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EVEN COVERS AND COLLECTIONWISE NORMAL SPACES
H. L. SHAPIRO AND F. A. SMITH

1. Introduction. The concept of an even cover is introduced early in ele-
mentary topology courses and is known to be valuable. Among other facts it is
known that X is paracompact if and only if every open cover of X is even. In
this paper we introduce the concept of an n-even cover and show its usefulness.
Using n-even we define an embedding that on closed subsets is equivalent to
collectionwise normal. We also give sufficient conditions for a point finite open
cover to have a locally finite refinement and also sufficient conditions for this
refinement to be even. Finally we show that the collection of all neighborhoods
of the diagonal of X is a uniformity if and only if every even cover is normal.
This last result is particularly interesting in light of the fact that every normal
open cover is evel.

In order to prove these theorems we make use of several results as established
in [1]. In Section 2 we state some of these basic definitions and fundamental
results. However, throughout the paper we draw heavily from [1].

2. Definitions. In general we use the notation and terminology as in [1].
In particular if % and.?# are covers we write#* < % if # refines ¥ ; i.c. if for
every H €  there is a G € @ such that H C G. We assume that U . % =
UZitH <.

If W is a neighborhood of the diagonal of X then we set Wi(x) =
ly € X : (x,y) € W}. We will usually assume that W is open and symmetric
(W = W-1). Wedefine Wo W = W2 = {(x,y) ¢ X X X: there exists z € X
with (x, 2) € W and (3, y) € W} and we let W* = W*to W for n ¢ N,
n #= 1.

A sequence (Z,).en of open covers of a topological space X is normal if {or
all w € N, Upir <* U, Gee. (st(U, Ui1))vea,,, < ). The cover 7 is
normal if there is a normal sequence (%,,),en of open covers such that %, < & .

2.1 If ¥ is a normal open cover of a topological space X then there is a
normal sequence of open covers (%,),en such that %, refines @ . Furthermore
there is a continuous pseudometric d on X that is associated with (Z,),en. Inn
particular (B(x, 1/2%)).ex refines 4.

For a proof and discussion of these results the reader is referred to [1].

2.2 Definition. If (X, d) is a pseudometric space and if ¥ is a cover of X we
say that % is Lebesgue if there is a 6 > 0 such that (B(x, 8)).cx refines %.
(If ¥ is Lebesgue it has an open refinement, hence we will usually assume our
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covers are open.) If (X, %) is a uniform space, a cover % of X is said to be
Lebesgue if thereis a U € % such that (U(x)),cx refines .

Lebesgue covers are studied in [4] and [8] where they are shown to play an
important role in covering dimension theory. Our major interest will be in the
following definition.

2.3 Definition. If X is a topological space and n ¢ N we say that a cover %

1s n-even if there exist neighborhoods Wy, ..., W, of the diagonal of X such
that W2 C Wy fori = 2,...,nand (Wi(x)).ex refines @. If there exists a

sequence (IW,),en of neighborhoods of the diagonal of X such that W,2 C W,
for all w € N, # > 1, and (W1(%)),cx refines 9 we say that & is Ng-even.
If n = 1 we write even instead of 1-even and note that this is the usual defi-
nition of even.

2.4 Suppose that X is a topological space and that % is a cover of X. If % is
No-even then ¥ is n-even for any n € N.

3. Main results.

3.1 THEOREM. Suppose that X is « topological space and that % is « cover of X.
If G is either a
(i) mormal open cover,
(it) locally finite cozero-set cover, or
(ii1) countable cozero-set cover,
then ¥ is Rq-cven.

Proof. Suppose that % is a normal open cover of X. By 2.1 there is a con-
tinuous pseudometric d associated with & such that (5B (x, 1/2%)),cy refines % .
Let (W;)ien be defined by

W= {(x,y) € X XX :d(x,y) <1/273}
for ¢ C N. Then W2 C W,y for 1 € N, 7 5# 1, and (W,(x)),cy refines .

Therefore X is Ny-even.
Since a locally finite cozero-set cover and a countable cozero-set cover is

normal [1, 11.1 and 10.10], (b) and (c) hold.

Actually we can show that an Xp-even cover is equivalent to a normal cover
and furthermore, an Ny-even cover is equivalent to a Lebesgue cover if X is
completely regular and has the universal uniformity.

