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Lower Order Terms of the Discrete Minimal
Riesz Energy on Smooth Closed Curves

S. V. Borodachov

Abstract. We consider the problem of minimizing the energy of N points repelling each other on
curves in R? with the potential [x — y| =%, s > 1, where | - | is the Euclidean norm. For a sufficiently
smooth, simple, closed, regular curve, we find the next order term in the asymptotics of the minimal
s-energy. On our way, we also prove that at least for s > 2, the minimal pairwise distance in optimal
configurations asymptotically equals L/N, N — oo, where L is the length of the curve.

1 Introduction

The energy minimizing problem we consider in this paper originates from Thomson’s
problem of finding the positions of N classical electrons on the sphere corresponding
to the ground state (the absolute minimum of the potential energy). In mathematical
literature, this problem has also been considered for different classes of compact sets
in d-dimensional space (curves, manifolds, rectifiable sets, and self-similar sets) and
for different potentials.

In this paper we further study this problem for smooth curves. LetI' C R%, d € N,

be a rectifiable curve (closed or non-closed), and let wy = {x1,...,xy} C I'bea
collection of points (we will always assume that points x;,i = 1, ..., N, are placed on
I in such an order that the index i grows or decreases as we move along the curve).
Denote by
Eon) = Y |x1x]| $>0,
1<i#j<N

the Riesz s-energy of the configuration wy and by

(1.1) E(T',N) = min Es(wy)
wyCT
#wy=N

the minimal N-point Riesz s-energy of the curve I' (here #X is the cardinality of the
set X and | - | is the Euclidean norm in R?).

The exact solution to this problem is known for the circle (see Thomson [353]).
Finding the exact solution to problem (L.I)) in the general case is difficult, so we will
study only the asymptotic behavior of optimal configurations and of quantity (L.I)
as N gets large.

The minimal energy problem has different asymptotic behavior on rectifiable
curves when 0 < s < 1 and when s > 1 due to the fact that only for 0 < s < 1
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there exists a Radon probability measure on I' with finite continuous s-energy. Thus,
methods of potential theory cannot be applied to rectifiable curves in the case s > 1,
and different techniques must be used.

We are interested in the case s > 1 and build our present work upon the results of
[29], where the main term in the asymptotic representation of E,(I', N) as N — oo,
as well as the limit distribution of optimal configurations are obtained for rectifiable
arcs and their finite unions. Paper [J5]] extends these results to the case of an arbitrary
rectifiable curve for s > 1. We study the behavior of the next order term of the
minimal s-energy on I when I is a sufficiently smooth closed arc and obtain more
information on the asymptotic behavior of the minimal energy configurations.

2 Review of Known Results

In higher dimensions, when 0 < s < dim A (where dim A is the Hausdorff dimension
of a compact set A C R?), the main term of €,(A, N) and the limiting distribution of
minimal energy configurations as N — oo are known for any compact set A C R?
(cf. [34] for the case of logarithmic energy on the plane and cf. [28, Ch. II, § 3,
no. 12] for the general case). When s > dim A, the main term in the asymptotics of
the minimal s-energy and the weak-star limit distribution of optimal configurations
are known in the following cases: on the sphere S linRY s =d—1,d € N (cf.
[16l26]), on m-rectifiable manifolds in RY, m < d, s > m (cf. [I8)[19]), and on
m-rectifiable sets in RY, m < d, s > m (cf. [3]).
The problem of minimizing the logarithmic energy

1
(2.1) Z In—
i<izren %l
over all N-point collections {xj,...,xy} on I is often referred to as the case s = 0

of the minimal Riesz energy problem. The next order term of the minimal energy in
this case is called the self-energy of a curve.

The symmetry breaking phenomenon for the configurations minimizing energy
(2.1) on certain planar curves was studied in [4]. Papers [24] and [25] estimate the
difference between the potential of the equilibrium distribution on closed smooth
Jordan arcs on the plane and the potential of the minimum Riesz energy configura-
tions for s = 0. The complete asymptotic expansion for the minimal Riesz s-energy
of N equally spaced points on the circle in terms of powers of N was found in [9]
and, for the Riemannian circle, in [§]].

The next order term of the minimal logarithmic energy is known on the sphere
in RY, d > 3 (see [7] for the case d > 3 and for references to results, which imply
the case d = 3). The order of the next order term of &,(S°~!, N) was obtained in
[6] for 0 < s < d — 1. The order of the next order term in the asymptotics of best-
packing distance on the sphere $* in R was found in [17]. However, obtaining the
exact constants in the two latter cases is still an open problem.

We remark here that exact optimal configurations on the sphere in R, d > 3, are
known only for certain partial cases (cf. [2,3[11}[13}21}22}[36]). The support of the
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limiting distribution of minimal energy configurations on sets of revolution in R?
was studied in [[10}20]].

