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Abstract

An approximate solution is determined for the problem of scattering of water waves
by a nearly vertical plate, by reducing it to two mixed boundary-value problems
(BVP) for Laplace’s equation, using perturbation techniques. While the solution of
one of these BVP is well-known, the other BVPs is reduced to the problem of solving
two uncoupled Riemann-Hilbert problems, and the complete solution of the problem
under consideration up to first-order accuracy is derived with a special assumption
on the shape of the plate and a related approximation. Known results involving the
reflection and transmission coefficients are reproduced.

1. Introduction

The problem of scattering of water waves by a partially immersed nearly vertical
barrier was first considered by Shaw [7]. Various methods of solution have been
presented later for the approximate solution of this class of water wave problems
[2, 10, 3]. In the present paper we have considered the scattering problem
involving a nearly vertical submerged plate of finite length in deep water. This
problem has already been handled for solution by Mandal and Kundu [3] by using
the Green’s function-cum-integral integral approach. A relatively shorter route
involving the direct utility of Green’s identities, as employed by Mandal and
Chakrabarti [2], has also been used by Mandal and Kundu [3] to derive results
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involving first-order corrections to the reflection and transmission coefficients.
Though the final important results derived earlier as well as in the present paper
are the first-order corrections to the reflection and transmission coefficients
associated with the nearly vertical plate under consideration, explicit results for
the velocity potential of the flow problem, even up to the first-order terms, have
not been derived so far. Determination of the full potential (up to first order) is,
therefore, one of the many motives behind taking up the present study, to which
a direct complex variable method is observed to be well suited. The complex
variable method utilised here is similar to the one used to handle the problem
of a submerged nearly vertical barrier, by Vijaya Bharathi and Chakrabarti [10].
This paper will be referred to as Paper 1 in the text that follows.

Using a perturbation approach, the problem of determining the velocity po-
tential ¢(x, y) associated with the nearly vertical plate is reduced, up to the
first-order approximation, to that of determining two potential functions ¢ (x, y)
and ¢, (x, y) under certain boundary conditions (BC), prescribed along the ho-
rizontal boundary, y = 0 and —0co < x < oo and along the vertical line
x =0,y € [-b, —a]. It is observed that the BC to be satisfied by the function
¢o(x, y) are the same as the ones encountered in the case of a plane vertical
plate problem whose solution is available in the literature (see [4, 1, 9] and
others), whereas the BC for the function ¢, are of a new type. It is important
to realise that ¢, is a transmission potential for a fixed vertical plate of finite
length, whereas ¢, is a radiation potential for a related plane vertical wave-maker
problem.

This new BVP will be solved in Section 2 of the present paper by employing
a complex variable technique as described in Paper 1. Introducing a reduced
complex potential W (z) (see [1] and [6]), the problem in question is shown to be
equivalent to a pair of uncoupled Riemann-Hilbert problems for the determina-
tion of two sectionally analytical functions A(z) and w(z), analytic in the entire
complex z (= x + jy) plane cut along the segments [—jb, —ja] and [ja, jb).
The complex potential W(z) = ¢,(x, y) + jv¥(x, y) (¥, is the conjugate of
¢1), is then obtained by straightforward integration. The asymptotic relations
on the complex potential W (z) are then used to derive the two important con-
stants R, and T,, (see Paper 1 also) representing the first-order corrections to
the reflection and transmission coefficients, and these are found to be the same
as the ones obtained by Mandal and Kundu [3] recently. The formal explicit
expressions for the near-field potential ¢,(x, y) are also determined by using a
standard contour-integration procedure.
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2. Formulation of the problem

With the usual assumptions of linear water wave theory (see Stoker [8]), the
main problem under consideration is that of the determination of the velocity
potential ¢ (x, y) that corresponds to the irrotational motion of water in the
region y < 0, associated with the scattering of simple harmonic progressive
waves which are incident normally on the nearly vertical plate, the shape of
which is described by the equation x = ¢C(y) for y € [—b, —a] (where ¢ « 1
and max C(y) = 1) and C(—a) = 0.

The governing equations and conditions to be satisfied by ¢(x, y) are as
follows (see [7, 2D):

. ¢ 3%
@) b?—l—a—)}z:O, (y<0,—0 <x <00)
@) K¢—a—¢=0, ony=0
ay
(iii) ?fei C(y)a—¢ , onx=0%ye[-b, —a]
ax 9 dy

(iv) r'?|Vep|—0, asr’=@2+(y+d)») —>0(d=aorb)

T Kx+Ky asx — o0

) ox,y)~ [

ein+Ky + Re-in+Ky asx — —o0.
and
¢

— —> 0, asy »> —o0,
dy

(i) ¢,
where K = o?/g, g is the acceleration due to gravity and the harmonic time
dependence e™'?' (o represents the circular frequency) is dropped throughout
the paper. The complex constants R and T are the reflection and transmission
coefficients of the plate, which are to be determined.