3.2 TuEOREM. If % is an open cover of « topological spuce X then @ is normal
if and only if G is Ro-cven.

Proof. By 3.1if % is normal then % is Ry-even. Conversely if % is Ry-even
then there is a sequence (W,),ex of open symmetric neighborhoods of the
diagonal of X such that W,2 C W,_ for all # ¢ N, n % 1, and (W1(x)),ex
refines % . For all n € N, let# ', = (W,(x))rex. We assert that (% o,),en is @
normal sequence of open covers such that %, refines 4.
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To show that it is a normal sequence of open covers such that W, <*
W oap_o for any n € N, n # 1, we observe that st(Wa,(x), #s,) C Waa(x).
In [1, S8.4] the existence of a continuous pseudometric d associated with
(W 2)nen was shown. Thus by 2.1, Z = (B(x, 1/2%)).cy refines 4. Further-
more, in [1, 8.6] it was shown that % is normal, thus % is normal and the
proof is complete.

3.3 THEOREM. Suppose that X is a completely regular topological space, that U
is the universal uniformity on X and that G is an open cover of X. Then G is
No-even if and only if G is Lebesgue relative to (X, ).

Proof. Suppose that 4 is Xy-even. As in the proof of 3.2 there is a continuous
pseudometric d such that (B (x, 1/2%)),cx refines %. Thus if we let

W= {(x,y) € X X X:d(x,y) < 1/2%

then W is an element of % [1, 8.6] and W(x) = B(x, 1/2%) so (W(x)).ex
refines % . Therefore ¥ is Lebesgue relative to (X, %).

Conversely if % is Lebesgue relative to (X, %) then there exists U ¢ %
such that (U(x)),cy refines &. Because % is a uniformity there exists U, € %
such that U;2 C U. By induction, for any # € N we can define U, € % such
that U,2 C U,_1. It follows that Z is X¢-even.

The second part of Theorem 3.3 actually proved the following.

COROLLARY. If (X, U) is a completely regular uniform space and if G is a
Lebesgue cover then G 1s Ro-even.

We are now ready to prove several results concerning #-even covers. Our
first result will show that a point-finite even cover has a locally finite refine-
ment. This result is interesting in light of results of Michael (see [7] or [1, p.
132]) as discussed after Theorem 3.5.

It

3.4 THEOREM. Suppose that X 1is « topological space and that G = (Ga)acr
is a point finite even cover. Then there exists a locally finite cover ¥ = (Fo)ac:
such that Fo C Gy foralla € 1.

Proof. Since ¥ is even there exists an open symmetric neighborhood U of
the diagonal of X such that (U(x)),ex refines . For each o € I let F, =
{x € X: Ulx) C G}andletF = (Fo)acs. Itiseasy to show that % covers X,
that F, C G, and that% is locally finite.

If 9 is a point finite open cover then % has a locally finite refinement. We
now give sufficient conditions for the refinement to be even and hence open.

3.5 THEOREM. Suppose that X is a topological space and that G = (Gu)ac is
a 2-even point finite cover of X. Then there exists a locally finite even cover # =
(Fa)ac 1 such that cl Fy C Gaforalla € I.
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Proof. By hypothesis there exists W; and W, open symmetric neighborhoods
of the diagonal of X such that Wy C Wi and (Wi (x)),ex refines . For each
a € Ilet Fy = U {Walx) : Wilx) C Go} and letF = (F,)ac;. We assert that
F is a locally finite even cover of X such that cl Fy C G..

Clearly % is even since (Wa(x)),ex refines.% . To see that.# is locally finite,
let x ¢ X. Since ¥ is point finite there exists a finite subset K of I such that
x ¢ Guifa @ K. Ify € Wy(x) M Fythen (x,v) € Weandy € W,(z) such that
Wi(z) C Ga But then (v, 2) € Wyso (x, 2) € W2 C W, whence x € Wi(z)
C Ga, hence a € K. It follows that Wa(x) N\ F, = 0 if « ¢ K. Clearly % is
a cover because (W1(x))zcx refines . Finally, if x € cl F, then Wa(x) is a
neighborhood of x that meets /%,. By an argument similar to above, one shows
that x € G,.

Remark. In [7] Michael has an example of a point finite open cover with no
locally finite open refinement. By 3.5 the original cover is thus not 2-even.
The following helps clarify 2-even and even.

3.6 THEOREM. Suppose that G = (Ga)ac: is a point finite open cover. Then
(1) implies (2) implies (3).

(1) The cover G is 2-cven.

(2) There exists a locally finite open cover F = (I,)ac; such that cl Fy C Ga
Jor eacha € 1.

(3) The cover G is even.

Proof. (1) implies (2) is 3.5. To show (2) implies (3) let
Ve = (Ga X Go) Y (X = F) X (X = F))

and let 17" = Mje; Ve One can show that 17is a neighborhood of the diagonal
of X and that (I"(x)).cyx refines .