3 Auxiliary Notation and Definitions

We say that a curve I'is a C" arc (n = 1,2 or 3) if it is a simple and regular (tangent
vector is non-zero at every point) rectifiable curve of positive length that admits an n
times continuously differentiable parametrization.

Assume that T is a closed C? arc or a non-closed C? arc. Denote by L(x, y) the
length of the part of I' between points x, y € I, if I" is non-closed, and let L(x, y) be
the length of the shorter arc of I', connecting points x and y, if I is closed. Denote

1 1
x—ylf  Lix,y)’

&(x,y) = |

and let Ar be the probability measure obtained by normalizing the arc length measure
supported on I'. Define

(T :://gs(x,y)d)\pd/\r.
rJr

It is not difficult to see that for closed C* arcs T, this integral is convergent when
s < 3. The integral ®,(I") considered for closed curves in R® is known as the knot
energy and has been used in [30H32]] to study the knots of a curve. It was also studied
in [T}15] (see also references therein). Denote by x(x) the curvature of I at a given
point x € T, ie., x(x) is the absolute value of the second derivative of the radius
vector of I with respect to the natural parameter. Let

k() ::/HZ(X)CD\F
r

be the bend energy of I and let

N
7::1\111_130 (Zk —lnN).
k=1
be the Euler-Mascheroni constant.

4 Main Results

When I' is a finite union of Jordan arcs whose pairwise intersections have total length
zero (in particular, when I' is a closed Jordan arc), the following equalities hold (cf.
[29]):

. &(I,N) — 2¢(s)
(41 NI TN T T

)
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and

. &(I',N) 2
42 lim S0 2
(42) NS N2InN D)

where |T'| stands for the length of the curve I" and

1
C(s) ::E = s> 1,
k=1

is the Riemann zeta-function. We obtain the following result.

Theorem 4.1 LetT C R% d € N, be a closed C* arc. Then ifs > 3, we have

. &(T,N) —2((s)[0|°N*""  sC(s —2)
(43) N, Ne-1 = e

and for s = 3, there holds

. &(D,N) —2¢(3)|T|°N* k(D)
(4.4) lim = .
N—oo N2 lnN 4‘F|
If1 <s < 3, then

&, N) — 2((s)|T| *N*H 28
= o(I') — T N
() (s—=DIT)

*5) A, N?

and when s = 1, it is true that
. &(@,N)=2|l|"'N*InN
m

2
(4.6) NILM N2 =o,(I") + m(v —1In2).

Remark 4.2 For 1 < s < 3, the next order term of the minimal Riesz energy of a
closed C? arc T in R? is related to the behavior of its knots. The results of [15, Theo-
rem 3.3 and Corollary 3.5] imply that for s = 2, the quantity ®,(I")|T'|? gives an up-
per bound for the topological crossing number of the knot type of I', hence bounding
from above the number of isomorphism classes of knots that can be represented by
I'. In particular, if the limit (4.5]) is less than a certain critical value (which depends
on the length), then I is unknotted.

Remark 4.3 Limit (43) for 2 < s < 3 and limit (4.6) are positive for any closed
C? arc T, except fors = 2 and I’ being a circle. Indeed, it is known that among
all closed C? arcs of a given length the integral ®((I"), 0 < s < 3 (and hence the
limits (4.5]) and (4.6])), is uniquely minimized by the circle (cf. [1[15]). When I"is a
circle, the limit (.5)) vanishes for s = 2, the limit ([4.6) is positive, and since the value
(@) S<I>5(F) — S_% is strictly monotone for s € (1, 3), the limit (4.3)) is positive for
2 < s < 3 for the circle and hence for any C-arc T'.

Moreover, since (@) S<I>5(I‘) - ﬁ is a monotone and continuous function for
s € (1,3) and tends to —oo as s — 17, there is a unique sy € (1, 2], for which the
right-hand side of ([4.9) is zero (we have sy = 2 only when I is a circle). Thus, the
next order term is negative for 1 < s < sp and positive for sy < s < 3. For s = s,
Theorem @Il only implies that the next order term has order less than N2.
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Separation estimates In order to show relation (4.3)) in Theorem .1} we will study
the asymptotic behavior of the distances between neighboring points in optimal con-
figurations on a closed C* arc I'. For a collection wy = {xi,...,xy} C T, denote
XN+ = X1, and let l; = [i(wn), i = 1,..., N, be the length of the arc of I, which
connects points x; and x;;; and contains no other points from wy. Define

d(wn) = i |xi — x;j]
and let
Alwy) := <_IT113XNZ1'(WN)-

It is known (cf. [529])) that for any rectifiable curve I' C RY of positive length (closed
or non-closed) and s > 1, there is a positive constant C = C(s, I') such that

C
(4.7) o(wiy) > N

for every N sufficiently large and s-energy minimizing N-point configuration wy; on
I". For estimates analogous to on the sphere and m-dimensional rectifiable sets
in RY, see [BIA2)14,19L26l27] and references therein.

