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Centralizers involving

Mathieu groups

M.J. Curran

A simple group G cannot contain a central involution ¢ with

CG(t) =(t) x M , wvhere M 1is isomorphic to a simple Mathieu

group.

There have been investigations of groups G which contain a central
involution ¢ such that ((t) has the form (¢) X M where M is a
simple non-abelian group ([71, [4], [5]). In this note, the case where M

is isomorphiec to a Mathieu group is considered.

THEOREM. Let G be a finite group with a central involution t such
that C(t) =(t) x M where M is isomorphic to any one of the simple
Mathieu groups. Then G = 0(G).C(t) .

Proof. Since ¢ 1is central, C(t) contains an Sz—subgroup S of

G with t € Z(8) . We show ¢t 1is not conjugate in G to any other
involution in S and the result then follows by Glauberman's Z*-theorem

([21).
(a) First suppose M is isomorphic to Mll’ Mée , or Mé3 . Then M
has only one class of involutions with representative z say. Since =z

is the square of an element of order 4 in M, it follows from the

structure of C(£) that ¢ cannot be conjugate to z in G . If t ~ tz
in G , say (tz)a = ¢ for some a € G , then t € C(tz) . So 2 ¢ c(¢)

and without loss of generality we may suppose ta =tz . Thus a
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normalizes C(t, z) with a° € C(£, z) , so |(C(¢, 2), a*| = 2|c(t, 2)]| .

This contradicts the fact that C(¢f, z) contains a 52—subgroup of G .

Thus ¢ is not conjugate to tz in G .
(b) Suppose M is isomorphic to Ml2 or M2h . Then M has tvwo

classes of involutions; a central class with répresentative 2 say (which
is again the square of an element of order 4 in M ), and a non—central

class with representative Yy say. (When M M12 take z =T and Yy =T

in [6], and when M =~ M,, take z =2z and y = 2,7 in [31.)

1 3

(i)} As in (a) above, ¢t cannot be conjugate to 2z or £z .

(ii) Suppose y~t in G , say yb =¢ for b € G . Then

tb € C(t) and we may suppose tb =y or ty . In either case, b
centralizes C(¢, y)

Now C(t, y) = (&) X CM(y) and S ={(¢t) x CM(y, z) is an

Sg—subgroup of C(t, y) (see [3], [6]). Since Sb is also an

Sz—subgroup of C(t, y) » Sb =  for some g €c(t, y) .

Thus Sb =(t) x CM(y, zm) vhere g = % ; =0 or o=1 and
m €M . However S' =(z) when M= M12 ,and S" =(3) when M= M2h
(Lemma 1 in [4], Lemma 2.3 in [3]); so b conjugates €z} to ™M

Replacing b by ¢ = bm—l we have yc = ¢ and 2° =2

However a calculation shows yz ~y 1in M . Conjugating this
relation by ¢ we have ¢tz ~ ¢t in G , which contradicts (i) above. Thus
Yy 1is not conjugate to ¢ in G .

e . . d _

(iii) Finally suppose ty ~¢ in G , say (ty) =t for some
d € G . Then, as above, we may assume td = ty and further, as in (ii),
we may find an e € G such that t° = ¢ty and 2z° =2z . Thus

(t2)€ = tyz ~ ty in G , again contradicting (i). So ¢ 1is not conjugate

to ¢y in (G and the result now follows from Glauberman's Z*-theorem.
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