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MICRO-LOCAL ANALYSIS OF OPERATORS

WITH NON-INVOLUTIVE CHARACTERISTICS

BaL1GANAHALLT RAJUA [YENGAR NAGARAJ

The aim of the thesis is to study certain classes of partial and
pseudo-differential operators employing micro-local techniques. For this
purpose the thesis begins with a comprehensive description of the theory of
wave front sets due to L. Hormander [Z]. A byproduct of the derivation

of these tools is the following result which is of independent interest:

n .
If x € Cm(IR ) 1is of oxrder m at <« and derivatives of order |a| are

o(m - Ial) at « then the so called Friedrichs operator x(D) is defined

by x(D)V(X) = (2ﬂ)_n Ix(i)ﬁ(i)eixadi where V is the Fourier transform

of Ve E' , the space of distributions with compact support; then

fe Oé is in S8 if and only if there exists a Friedrichs operator X(D)

such that f = Xx(D)V for some V ¢ E'

The thesis develops a unified view of the reduction theory of partial
differential or more generally pseudo-differential equations leading to the
interpretation of the Egorov-Maslov reduction as a C°° equivalence theorem
under local homogeneous symplectic deformations of the cotangent bundle
which are consistent with equivalence under local diffeomorphisms of the

base provided they define canonical deformations.

On a COD manifold X we study the class of pseudo-differential
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operators
R = PQ2 + AQ + B

where P, are pseudo-differential operators with real principal symbols
of order 0 and 1 respectively and A,B are operators of order O .

In addition we assume that the characteristic sets of P and @ have
non-involutive intersection, in other words the Poisson bracket of principal
symbols o(P} and o(f) of P and @ respectively satisfies the

condition
{o(P),o(Q))}(zo) # 0 whenever o(P)(zO) = 0 and o(Q)(zo) =0 .

It is shown that R is micro-locally equivalent in a conic neighbourhood
of its non-involutive triple characteristics to the class of operators
2
| J—
R' = tDt + Ath + Bo
where AO,BO are operators of order 0 . Using (x,t,£,7) as local
2
coordinates in T*(X) the operator has o(R') = ¢x near t =1 =20,
Micro-local parametrices are constructed for operators of class

R' when Ao and B0 are complex constants. This case is the simplest

but still has all the essential features. The parametrices are used to
obtain information on the propagation of singularities and it is found
that the results obtained closely resemble those of Hanges [7] and Ivrii
[3]) for the case of non-involutive double characteristics except in the

case when Ao is an integer, when extra conditions are required to

obtain propagation results of the type given in Hanges []] Theorem 1.

The operator R' with AO’BO ¢ § 1s also micro-locally equivalent

to a third order partial differential operator on 1R2 of the form
2
B = - -1 + + .
N(44:B,) 92 (x )Dy) (Dx Dy) Ao(D, + Dy)Dy + BoDy

To clarify the behaviour of operators of this type we study the

Cauchy problem on 182 of
(Dx + Dy)(Dx - (x - l)Dy) and (Dx - Dy)(Dx + (x - l)Dy)

which have non~-involutive double characteristics on the line x =0 .
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We consider the initial data to be distributions on & = 0 and analyse
the solution from the point of view of reflection on the boundary. It
is shown that the Cauchy problem is well posed and that singularities

are propagated along the null-bicharacteristics of the individual factors

starting from the ouble characteristics (O,yo,tno,no) .
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