It is also known that for any sequence wy; = {x1n,...,%vn}>» N € N, of asymp-
totically s-energy minimizing configurations on a rectifiable Jordan arc I', there holds
(cf. [29])

- |
(4.8) Jim S ) - W’ -0, s>1.

=1

In the case s = 0 sharp estimates of the discrepancy between the equilibrium measure
and the normalized counting measure supported on minimal energy configurations
were obtained in [23}[33] on simple closed curves of smoothness C*¢ on the plane.
We obtain the following result.

Proposition 4.4 Lets>2andT' C R% d € N, be a closed C* arc. If {wi5}R., is a
sequence of s-energy minimizing collections on I such that #wy, = N, N > 2, then

(4.9) Jim S(wy) - N = lim A(wy) - N = L.

For closed C? arcs, relation (£.9) implies that the distance between any two neigh-
boring points in optimal configurations is asymptotically of size L/ N, which does not
follow from a more general relation (4.8).

5 Comparison of the Minimal Energy Behavior on Closed and
Non-Closed Smooth Arcs

Denote
N*, s> 2,
ps(N):= ¢ N’InN, s=2,
N2, 1<s<2,
andlet L := |T|.
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Remark 5.1 LetT C R4, d € N, be a non-closed C? arc. If s > 2, there exist two
negative constants C;, C; such that for every N sufficiently large

(5.1) Cips(N) < E(T',N) = 2((s)L°N*! < Cop(N).

When 1 < s < 2, we have

(5.2) E(T,N) — 2((s)L*N*"! = O(N?)
and
(5.3) &(,N) —2L7'N?*In N = O(N?).

By Theorem on closed C? arcs, the next order term is non-negative at least
for s > 2, while for non-closed C? arcs it is negative. Hence, turning a smooth non-
closed C*-arc into a closed C?-arc of the same length increases its s-energy at least for
s > 2 and N sufficiently large. Moreover, for closed C? arcs, the absolute value of the
next order term turns out to have a lower order of growth than for non-closed ones.

Remark 5.2 As we see from (4.1I) and (4.2)), and from relation
EMN)=<N? N-ooo, 0<s<l

(cf. [28] Section I11.3.12]), the order of the main term of E,(I", N) on rectifiable arcs
changes as s passes through value 1. Similar transition for the next order term takes
place when s = 3 for closed C? arcs and when s = 2 for non-closed C? arcs.

Remark 5.3 For any non-closed C? arc in R of length L, we have

&(T,N) — &([0,L],N)

i >
(5.4) ngnoc (N) 0, s>2,
and
. 85(F7N)_85([07L]3N) _
(5.5) N11_r>r1OC 2 =o,(I), 1<s<2.

If one bends a sufficiently smooth non-closed arc I' preserving its length, in view
of relations (5.)) and (5.4), the second term in the asymptotics of E(I", N) for s > 2
will not be affected.

Proposition 5.4 LetT be a non-closed C? arc in R? and let {@y }nen be a sequence of
configurations of N equally spaced points on I" with respect to the arc length (we assume
that each configuration contains both endpoints of I'). Then for s > 2, we have

li ES(FaN) _Es(wN)
1m sup . <
N—oo N

0.

Our proofs imply that the energy of equally spaced configurations on a closed C?
arc I' have the same next order term as ,(I', N), s > 1. According to the above
statement, this is not the case when I is non-closed and s > 2.

Proofs of Remarks[5.Iland [5.3]and of Proposition[54]are given in Appendix[Al
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6 Auxiliary Statements

For an N-point collection wy = {x1,...,xy} C T', we denote
1
Fi(wn) := Z —_—-
I<igi<N L(x;, x;)

Then we can write

Gilwn) == > glxi,x)) = Ed(wy) — Fulwn).
1<i#j<N

Throughout the remainder of the paper wy = {x,...,Xy} will denote a collection
of equally spaced points on a simple rectifiable curve I' C RY, that is, an N-point
collection such that [;(wy) = L/N,i = 1,...,N, when T is closed, and the collection
suchthat;(wy) = L/(N—1),i =1,...,N—1,whenT is non-closed. Configuration
wy will be optimal on closed arcs in the following sense.

Lemma 6.1 LetT' C R? be a simple closed rectifiable curve and s > 0. Then

FS(WN) Z Fs(wN)
for every N-point configuration wy = {x1,...,xy} C T.

For a function a: I' x I' — R, we write a(x, y) = 0 as L(x, y) — 0, if for every
€ > 0, there is § > 0 such that |a(x, y)| < e whenever 0 < L(x, y) < 0.