The BVP is attacked for approximate solution by using perturbational series
(see [2] and [3]), as described next. We assume

P (x, y) = do(x, y) + edi(x, y) + O(?),
R = Ry+¢eR, + O()
and
T = Ty+¢T) + O(£?).
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The problem of solving ¢(x, y) satisfying the conditions as given by the
relations (i) and (vi) then reduces, up to O(¢), to that of determining the two
potentials ¢y(x, y) and ¢, (x, y) which will be referred to as BVP 1 and BVP 2
respectively.

BVP 1. The BC to be satisfied by the potential ¢y(x, y) are the same as those
involving the plane vertical plate problem (see [1]), the solution of which is as
given as below. (See [3])

Ky+iKx *J(n)e™™ .
do(x,y) = Tye —D ————nz Tk [ncosny + K sinnyldn, forx >0,
0

— eKy+th + ROeKy—le

[e.0] J +nx
+Df ﬁ—[n cosny + K sinnyldn, forx <0,
0

n2 + K2
with
_ 1 a—pB _ —i
D_a—ﬁ—iy’ 0 a—-B—iy and Ro_a—ﬂ—z > @D
where
o = d*aK)-aj)(K), B = d%a(K)-a;(K),
y = d’a(K)—a{(K), d* = a/(-K)/a\(K)
and
2 b g2 __ t2
J(n) = —/ sin(¢n)dt, 2.2)
nJo pQ@)
where
_ b e—Kt _ a e_K'F(t)
a (K, F) —[a 7)(—t)—F(t)dt, @K, F)= @ =~ t,
_ -b e—Kr _ o0 e—KIF(t)
a(—K,F)= /_a mF([)dt, a3;(K, F) —/b (=D = bz)]uzd’
and
" d2
a,(K) =a,(K,1); a,(K)= d—ﬁam(K) wherem =1,20r3
d2
a(—K)=a(-K,1); a/(—K)=—=a,(-K) (2.3)

dK?
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and .

p(0) = [ — ) = a?)]” @4)
with F(¢) being any function such that the above integrals are well defined.
BVP 2. The BVP for the function ¢,(x, y) is governed by the following
equations and conditions:

. ¢, | 3%
) —5;7+Fy?=0, (y <0,—00 < x < 00)
d
@) Koi—2020. ony=0
dy
3¢1 d a¢0 +
- =T C _ ’ ’ -—Y, —
@iii) 5% |, ay[ 62, 2y 0%, y) fory € [-b, —a]
Gv) r'2| Ve, |— 0, asr >0

Re%y—ikx asx - —o0
@) ¢, { TieXy+ikx as x — +00.

and

3¢

i) ¢, — — 0, asy = —o0.
dy

We shall describe, in the next section, the complex variable technique em-
ployed to solve this problem.

3. The method of solution of BVP 2

We introduce the reduced potential (see Paper 1), as defined by
d
wey =22 4 jkw, 3.1)
dz
where

w(z) =¢1(x, y) + jv(x,y) (3.2)

is the complex potential and j is a second imaginary unit not interacting with
the unit i, occurring in the earlier relations. The function ¥, (x, y) is a function
which is the harmonic conjugate of ¢,(x, y).

Then, using the Cauchy-Riemann equations in the BC (ii) and (iii) on the
function ¢, (x, y), we obtain the following conditions for the function W (z):

Im;W(z) =0 ony=0 (3.3)
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and

1ir(r)1i ReW(z) = % — Ky, = fe(y) for yon L, 3.4

where
0 ¢0 4
() = F K)|Ck» )—(0 y) foryonlL, (3.5)

L representing the line segment x =0, —b < y < —a.

The sectionally analytic function W (z) (analytic in the z-plane, cut along the
segment L and bounded by the line y = 0) in the half-plane y < 0 must meet
with the infinity requirement that

| W(z) | < o0, (3.6)
and the edge conditions that
W) | =0 ?) asr — 0, 3.7

withr? =x2+ (y +d)?, (d = a orb).

The above conditions on W (z) follow directly from the requirements (iv), (v)
and (vi) to be satisfied by the function ¢, (x, y).

