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A COMPLETELY MONOTONIC FUNCTION INVOLVING THE
DIVIDED DIFFERENCE OF THE PSI FUNCTION AND AN
EQUIVALENT INEQUALITY INVOLVING SUMS
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Abstract

In this paper, a function involving the divided difference of the psi function is proved to be
completely monotonic, a class of inequalities involving sums is found, and an equivalent
relation between complete monotonicity and one of the class of inequalities is established.
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1. Introduction

It is well known that the classical Euler’s gamma function I'(x) is one of the most
important special functions and has extensive applications in many fields of science,
for example, in statistics, physics, engineering and the mathematical sciences. The
logarithmic derivative of I'(x), denoted by ¥ (x) = I'"(x)/I"(x), is called the psi or
digamma function, and the derivatives @ (x) for i € N of the psi function ¥ (x) are
known as the polygamma or multigamma functions.

A function f is said to be completely monotonic on an interval / if f has derivatives
of all orders on / and 0 < (—1)" f™(x) < oo forx € I andn > 0 [11]. A positive
function f is called logarithmically completely monotonic on an interval / if f has
derivatives of all orders on / and its logarithm In f satisfies0 < (= 1)*[In f(x)]® < o0
for all k € N on /. The set of the completely monotonic functions on / is denoted
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by ¥[I] and the set of the logarithmically completely monotonic functions on 7
is denoted by #[I]. It is proved in [3,11,13,16] that Z[I] C ¥[I]. The well-
known Bernstein’s Theorem [17, page 161] states that f € €[(0, o0)] if and only if
fx) = f0°° e * du(s), where w is a nonnegative measure on [0, 0o) such that the
integral converges for all.x > 0. This expresses that f € %[(0, 00)] is a Laplace
transform of the measure . In [3, Theorem 1.1] and [8, 15] it is pointed out that the
logarithmically completely monotonic functions on (0, oo) can be characterized as
the infinitely divisible completely monotonic functions. In the recent past, numerous
functions, which are defined in terms of the gamma, polygamma, and other special
functions, have been proved to be (logarithmically) completely monotonic and this
fact is used to derive many interesting new inequalities (see, for example, [1,3—
6,8, 11, 14-16] and the references therein).
Kershaw’s inequality [9] states that

1-s
s\ T'(x+1) 1 / 1
(x+—2-) <m<<x—§+ S+Z) (11)

for 0 < s < 1 and x > 1, which improved the corresponding result in [7]. In
[4,6,10,14], in order to obtain the best upper and lower bounds for the double
inequality (1.1), the monotonicity and convexity properties of the function

[F(x + z)]‘/"")

T t3) - X (1.2)

inx € (—a, 0o) are verified, where s and ¢ are nonnegative numbers and @ = min({s, ¢}.
In [4, 6, 10, 14], in order to prove the monotonicity and convexity of (1.2), the function

Yx+)—Yx+s) 2x+s+tr+1

8;.(x) = t—s 2§x +8)(x +1)

Y(x +5)—

s #£t

x+s 2(x+s)? s=t1
in x € (—a, 00), involving the divided difference of the psi function, is derived.
Recently, the positivity of the function 8q(x) = ¥'(x) — 1/x — 1/2x* was proved in
[2,5, 12] respectively.

The first aim of this paper is to prove the complete monotonicity property of the
function &, , (x).

THEOREM 1.1. Let s and t be nonnegative numbers and o = min{s, t}. Then the

functions 8, ,(x) for |t —s| < 1 and -6, ,(x) for |t —s| > 1 are completely monotonic
inx € (—a, 00).
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The second aim of this paper is to found a class of inequalities involving sums.
THEOREM 1.2. Let k be a nonnegative integer and 6 > 0 a constant.
Ifa>0andb > 0, then

k k

k
1 1
, - 2 —_— 1.3
; (a + 9)r+l(b + g)k —i+l + ’Z=0: a1+1bk—1+1 = 'X=0: (a + 9)1+1bk—t+1 ( )
holds for b — a > —0 and the inequality is reversed for b —a < —8.

Ifa < —0 and b < —0, then the inequalities

2k 2k

1 %
14
; (a + 0)+1(b + 6)%-1+1 + 20: az+1b2k il Zo @+ 9)'+‘b2‘<-'+1 (14

and

2k+1 2k+1 2%k+1

L 1
i <2 1.5
; (a + 0) (b + §)2—+2 + ;; it pk—i+2 < g @+ 6)ripEin (1.5)

hold for b — a > —0 and the reverse holds forb —a < —6.