Lemma 6.2 Lets> 0. IfI" C R? be a closed C? arc, then

s+ KA(y) 2—s 2-s
(6]-) gs(x7y) = TL(JCJ’) +Oé(x7)’)L(x7}’) ) x>)’ € F7 x#)@
where a(x, y) = 0as L(x, y) — 0. If T is a non-closed C? arc, then

(6.2) &(x,7) =70, L(x, »)' 5, x,y €T, x#y,
where y(x, y) = 0 as L(x, y) — 0.

Let &, be the atomic probability measure in R? centered at point x and wy :=
{x1n, .-y xvN} C T, N € N, be a sequence of N-point sets. Denote by

1 N
v(wn) = 5 .
k=1

the normalized counting measure supported at points of wy. We write

v(wn) L> Ar, N — oo,

if for every continuous function f: I' — R

N
oD S = [ i, N oc,
k=1 r

Paper [29] establishes the following statement.
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Lemma 6.3 Lets > landI = U;"Zl I';, where each I'; is a rectifiable Jordan arc,
and |T| = Z?;l T If {w{ } R, is a sequence of s-energy minimizing configurations
on I such that #wi, = N, N > 2, then v(wy;) 5 Ar, N — oo.

We remark that for s > 1, this result as well as relations (4.1I]) and (&.7) were later
extended in [5] to finite unions of arbitrary rectifiable curves.

Lemma 6.4 Let T C RY be a non-closed C* arcand 1 < s < 2 or a closed C* arc and
1 < s < 3. Assume that {wn R, is a sequence of N-point configurations on I" such
that v(wy) — A, N — 00, and when s > 1, there is a constant C > 0 such that for N
sufficiently large, §(wy) > CN L. Then

(6.3) im SN

N—oo 2

— &,(T).

7 Proofs of Auxiliary Statements

Proof of Lemmal[6.1] For everyi = —N + 1,...,0, denote x; := x;;n and let x; :=
x;_n foreveryi = N +1,...,2N. The notation /;(wy) is extended correspondingly.
Let [t] be the floor function of a number ¢t. Then

[N/2] N
Flon) = Y, Lxx) = > Y LX)
1<i#j<N j:f[(zjé—nm k=1
j#0
[N/2] 1 N —s
>N Y (Nzuxk,w)
j==[l(N=1)/2] k=1
j#0
[N/2] 1 N j —s
>N (5 S i)
j=1 k=1 i=1
[(N—=1)/2] 1 N j —s
+N Z (szlk—i(wl\l)>
j=1 k=1 i=1
[N/2] .
1LY = _
= N —_— = FS .
| N (WN)
j==Il(N=1)/2]
j#0

Lemmal6.1]is proved.

Proof of Lemmal6.2] Let an L-periodic function ¢: R — R? be the arc length
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parametrization for I'. Then

"' (1)

3
+ (t1 — 1)
6

_ 2

" L)+t — 1) 0(t, 1),

where 0(t;,1;) = 0 as |t — ;] — 0 in view of uniform continuity of ¢’’. Since
'] = 1weget &' = 20", ") = Oand [ = — (¢, ") Hence,

(h —1)*

5 " () + (t1 — t2)*B(t1, 1),

lp(t) — p(B)]* = (1 — 1)* —
where S(t1,t) = 0 as |t} — | — 0. Then

s(t — )2
+(1 2)|

")+ (4 — )y, 0) |,
24 ¥ (2)| (t ) y(t, 1)

lo(t) — ()] = |t — 6| |1

where y(t;,;) = 0 as |t; — t| — 0, and (6.I) follows. Relation (6.2)) is proved
analogously.
Proof of Lemmal6.4] Assume that I" is a closed C® arc and choose arbitrary € €
(0,L/2). Let

U.={(x,y) €T xT': L(x,y) > €}
and

Ve={(x,y) e T xT': L(x,y) < ¢}
It is not difficult to see that the boundary of U, relative to I' x I" has Ap X Ar-

measure zero, function g; is continuous in a neighborhood of U, relative to I x T,
and v(wy) X v(wy) = Ar X Ar, N = oo. Then since gs(x, y) > 0, we will obtain

lim inf N2 :lifnll(}%fﬁ Z gS(xi’xj)ZI\rh—l:%oﬁ Z &(xi, xj)

N—oo —
1<i#j<N L(xixj)>e

z/ &s(x, y)dAr X Ar.
U.

Hence, in view of arbitrariness of €, we get

(7.1) liminf &Y S ¢ (1),

N—oo 2 -

Choose again ¢ € (0,L/2) and let § € (0, ¢) be as in the definition of a(x, y) = 0,
L(x, y) — 0in (&I)). We have

(7.2) Glwn) = > glax)+ > glx,x).