We now define a function W, (z) which is sectionally analytic in the whole of
the z-plane cut along L U L’ (L' is the reflection of L into the plane y > 0, with
respect to the x-axis) by using Schwarz’s reflection principle in the following

manner,
W) for y <O
Wi ={ ___ (3.8)
wWE) for y > 0.

From the above definition (3.8) of W,(z), we observe that,
Wi(-z) = Wi(-2). (3.9

The conditions on W(z) as given by (3.3), (3.4), (3.6) and (3.7) give rise to the
following requirements to be satisfied by W, (z):

4)) Im;W;(z) =0 ony=0
{am Re; limy_o: Wi (2) = fa(— 1y ) foryonLUL’
an [ W@ ]| <oo
in the entire cut z-plane and
awv) | Wi@2) |~ 0@ ") asr - 0,
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where r? = x* + (y +d)?, d = £a or +b.

Next, in order to solve the problem for the function W, (z) satisfying the
conditions (I) to (IV), we define the two sectionally analytic functions A(z) and
u(z) as given by (see Paper 1):

1 — ir -
M) = 3 [Wi@) + Wi=D)] and () = 5 (Wi -WD]. 610

On using the following standard notations for the limiting values,

AE(jy) foryonlL

xlir(r)lt Mz) = { AF(Gy) for yon L/,

the BC (II) on W, (z) can be expressed as

AU +HAGY) =81y D foryonLUL

e f( fi
i —(iv) — y) oryon L
ut(y) —u @Gy = L F—y) foryonL. 3.11)
where ) PO
gy) =f+ O L
fO =0 - O } fory € (=b. ~a). (3.12)

It follows from (3.10) that the sectionally analytic functions in the cut z-plane
also satisfy conditions similar to the ones as given by the equations (III) and
(IV) on W,(2).

We thus have two independent Riemann-Hilbert problems for the functions
A(z) and p(z) with the BC (3.11) to be satisfied on L U L’. The solution of these
problems can be obtained by using the techniques available in Muskhlelishvili
[5], in the following form:

-b

1
A(z) = Ao(2) [P(Z) - ;/

—-a

#g(n)p(n)dn]

and

_ z [T f(n)
pe) = 06) - = / mdn (3.13)

where P(z) and Q(z) are polynomials in z and p(n) is as defined by (2.4) and

~172

Ao(2) =[(2* +a*) (2% + b?)] (3.14)
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Using (3.10) and the infinity conditions (III) on W, (z), we obtain the following
forms of the polynomials P(z) and Q(z):

P(z) = Cy + C1z + C,2? 0(z) = Q,. (3.15)

Then using (3.9) on W;(z) and (3.10), after simplification we arrive at the
following identity:
Qo = CiAo(2) for all z,

and we thus decide that
Qo=C,=0. (3.16)

A similar procedure ensures that the constants Cy and C, will have to be real
constants, A and B respectively, in order to satisfy the condition (I) on W,(z).

We have therefore ultimately determined the function W, (z) completely ex-
cept for two arbitrary real constants A and B, and we have that

-b

1 n z [T f)
Wi(z) = A A+ Bz? — — dn|—= ———dn.
1(2) O(Z)[ + bz T ./;a n2+zzg('7),0(7)) 7’] T ./—a n2+22 n
(3.17)
Upon integrating (3.1) and using (3.17), we then obtain the complex potential

W(z) as given by :

W(z) = e /X* [C +/ e W, (E)d&] , (3.18)
—aj
where C is an arbitrary real constant. This choice of C satisfies the condition
on Im;W(z) i.e. ¥,(x,y) on L which is derived from the condition (iii) on

¢1(x, y).

4. Determination of the constants A,B,C,R, and T,

It follows from (3.2) and (3.18), along with (3.17) for W, (z) that the potential
¢1(x, y) (=Re; W (2)) is determined completely except for the arbitrary constants
A, B and C which are real with respect to j. Also the constants R, and T3,
the first-order corrections to the reflection and transmission coefficients (Shaw
[7]) are to be determined explicitly. For this purpose we carry out the following
asymptotic analysis.

We first observe that

| Wi(z) - B|—=>0, - as|z]|—> o0. 4.1)
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Using (4.1) along with Cauchy’s integral theorem, (see Paper 1 and [1]) we can
derive the following relation, as x — +o00:

Z ) _‘B i
f W, ()dE ~ ==+ A+ jh+Aa (0~ Ba[ () —ai(K, F)
—aj

+j [Aaz(k) —as(k))— B(ay (k) —ay (k) +as(K, F)—ay)(K, F)] (4.2)

and, as x — —o00, we find that

z . — B i
/e”‘EWl(E)dSN ;{e”“+A+jA2—Aal(k)+Ba’,’(k)+al(K,F)

aj

+J [A(a2(k) —a3(k))— B(ay (k) —aj (k) —ax(K, F)+as(K, F)], (4.3)

where Y
I -K - f
A = ;/_a te Ndr B 2—_;5‘1"’
1 [~ ngmp(n) @
Fo = L[,
)., n:—t

b
A= f e M fr(=n)dt,
‘ @.5)

b
Ay = /e"“f_(—t)dt,

and the other constants a,,(K), a, (K) and a,, (K, F) are as defined earlier by
2.3),form=1,2,3.