If -0 <a < 0and —6 < b < 0, then inequality (1.4) holds and inequality (1.5)
isvalidfora+ b+ 6 > Oand is reversed fora + b + 6 < 0.

Ifa < —6 and b > 0, then inequality (1.4) holds and inequality (1.5) is valid for
a+b+0 >0andis reversed fora+b+6 < 0.

Ifa>0andb < —0, then inequality (1.4) is reversed and inequality (1.5) holds
fora+b+0 < 0and reverses fora+b+6 > 0.

If b = a — 0, then inequalities (1.3), (1.4) and (1.5) become equalities.

REMARK 1. The shaded areas in the diagram below describe the domains on the
plane a Ob on which Theorem 1.2 is valid.
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REMARK 2. Hinted at by Theorem 1.2, the following open problem is posed: Let k
be a nonnegative integer and 9 a positive constant. Discuss the validity of the inequality

(a + b)* (a + b+ 20)* 2a+b+6) -
ak+]bk+1 (a + 9)k+l(b + 0)k+1 > (a + 9)k+lbk+l

or its reverse fora, b & {0, —6}.

The final aim of this article is to establish an equivalent relationship between
Theorem 1.1 and inequality (1.3) for positive numbers a and b.

THEOREM 1.3. Inequality (1.3) for positive a and b is equivalent to Theorem 1.1.

2. Proofs of theorems

The following lemma is fundamental to this paper.

LEMMA 2.1. Let f(x) be defined on an infinite interval 1. If lim,_, o, f(x) =0and
f(x)— f(x +¢) > 0foranygivene > 0, then f(x) >0on I.

PROOF. By induction, for any x € I, we have
fE)> fx+e)> f(x+2)>---> f(x+ke)—> 0
as k — oo. The proof of Lemma 2.1 is complete. O

PROOF OF THEOREM 1.1, (1) Case §; (x). We only need to prove that the function
8¢.0(x) = ¢¥'(x) — 1/x — 1/2x? is completely monotonic on (0, 00).
Successive differentiation of the function 8y ¢(x) with respect to x > O yields

(=DM (=1 (k4 1!

5500 = w0 + S i @1
for a nonnegative integer k.
It is well known that the polygamma functions ¥ (x) can be expressed as
©  4n i
YW (x) = (—1)"“/ ﬁe"“ dt for ne N, and 2.2)
0 —e
1 1 * r=1_—xt
— = t"~e™dt for x>0 and r > 0. 2.3)
x T(r) Jo

Applying formulae (2.2) and (2.3) in (2.1) yields

0 t
(—D*8ix) = f ( L - 5) tfe™* dt > 0.
0

1 —e
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Thus the function 80(x) is completely monotonic in (0, 00).
(2) Case 5, ,(x) for s # t. The function é;,(x) can be rewritten as

1 ! 1 1 1 1 1
8 (x) = — ! du— - |[{1-—— ) —+|14+— ,
+) t—s/, Vi +u)du 2[( t—s)x+t+( +t—s)x+s]

so, for nonnegative integer k,

1 14
§®(x) = — / y*0(x + u) du
: )

_(—l)kk![<1_ 1 ) 1 w1+ 1 1
2 t—s/) (x + ! < t—s)(x+s)k+1]'

Since lim,_, o, 8% (x) = 0 from (2.2), by Lemma 2.1, to show (—1)*6%(x) = 0, itis
sufficient to verify (—1)*[6% (x) = 6% (x + 1)1 2 0.

Taking the logarithm of the difference equation I" (x+1) = xI"(x) and consecutively
differentiating yields

24)

N Y Y
YD+ 1) = oo+ ST D xfl 2

fori e Nand x > 0.

In the following, for convenience and simplicity, denote p = x + s > 0 and
g = x +t > 0, when there is no confusion in the context.

Using formulae (2.3) and (2.4), we obtain

(D% (x) — 8% (x + 1]

BTy
- (t _l)s / W& (x +u) — vV (x + u + 1)]du

5=l -]
2 r—s] gt (g + D
1 1 1 1
e[ 5] - gl
_ (k+ 1) kML 1 1 ]
T ot-s /(Ar+u)"+2 ‘T 5{[ _t—S][q"“—(q+l)"+'
1 T
+[1+t—s][pk+"(p+1)k+*_l
S R |
T t—s | pkt gkt 2 t—s] g (g + D!