0<L(xi,xj)<0 L(xixj)>6
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It is not difficult to see that

oo N2
L(xiﬁx]')z(;

1
73 lim o Y gl = / g P)dAr X Ap < By(T).
Us
By (6.1)), for every s > 0 there are constants M; > 0 and d; € (0, L/2) such that
(7.4) g(x, ) < M, - L(x, y)*~*, wheneverx,y € I', and 0 < L(x, y) < 6.

We can assume that § € (0, d;). Using (Z4)) and the fact that 6 < ¢, we have

(75) Yoooglax) <M Y Lxx)

0<L(x;,xj)<d 0<L(x;,xj)<e

For 1 < s < 2, we obtain

1 1
(7.6) limsupﬁ Z gs(xhxj)SMsli;nSUPﬁ Z L(xi, x)* ™

N—o0 0<L(x;,x;)<d - 0<L(xi,xj)<e

#((wy X wy) NV,
< M,e*~*lim sup (e ZN) )
N—o0 N

< MS€2—$ = ,U/S(E)-

It is not difficult to verify that

N
Ne1(1 4+ 0(1))
. E g A -1
(7.7) k:1k o , a>

(in what follows, notations o( - ) and O( - ) will be used only for N — o0).
Let 2 < s < 3. By assumption, for N sufficiently large, whenever 0 < L(x;, xj4x) <
e and k > 0, we have

k
L(xi, xi16) = ZL(xi+j—1,xi+j) > kd(wy) > kCN™L.
i1

Then from (Z3)) and (Z.7) we obtain

[N/2]

(7.8) > glxi,x)) < 2M; Z L(i, i)~

0<L(x;,xj)<d i=1
0<L(x, ,x,+])<5

IMN— 1[‘Nz/:c]k2 ,_ 2ME N1+ o(1))

C(3—y5)

s s(€)N*(1 + o(1)).
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Thus for any 1 < s < 3, from (Z.@) and (Z.8) we obtain

. 1
(7.9) limsup— > gilxi,x)) < pusle),

N=o0 0<L(x;x})<d

where p;(€) — 0, ¢ — 0. Combining (Z2)), (Z3)), and (Z.9) we will have

Glon) () + ay(D).

lim sup — <

N—oo

Letting ¢ — 0 and taking into account (Z1)), we get (6.3).

In order to obtain for a non-closed C? arc T, we use ([€2). If s = 1, we repeat
the argument for closed C? arcsand 1 < s < 2. If 1 < s < 2, we repeat the argument
for closed C? arcs and 2 < s < 3.

8 Proofs of the Results on Closed Smooth Arcs

LetI' ¢ R? be a closed C? arc. Recall that Wy = {X1,...,%n} denotes a collection of
N equally spaced points on I' and wy; is the s-energy minimizing N-point collection
on I'. To prove Theorem [4.1] we compare the minimal energy of I" to the minimal
energy with respect to the arc length distance of the circle of length |T'|. Fors > 1, we

have
&(I',N) — Fi(wy) < E(wn) — F(wn) = Gi(wn),
and by Lemmal[6.1]

gs(FaN) - Fs(wN) = Es(w]tf) - FS(EN) > Es(WKr) - FS(WK]) = Gs(w]tf)
Thus,
(8.1) Gs(wy) < &(T, N) — Fi(wn) < Gi(wn)-

For convenience, let

_)C(s), s>,
U(S)_{l, s=1.

Lemma 8.1 For any closed C* arcT' C RY, we have

SS(F) N) - Fs(wN)

(8.2) lim =d,), 1<s<3,

N—o0 I\f2

and

(8.3) lim &(,N) — F(Wn) _ sols — 2)/€(1“)7 $>3.
N—oo ps—1(N) 1252
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Proof Let1 <s < 3. By Lemmal63l v(w}) 5 Ar, N — o0, and, dlearly, v(@y) =
Ar, N — o0o. Sequence {@Wn}, and, in view of relation [4.7), sequence {wy }¥,
both satisfy the assumptions of Lemmal[6.4l Hence,
Gs(wy Gs(w,
(8.4) lim SN _ i, GEN)
N2

N—oo I\f2 N—oo

= o (I).

Then using (BI) we get relation (82)).

Upper estimate in (83) Choose again any ¢ > 0 and let § € (0, ¢) be chosen from
the definiton of a(x, y) = 0, L(x, ) — 0 in Lemmal[6.2} Then

G@n) = Y &@E)+ Y g%

0<L(7C,’.§j)<(s L(Z,‘j)’)zﬁ
Function g;(x, y) is bounded as a continuous function on a compact set Us. Then
(8.5) Z &(%i,%;) = O(N?).