We can, therefore, obtain from the asymptotic relations (4.2) and (4.3) the
behaviour of the complex potential W(z) and derive the following behaviour of
the function ¢, (x, y) [using (3.2) that Re; W (z) = ¢, (x, y)] as x = Fo0:

$i(x,y) ~ ecosKx[C+ A+ Aa(K)— Baj(K) — a\(K, F)]
+eX sin Kx[A; + A(ax(K)—a3(K))
—B(aj(K)—aj(K)) — ay(K,F) + a;(K ,F)),
as x = +o00
(4.6)
and
$i(x,y) ~ e cosKx[C+ A — Aay(K)+ Baj(K) +ai(K, F)]
+e%Y sin Kx[Az + A(@(K)—a3(K))
—B(a4)(K)—aj(K)) — ay(K, F) + a3(K,F)],
as x - —0OQ.
@.7

https://doi.org/10.1017/5033427000000936X Published online by Cambridge University Press


https://doi.org/10.1017/S033427000000936X

[10] Solution of the problem of scattering of water waves by a nearly vertical plate 391

Comparing the above relations (4.6) and (4.7) with the conditions (V) on
¢1(x, y), we obtain that

T, = C + A + Aay(K) — Ba!(K) — a\(K, F),
iti =M + Alay(K)—a3(K)] — B [ay(K)—a;(K)] — ax(K, F) + as(K, F),

Ry =C+ A — Aa,(K) + Bd!(K) + a,(K, F),
iRy = —k; — Alax(K)—as(K)] + B[a}(K)—ay(K)] + ax(K, F) — as(K,, F).
(4.8)

Now we must meet with the requirement that the velocity potential ¢ (x, y)
and, therefore, the functions ¢y(x, y) and ¢, (x, y) are single-valued. Hence,
circulation of the flow induced by the potential ¢,(x, y) around any closed
contour must be zero. This criterion (see [1] and [6], also) gives rise to the
relation that

Re yﬁe”“wl (§)d§ =0,
N

where § is a closed contour around L. Following Evans [1] and shrinking the
contour onto L we simplify the above relation to the following equation:

Aa;(—K) — Baj(—K) —a)(—K, F) =0, 4.9

where F(¢) is as defined earlier by (4.4) and a,(—K), a/(—K) and a;(—K, F)
are defined by (2.3).

The five relations, given by (4.8) and (4.9), provide us with five equations
for the determination of the five unknowns A,B,C,R, and T; and we ultimately
obtain the following expressions for these constants:

>
Il

Bd* +[a\(—K, F)/a,(—K)],
B = (@—B—iy){ia\(K, F) —ay)(K, F) + a3(K, F) + 1 (A1 + 13)
_ + [a1(—K,F)/a)(—K)]liai(K) — ax(K) + a3(K)1},
C=5Mh-M]-4,
T\ = ;2 — M) —a(K, F) +a(K) [a(—K, F)/a,(—K)]
+B [d*a\(K) — a}(K)],
Ry = i[A— Ml +a(K, F) —ai(K) [ai(—K, F)/a,(—K)]
+B [a](K) — a\(K)d?],
4.10)
where the constants «, 8, y and d? are as defined earlier by (2.2).
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Using the above relations and the definitions of the constants A, and A, as
given by (4.5), we derive that
-b

i(T'+ R) = 2K/ eK'C(t)%qgo(t)dt, 4.11)

where 3
o (y) = 9o (0%, y) — ¢0(07, y), (4.12)

after using a further assumption that C(—»b) = 0. But the relations (2.1) and
(2.2) for the function ¢(x, y) give rise to the result that

s Ky y 2 _ 42

- 2ie - / ) )e'K'dt, —-b<y<-—a

d(y)=4 a—B—ivJ. p@ (4.13)
0, otherwise.