R 1
[l - aell
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. L (L )L
g—p/ P+ \g—p pr*!
. 1 1y ! 1
qg—p) g+ D a-p)q"
= 1/00 Z [(1 + ! ) e Ptz (L - 1) e P
2 Jo a-p 9-p
+ <1 _ 1 )e—(q+l)z _ (1 + 1 )e—qz] dz
q-p a-p
1

_ 5 /w Zk+l(ez + 1)[6—(p+1)z +e—(q+1)z]
0

1 e Pi_1 1e—1
X — - dz
(@q—p)zevP:+1 ze+1

+

_ %/oo Zk+l(ez+1)[e—(p+l)z +e——(q+l)z]
0

- 1
x [ tanh (9 —p)z — —tanh E] dz. 2.5
g —p)z 2 z 2

Since the function [tanh(y/2)]/y is even in (—00, 00) and decreasing in (0, 00), then

— 1
tanh (9= p)z 2 —tanh z
(g - p)z 2 z 2

is valid for |g — p| = |t — s| S 1. This reveals that (—1)}[6%(x) — ¥ (x + D1 2 0
for |t — 5| S 1, which implies (= 1)*6%(x) Z 0for |t —s| S 1.

In conclusion, the function &;,(x) is completely monotonic if |t — s} < 1 and
—3&;,(x) is completely monotonic if |t — s| > 1. The proof of Theorem 1.1 is
complete. O

PROOF OF THEOREM 1.2. For real numbers p, g € {0, —1}, denote the function in
the pair of braces in the ninth and tenth lines of (2.5) by T;.(p, ¢). Then

1 1 1 1 1
Tipa) = (ﬁ_ 1) {[F_FI]“L [(p+1)k+' B (q+1)k+']}

5 1 1
(p + D+ - gkt

=[1—(q—P)][

1
(p+D¥'(g +1

1 i i k—i] + 2(q —P— l) Zk: i( + l)k—i
qp - q\p
(p + 1)ktigh+ —

k+1 gk+1
gt o

k
o Y @+ D+
1=0
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_ _ 1 k—i i
=(p ‘1“){(,,“)“1(“1)&. ;(p+l) @+1)

1 ul o 2 ul .
+t e 2P e Y l)k_'q'}
k k
prHigh+! — (p + Dk+igk+! s

k

=[1—(q—p)1[2 .

(p + l)l+1(q _l_ 1)k—i+l

k

k
Figeimt 22 O g (2.6)
Z() -Hk i+1 Zo(p+1)+lk +1}

(1) For p > 0 and ¢ > 0, formula (2.5) tells us that T, (p, ¢q) 2 Ofor |g — p| S 1
Considering (2.6), it is concluded that if p > 0 and ¢ > 0 then the inequality

k k

k
,Zo: (P + 1)1+l(q + 1)k —i+1 + Z pH—qu —i1+1 Z

=0

1):+1 k—1+1 (2'7)

holds forg — p > —1 and reverses forq — p < —1.
(2) For p < —1 and ¢ < —1, utilizing (2.3) reveals

Tk<pq)=(—1>"+‘[(1+ ! ) ! +< ! —1) !
’ g—p) [-(p+ D} q—p (—p)r+!

+(1_1) o (1 55) ol
[—(g + D] g—p) (=gt
DH'/ [ Ptz _ ppz e foer

q9—p
ePthz _ plg+Dz
+e(q+l)z — % + . dz

q—p
(_1)k+l 00
X / Z’<+|el'1(1 +eZ)[1 +e(q-P)z]
- 0

ler —1 I e
x | - - dz
[z ee+1 (q—plzea—rr4 1]
(=D ™ k+1 ,pz z q-p)z
= L e (1 +e )[1 +e ]
oo

- 1
tanh - p) — —tanh £ dz.
2 z 2

|
(g—p):z

Thus (—=1)*T(p, q¢) 2 0 for |g — p| S 1. On combining this with (2.6), we deduce
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thatif p < —1and g < —1, then the inequalities

2k

2k 2%
1 1 1
- - _—>2 - - 2.8
iz=0: (p + 1)l+l(q + 1)2k—r+l + ; pl+lq2k—l+l > g (p + 1)1+1q2k—|+l ( )
and
2k+1 1 2k+1 2k+1 1
Z +1 2k—i+2 + Z i+1 42k—1+42 <2 Z i+1 22k—i+2 (2'9)
= (p+ D@+ 1D — rtlq — (p+D*g

hold for ¢ — p > —1 and are reversed forqg — p < —1.
(3)For —1 < p < 0and —1 < g < 0, by using (2.3), we have

1 1 1 (—1)k+!
Te(p.q) = |1 + -1
Hpq) ( * q-— p) (p + D! (q -p ) (—p)kt!
+ (1 ! ) 1 - (1 . ) (-D™
g—p) (g+ D! qg—p) (—g)!