L(Z,‘,E}')Zd
Taking into account Lemma[6.2]and representation
[6N/L]
S~ s = (€O o). s>,
P InN(1+0(1)), s=1,
we have

(8.6) Z &(xi,x;) < Z (E + i/{z(@)) L(E‘,fj)zjs

0<L(X; Xj)<0 0<L(X; X;)<0
[ON/L] .
1L\ 2—s
<2 (+fﬁ ) (7)
S (i) G

[6N/L]

ZNS_I/ S 5 -
==— [ (e+—=r(®))dAr - (1+0(1)) i
L2 r< 24 ) 12:1:

:205—2)/

Letting N — o0, from (8.5]) and (8.6]) we have

b s G@W) 20— 2) / mz(x)
1 u
msp TN S 1

Letting € — 0, we finally have

dAr ps—1(N)(1+0(1)).

dAr.

Gs(wy) _ so(s—2)k(I)
8.7 lim su <
®&7) N—>oop ps—1(N) 120572

We next use this inequality to obtain Proposition 4] which in turn is used to
prove the lower estimate in (8.3)).
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Proof of Propositiond.4] Let s > 2 and {wy} ¥, be a sequence of s-energy mini-
mizing configurations on I', where wf; = {x1 n, ..., Xy N}, N > 2. Recall that in our
notation xj_n N = Xi N> Xi+NN = Xin»> i = 1,..., N, and [i(wy) is the length of the
arc of I' connecting points x; 5y and x;i;1 N, which contains no other points from wy;.
Let {(xjy.N,Xjy+1,8) } Ny be any sequence of pairs of neighboring points from wy.
Denote Cy := [, (wy) - N. We want to show that limy_,.c Cy = L. Let N C N\ {1}
be any infinite set such that the limit a := limysy_ oo Cn exists as a finite number
or equals infinity. For every N € N, we have

[N/2]
E(I,N)=Ew}) = > ZL(xz,ka) 4+ Gi(wi)
—[(N=1)/2] i=1
k£0
[(N=D1)/2] N - —s IN/2 N - —s
> Z Z <Zl, kﬂ(wN)) Z Z <th+](wN))

k=2 i=1 =

N
+ (@) "+ D0 (BwR) T+ Galwy).
i=1, iZjN

Then using convexity of the function y(t) =¢t~*, s > 0, we have

E(I,N) — Gs(w;r)

[(N-1)/2] N k-1 —s  [N/2] N k-1 —s
> NSt (ZzlikJrf(wK’)) + Z NS+ <Z ll+j(WX])>
k=1 i=1 j=0 k=2 i=1 j=0
N —s
+ N°Cy* + (N — 1) (Z l,-(wX,))
i=1
i#jN
N/2) Con s
>N5+1 —s s—s _ s+l( _l)
> > (ML) +NCy + (N =17 (L N
k=—[(N-1)/2]
k£0,1

—F (wN) _ L*SNS-FI +NSc—S +L75Ns+1 (1 _ i) S+l(l CN)
’ N N LN

It is not difficult to see that forb > landx > —1/borforb < 0and —1 < x <
—1/b, we have

(1+x)?>1+bx>0.

Applying this inequality with b = s+ 1 and b = —s and noting that [; (w) =
Cy/N — 0, N — oo (e.g., in view of Lemma[6.3]), we can write for N sufficiently
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large

(8.8) E(T',N) — Fi(wn) — Gs(wy)
N NGy N (1= ) (14 )
N N LN
SCyN*  (s+1)N®
Ls+1 B Ls
On one hand, by (81) we have

> N°Cy* + +o(N°).

&(I,N) — F(wy) — Gs(wy)

(') := limsup

N3SN—oo N®
— N *
< lim sup G,(wn) — G (WN) .
N3SN—o0 N7

If s > 3, in view of non-negativity of G,(wy;) and relation (87]), we have

0.

(89) TS(F) S lim sup GS(WN) 1 GS(WN) . psfl(N) _
N—ooo IN° N—oo ps_1(N) N®

If 2 < s < 3, then from (8.4)) we have

Gi(wn) — Gs(w};) N?
(8.10) () < lim Gi(@n) — Gwiy) N° 0
N—oo N2 N

On the other hand, from (8.8)) we have

sa s+1

0 2 TS(F) Z ﬁis + LS+1 — T = f([l)

Function f(a) has a unique global minimum f(L) = 0 on [0, 00]. Then, in view
of (89) and (8.I0), we can only have a = L. In view of the arbitrariness of the
subsequence {Cy }nen we have

(8.11) A}?OOCN:A}E&OZ]»N(LU;)-N:L.
Recall that sequence of indexes {jn}, 1 < jy < N, was chosen arbitrarily. Taking

now {jn} so that Ij, (wf) = A(wg), N > 2, we get the second equality in (£9).
It is known that uniformly over x,y € I’

.=y
(8.12) lim -1
lx—y|—0 L(x, y)

