B (Ei)@N, where N is o-finite and p is either
1 or uncountable. In particular any factor can be put in this form. By Example 23]
and Corollary[6.2(2), gen(M) = p-gen(N); by Proposition[6.4, dec(M) = p-dec(N).
We also have that | M| = |N|#: the relation < follows from the fact that every element
of M can be represented as a matrix of > = p entries in N, and the relation > follows
from the fact that M <, contains the unit ball of the diagonal algebra £;°(N), which
has cardinality [N|#. Using the previous paragraph, we again obtain equality in (8.1

. Ro-dec(N)-p
M| = [N[* = (Ro - gen(N))

) Ry-dec(N Ng-dec(M)

(No u - gen(N) (NO gen(M))
Here is the justification for changing the base expression in the third equality. If
1 < Vg - gen(N), the base has not changed. Otherwise ;z must be uncountable, so
by o-finiteness of N the exponent in these expressions is just u, while the bases are
infinite cardinals < p.

Now it is a fact of dimension theory that any von Neumann algebra M can be
written as a direct sum of algebras M; = B(éii Y®N;, where the u; and N; are as in
the previous paragraph (see, e.g., [39, Theorem 2.5]). For the left-hand side of (8.1)
we get

(82) M| = M| = [TIM)<i| = [T(Ro - gen(M)) Ro-dec(M;)

< TT(Ro - sup gen(M;)) Rordec V) ) Ro- 3 dec(M:).

(NO - sup gen(M;)

We use Theorem[4.1]to compute the right-hand side of (8.1)) as follows:

) Ng-dec(M) ) Ro-> dec(M;)

(8.3) (No gen(M) (NO sup gen(M;) - log (|1])

= (NO - sup gen(M,-)) Nor2 dec(M

The second equality is justified similarly to the end of the previous paragraph. If the

base really changed, then log,(|I|) would have to be uncountable; but then both bases
are infinite and dominated by the exponent (which is at least |I|), so the quantities

https://doi.org/10.4153/CJM-2011-048-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-048-2

478 David Sherman

are equal. Since ([8.2) and (8.3) end with equal expressions, we obtain part (1) of the
theorem and also deduce that (81]) is an equality whenever (82)) is an equality.

In fact (82) can be a strict inequality, but then some big cardinals must be in-
volved. Set k = gen’(M). Write M as a direct sum of algebras each generated
by < k elements, then decompose each summand as in the previous paragraph;
thus M = Z@ M, as in the previous paragraph, with the additional condition that
gen(M;) < kforalli. Set A = Vo - > dec(M;) = Ry - dec(M). Assuming the
inequality between the two terms in (8.2)) is strict, we estimate

Ng-dec(M )Ng dec(M;)

K = H(No sup gen(M; )) > H(NO gen(M;)

= [H(NO gen(M;)

> NN = kN2

)No decM)i|

[ TI(% - gen(3t)

) Ng'dCC(M,‘):|

From Lemma[§.1)(2) this implies x > (281)*1, finishing part (2) of the theorem.
Finally, use Lemmal[8I(1) to find  and A such that x* > 2* - k™, Let

= BU)BL(F), My =L(E) @, My =L(F) @ (BUR)SL(FY)).

From Example 23] Theorem 1] Example £2(1), and Corollary [6.2(2) we have
gen(M;) = x and dec(M;) = . But the first part of (8.2)) gives

M| = &Y > 6™ R) = M| = [M;).

This establishes part (3) of the theorem. We exhibited both M, and M5 because they
endow the second and third conditions in part (2) with some sharpness: equality
in (B.I) follows from dec(M) < N, or dec( Z(M)) < 1, but it does not follow from

dec(M) < Ny, dec/(M) < Ny, or dec(Z(J\/[)) <2. [ ]

Acknowledgments The author thanks Ilijas Farah, Don Hadwin, Takeshi Katsura,
Nik Weaver, and Stuart White for valuable input, and Kai-Uwe Bux for linguistic
assistance with the article [26]].
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