1 r*® 1 el—pmz_1
k(,q2 pz
< (e + € ) [q — pe(q'P)Z + 1

=5 + 1] [e~¢H+D 4+ (= 1)¥] dz.
"'Jo

If k is even, then T;(p, g) > 0 and inequality (2.8) holds for all —1 < p < 0 and

—1 < g < 0. If k is odd, then Ti(p, g) 2 O for p + g + 1 < 0, and inequality (2.9)
isvalidfor p+ g+ 1 > 0andisreversedfor p+¢g +1 < 0.

(4) For p < —1 and g > 0, using (2.3) shows
1 (_1)k+1 ( 1 ) (_1)k+l
Ti(p.q) = | 1 + -1
Hp @) ( e p) [-(p+ D' \g-p (—=p)++!

+(1- =) g - (14 5) =
q—p) g+ q9-p) g

e, -1 1
—_ 1 z\ P2 -1 k+1 _ —=(p+q+1)z dz.
k! Jo Z(1+eDe (ez+1+q—p>[( ) ¢ ] z

If k is even, then T, (p, g) < 0 and inequality (2.8) holds forall p < —landg > 0

by (2.6). If k is odd, then T (p, g) 2 O for p + ¢ + 1 2 0, and inequality (2.9) holds
forp+g+1>0andreversesforp+qg+1 < 0.

(5) For p > 0 and ¢ < —1, by using (2.3), we obtain

1 1 1 1
Ti(p,q) =1+ + —1
Kp.q) ( q —p) (p + D+ (q -p ) prt!

1 (— 1k ( I ) (— 1)+
1— —11
* ( - p) C@ror  \ Tg=p) CoF
et —1 1

1 [o o]
= E Z"eqz(l + ez) [ez - ; _ q_p_:l [(_1)k+l _ e—(P+lI+1)z] dZ.
- 0 —
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If k is even, then T, (p, ¢) < O and inequality (2.8) is reversed for all p > 0 and
g < —1. If kis odd, T,(p,q) s O for p 4+ q + 1 < 0, and then the inequality (2.9)
holds for p + ¢ + 1 < Oand reverses for p +¢ + 1 > 0.

(6) Letting 0 > 0 and substituting p = a/0 and ¢ = b/6 into (2.7) leads to

= (a/e -+ l)l-H(b/e + 1)k—i+l + p— (a/e)i+l(b/0)k—l+l

k
XO: (a/0 + 1)’+'(b/9)" A (2.10)
which is equivalent to (1.3).

Similarly, inequalities (1.4) and (1.5) can be deduced by substituting p = a/8 and
g = b/6 into (2.8) and (2.9).

(7) Substituting g = p — 1 into the first two lines in (2.6) leads immediately to
T(p, p— 1) = 0, then inequalities (2.7)—(2.9) become equalities. Hence, if b = a -0
then inequalities (1.3)-(1.5) also become equalities. The proof of Theorem 1.2 is
complete. |

PROOF OF THEOREM 1.3. Fora > 0 and b > 0, suppose inequality (1.3) holds for
b—a > —0 and reverses forb —a < —6. If we assume a = pf and b = g6 in (1.3),
then simplifying yields that inequality (2.7) holds for ¢ — p > —1 and reverses for
g — p < —1, which is equivalent to T, (p, g) 2 O for |§ — p| < 1. This means that
(—1)’<[3<">(x) 88 (x + 1)1 2 0for |t — 5| S 1, which implies (—1)*8% (x) = 0 for
|t — s{ = 1. Theorem 1.1 follows.

Conversely, if Theorem 1.1 is valid, then (—1)"8(") (x) 2 Ofor |t — s| = 1, which
implies the function (— l)"S(k D(x) is increasing/decreasing for |t — s| < 1, and

(—DFE P (x) = (=DE D+ 1) = D8P (x) — 8¢ P+ D] s 0

for |t — s| S 1, which means that (— D*[8%(x) — & (x + D1 = 0for |t — 5| S
Further, combining this with (2.5) and (2.6) leads to (2.7), and then (2.10). Inequallty
(1.3) is proved. The proof of Theorem 1.3 is complete. O
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