Let now {jn} and another sequence of indexes { pi} be such that jy < pn,

pN—1
S(wy) = |Xjy N — Xpyn|  and  L(xjy Ny XpuN) = Z hwl), N>2
k=jn
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(pn can be greater than N). Then
dwE) N N
Tr S len st
Since 0(wyy) < A(wy) and, by the second equality in (£9)), A(wj;) — 0, N — o0,
we also have |xj, n — xpyN| = 0, N = oo. In view of (8.II) and ([B.12), we get
L(xjy N, XpyN) > Ly (wi) = LN'(1 4 0(1)), and
d(wi)N - w1 +0(1)) _ XN — Xpy N
L 7 L(xjyN.%puN)  L(xjy N, XpyN)

(1 + 0(1)) =1+o0(1).

Thus,
Swy) = L (1 +o(1)),

and we get the first equality in (£.9). Proposnionlﬂis proved.

Lower estimate in (83) Let {wi}R, wi = {x1n,---52vNn} N > 2, be a se-
quence of s-energy minimizing configurations on I'.

Choose any € > 0 and take 0 < h < min{e, L/4} so that |a(x, y)| < 55 whenever
0 < L(x,y) < hin (&I). Proposition 4] implies that A(wy) < 2L/N for every N
sufficiently large. Then, for every N large and 1 < k < my := [hN/(2L)], we have

k—1
2kL
(8.13) L(xin, XivknN) < Z; hij(wy) < kAWR) < = <h
J
Hence, by Lemmal6.2]
my N
Gwi) =2 0 glxin, Xivkw)
k=1 i=1

my N
N
722 K2 (ki) — €) L%, Xivkn)

k=1 i=1
For every N large and 1 < k < my;, since E’]:(; livj(wy) < L/2, we have

k—1

LGxin, Xiskn) = D lisj(wh) = k(W)
j=0

and in view of (813)), Lemmal6.3] and Proposition [£.4 we get

my N
Gulwd) = 5 D D R - (kAWR) T ZZ ks(w3)

k=1 i=1 k 1 i=1
sN X esN o~
= EKJ(F) ( 1+ 0(1)) A(w;})zis Z k275 - 65(0‘);\‘])275 Z szs
k=1 k=1

— I)—
= DD (1 + o).
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Then

(8.14) lim inf 2N > so(s = 2)(R(T) — €
N—oco ps_1(N) 12152

Letting ¢ — 0 in (814) and combining it with (87) and (81)), we obtain (83).
Lemmal[8.1]is proved.

Proof of Theorem[4.1] Using known representation

1 1 1 1
(8.15) E:C(S)*s—rz\fs—l”(z\fs—l)’ s> 1,
k=1
one can show that
[N/2]
(8.16) F(@y) =2L7°N°"" Y " k™* + O(N)
k=1
1 N 2
=2 LN -~ +o(N 1.
€ o PN, s>
Taking into account equality
N
(8.17) ;% =InN+7+o0(1),

where 7 is the Euler—Mascheroni constant, one can also derive that
(8.18) Fi(@x) = 2L7'N?InN + 2L7 ' (y — In2)N? + o(N?).

If 1 < s < 3, applying relation (8.2)) and representation (8.18]), we get ([4.3). When
s = 1, taking into account relation (82]) with s = 1 and equality (818]) we have (£.8).
If s > 3, taking into account representation (8.18]), relation (83)), and the definition
of the function o (s), we get (4.3]) and (4.4). Theorem [4.]is proved.

A Appendix
Using (815) and (817, it is not difficult to verify the following statement.

Lemma A.1 Letwy = {0, w5, ..., 8=2L L} C [0, L]. Then

E(@n) = 2C(s)L N — 2(C(s — 1) + sC(s))L*N* + o(N*), s> 2,
E,(@y) = 2¢(2)L72N? —2L72N?In N + O(N?),
2L°N?

— _ —SA\7stl
E(wn) = 2¢(s)L°N oDz 9

+o(NY), 1<s<2,

and

E\(@y) =2L7'N?InN +2(y — 1)L™'N? + o(N?).
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Proof of Remark[5.3] For s > 1, denote by wy; := {xi,...,xy} an s-energy mini-
mizing configuration on I" and let wy* := {t,...,ty} be an s-energy minimizing
collection on [0, L], where L = |T'|. Denote also by wy; := {y1,..., ¥~} such a con-

figuration on I that L(y;, y;) = |ti—tj|, 1 < i # j < N,andletwy = {uy,...,un}
be a configuration on [0, L] such that |u; — u;j| = L(x;, xj), 1 <i# j < N. Then

(A.1) &(T,N) — &([0,L],N) < Eq(wf,) — E(wy")

lyi —yils It =l

1<i#j<N
= Z (i, vj)
1<i#j<N
and
(A2)  &(T,N) —&([0,L],N) > E(wy) — Es(w)) = Z &(xi,x;) > 0.
1<i#j<N