This relation (4.13) when substituted in (4.11) finally gives that

I+ R — b " (d?—nDekn
iR [a—,B—zy]_K/_a et 'C(Hde -a—P(U)
—b g2 _ 2
+ / uC(t)e’“dt. (4.14)
- p()

If in the above result (4.14) we use the identity that 77 = 0 which can be
derived by employing physical arguments similar to the ones used by Shaw [7],
we find that the expression for the constant R, agrees with that obtained by
Mandal and Kundu [3].

5. Determination of the near-field for ¢,(x, y)

Simplifying (3.18), we can obtain explicitly the complex potential W (z) in the
halfplane y < 0. For z = (x + jy) near the barrier, by choosing an appropriate
contour (see Paper 1) and using the relations (4.2) and (4.8) we can arrive at the
following expression for ¢, (x, y) for x > O:

$i(x, y) = T\ "5 — Reje /" e/ W (£)dE. G.D
j

z

Substituting for W, (£¢) from (2.17), we obtain that

< 1 1
/ EWENE = $,(2) ~ —$:(2) — ~50), (5.2)

z
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where -
Si(2) = B f EENEP + E7)dE,
with /2 = A/B,
f (n)
Sz(z)='/z. 3 ]KEd‘E/ 2+;>.-2
and i
ng(n) (mdn. (5.3)

$(2) = f eKE N (£) g f e

We then simplify the above expressions, in the manner as described below.
From Laplace-transform theory we find that

/ e Mm)dn = (P + Eo®), (5.4)
0

where b 12 )
M) = 2 f E =) Gnn)du (5.5)
a P

and Ag(£) is as defined in (3.14). Using the result (5.4), we can express the

integral §;(z) as follows:

Si(z) =8B /00 /K8 de /°° M(n)e$"dy
z 0

o0 o0
= [ Monan [ s rigan
0 z

) © M
= Be"“/ n—(?—)Ke”"dn. (5.6)
-

Also, using the standard result that

‘/0‘ e "cos(tr))dn=€—2m,

we can express S;(z) as

-b 00
Sy(z) = ek / F(0)dt /0 %e"’"dn. (5.7)
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We next write the integral S;(z) in the following form:

—b 0o 1 1
2Ss(Z)=/_a g(t)p(t)dt[z fv”’“ko(f)[t_'_jS +t—j§]d§'

To prove this we use the result that

0 1 1
L(n,t)e™*"dn = A ,
fo (n, 1)e™"dn = Ao(§) [t_”g +t_j§]
where A b sinGsm)  d
___t 77 sin(sn s
L= [ 5.8)

and obtain that
—b o0 oo
285:(2) = f g(p(n)d / e/Xede / 1L (n, 1)dn
—a z 4]

which, after interchanging the orders of integration and simplification, gives the
result that

iKz —b 00
Sy2) = & f p()g(n)dt / L@ ey, (5.9)
2 J. o n—JjK

Substituting the above results for S;(z), S>(z) and S3(z) in (5.2) we ultimately
find that the function ¢, (x, y) can be expressed as:
* M)
o N+ K2

d1(x, y) = T eXr ks — e ™ [ncosny + K sinnyldn

1 [° ® cos(nt
T / f(t)dt/ n ) e [ncosny + K sinnyldn
—a 0

1 [~ ® L(n,t) _,. .
+to7 /:a g(t)p(t)dt/0 n2+K2e ™ [ncosny + K sinny]dn,
forx > 0. (5.10)

Note that if we use the result that 7} = 0, the first term drops out.
The function ¢;(x, y) can be determined by a similar procedure for x < 0
also, and we obtain that

$1(x,y) = R X775 — Reje™IX2 / e/ W, (£)dE, forx <0,

z
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and this can be expressed ultimately as:

. M
$i(x,y) = RieFr % + B/ () e™
0

m [ncosny + K sinnyldn

1 [ ® cos(nt) )
— 1)dt ———=¢e™[ncos K sinnyld
+n/_af() ]0 K [ncosny + K sinny]dn

1 [ Lt . .
—g'/:a g(’)P(’)dt'/o‘ me" [ncosny + K sinnyldn,
forx <O. (5.11)

The knowledge of the function ¢,(x, y) as given by (5.10) and (5.11) for
x > 0and x < O respectively, where M(n) and L(n, t) are as defined by (5.5)
and (5.8), gives the idea of the complete field for this potential for all finite
values of x.

It is observed that the above expressions (5.10) and (5.11) for the potential ¢,
involve the functions f and g which, in turn, depend on the potential ¢ (0, y)
(y € L), as well as the shape function C(y). Therefore, these forms of ¢,
are to be regarded as formal explicit expressions for the potential and their
actual determination requires difficult but practicable manipulations which are
not taken up in the present work.
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