Applying Lemma to the curve I' and interval [0, L], we get that for s > 1,
v(w) = Apand v(wy) = dt/Las N — oo. Then v(w)) - Ar, N — oco. By
), for s > 1 and N sufficiently large, we have §(w5) > ¢; /N and é(wi*) > /N,
where positive constants ¢; and ¢, are independent of N. Taking into account (8.12),
we then have d(w};) > ¢;/(2N) for every N large enough. If 1 < s < 2, by Lemma

[6. 4 we get that
. 1 . 1
Jdim o Y0 gl = lim o D0 (i) = (D),

1<i#]<N 1<i#j<N

Hence, relation holds.

Let s > 2, and for any ¢ > 0 let § be from the definition of the fact that
v(x,¥) = 0, L(x,y) — 0in Lemmal62l Then, using Lemma[Adland the fact that
ti — tj| > c2]i — j|/N, we have

Y e S |t—1t]|_1+ S Ui

1<i#j<N 0<|ti—tj|<d Liyi,yj)=6

Ns—l _
<e Z B e O(N?) < €E,_i(wn) + O(N?)
0<|t;—tj|<é & li—jl

< eMp,(N) + O(N?),

where Wy = {¢;/N,...,(N —1)c;/N,¢c;} and M > 0 is a constant independent of
N. Then in view of (A1),

< eM.

lims &(T,N) — &([0,L],N)
1 u
N~>oop ps(N)

Letting ¢ — 0, and taking into account inequality ,(I', N) — &,([0,L],N) > 0
(which follows from (A.2))), we will have (5.4]).
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Proof of Remark[5.1] First show these relations for the case I' = [0, L]. Show the
lower estimates. Let wy*, N > 2, be an s-energy minimizing configuration on [0, L]
as above. Denote its points by ¢, v, ..., ty~. Then using convexity of the function
y(t) = t7° we get

—1N—k

«([0,L],N) 7zzz|t

=1 i—1 1N_t1+kN|S

N-1 N—k
>2 Z(N — k) (Z tin — l‘i+k,N|)
k=1 i=1

Using the inequality (1 — £)**!' > 1 — (s+ 1)t,0 < t < 1, we have

$ (N k)s+1
222 T

NX: ( (s+ l)k) 1
ks

k=1

If s > 2, using (815) or (BI7), we will get

(A4) &([0,L],N) —2L*N**1((s) > —2(s + 1)a(s — 1)L *p(N) + o( ps(N)) .

Ns+1

(A.3) &s([0, L],

If1 < s < 2, from ([A3) and (8.I3) we have

(A.5) & ([0,L],N) —2L™°N**'¢(s) > O(N?),
and for s = 1, using (8.16), we will get

(A.6) &([0,L],N) —2L7'N*InN > O(N?).

Upper estimates for the quantity ([0, L], N) — 20 (s)L " pss1(N), s > 1 follow from
Lemma [AJl Combining them with lower estimates (A4)-(A.6) we get relations
(BI), (52), and (B3) for the segment [0, L]. Taking into account relations (5.5
and (5.4)), we obtain (5.I)), (5.2)), and (5.3) for any non-closed C? arc.

Proof of Proposition5.4] First, prove this statement for the segment [0,1]. For any
t € (0,2) consider the following configuration wi = {0, v, v*5, ..., ¥, 1}
When t = 1 we get the configuration twy of N equally spaced points on [ 1]. Con-

sider the difference

N-2

E(w) — E(wl) = —2IN=1)°( 1 ! 2(N = 1)° Ly
S(UN—S(OJN—_ — + E + — E‘F;m .

k=1

Let

1 Es(w;\[) B Es(wjl\r) _ l . 1 1
d(r) = Jim =S _z(ts +k§ ! g(s)).
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Then it is not difficult to see that d’(1) = 2s({(s + 1) — 1) > 0. Hence, there is
to € (0, 1) such that d(¢y) < d(1) = 0, and we have

. 85([07 1],N) B Es(wl ) . Es(wtu — Es(wl )
(A7) ll;rnﬁsolip e N~ < ngnoo # =d(ty) < 0.
Now let T" be an arbitrary non-closed C? arc of length L. For the collection wy of
N equally spaced points on I', which contains the endpoints of I" and the collection
Oy ={0,L/(N—1),...,(N —2)L/(N — 1), L}, there holds

li Es(wN) - ES(QN) _
m —— =
N—oo N

0

(this can be verified using for example (6.2)). Relation analogous to (A7) can be
written for a segment of any length L:

lim sup &([0,L],N) — E{(Sy) <0

N—oo N

Then taking into account (5.4), we obtain Proposition[5.4]
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