We next consider countable covers and obtain the following.

3.7 THEOREM. Suppose that X 1s a topological spuce and that &G = (G,)rex
1s « countable 3-even cover. Then there exists « countable locally finite even cover
F = (F,)en such that I'y C G, for all n € N.

Proof. Suppose that & is a 3-even cover so there exist open symmetric
neighborhoods Wi, W, and W; of the diagonal of X such that Wy* C W, C
Wa2 C Wy and (W1(%)),ex refines . Let Wy = (W (x))pex for i = 1, 2, 3;
and let H, = {x € X : Wi(x) C G,}. Set

]"n = Gn - Um<n cl (St (HmyWS))

and let.# = (F,),en. We assert that.% is a locally finite open cover such that
I, C G, for all n € N.

To see that % is locally finite let x € X and let n be the first integer such
that x € st(H,, % s). Then st(H,, % ;) is a neighborhood of x and st (H,, % ;)
N F,, = @if m > n. Toshow that.% is a cover, let x € X and choose the first
integer # such that x € cl(st(H,, #'5)). One readily shows that x € F,.
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Finally, to show that # is even we prove that (IW;(x)),cx refines # . Let
v € X and choose the first integer n such that Wi(x) M cl(st(H,, ¥ 3)) # 0.
Then Ws(x) C X — Upey cl(st(H,, #'3)). A standard argument shows that
W;(x) C G, whence Wy(x) C F, and therefore# is even.

Since a countable cozero-set cover of a topological space is normal [1, 11.2]
it is Wg-even, so we have the following.

3.8 COROLLARY. If % is a countable cozero-set cover of « topological spuce X,
then G has a locally finite even countable refinement.

3.9 COROLLARY. If X is Lindelof and if G is a 3-even cover then there exists u
locally finite even cover % such that ¥ refines % .

4. Applications. We know that there is a normal space that has a point
finite open cover that is not 2-even. However since every countable point finite
open cover of a normal space is a normal cover we have:

4.1 ProrositioN. If X is « normal topological space then every countable point
finite open cover 1s cven

We can also observe the following.

4.2 ProrosiTioN. If cvery countable point finite open cover is even, then X is
countably metacompact if and only if X 1s countably paracompact.

Proposition 4.2 apparently generalizes the result that a normal space is
countably paracompact if and only if it is countably metacompact [5]. Using
a proof similar to 3.5 one can show that if every binary open cover of a topo-
logical space X is 2-even then X is normal. We are now able to show how
n-even covers related to other topological concepts. But first another definition.

4.3 Definition. Let S be a subset of a topological space X and let # € N.
We say that .S is I£7-embedded in X if every n-even cover of S has a refinement
that can be extended to an n-even cover of X. We write -embedded instead of
E'-embedded. The subset S is EXo-embedded in X if every Ro-even cover of S
has a refinement that can be extended to an Ry-even cover of X. The subset .S
is weakly IRo-embedded in X in case every Rop-even cover of .S has a refinement
that can be extended to an even cover of X. We say that Sis P-embedded in X
if every continuous pseudometric on .S can be extended to a continuous pscudo-
metric on X.

The reader is referred to [1] for a discussion of P-embedding. In particular
it is shown that X is collectionwise normal if and only if every closed subset
is P-embedded. Similar results hold for P7-embedding and vy-collectionwise
normal where v is an infinite cardinal number.

Remark. Although we do not have an example it seems unlikely that [2"-
embedded implies E™-embedded if n ## m.
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In the next result we show that if every closed subset is E-embedded in X
then X is collectionwise normal. To obtain the converse we need to have
EXo-embedded closed subsets (see 4.6). It is interesting to ask when is an even
open cover necessarily Xg-even (or equivalently normal). In 4.7 we give a
necessary and sufficient condition for this to be true. This condition is stronger
than collectionwise normality.

4.4 THEOREM. If every closed subset of « topological space X is IE-embedded in X ,
then X 1s collectionwise normal.

Proof. To show that X is collectionwise normal let (Fy,)ac; be a closed discrete
collection of subsets of X. Let S = Uae Fo and note that S is a closed subset
of X. Now set U = U,c; (Fy X F,) and note that U is a neighborhood of the
diagonal of S. Moreover, on S, (U(x)).cs refines # = (F,)ac;. Since S is
E-embedded in X there is an even cover & of X such that & restricted to S
refines # . Since % is even there exists an open symmetric neighborhood W
of the diagonal of X such that (W (x)).cy refines &. Clearly W (F,) is a neigh-
borhood of F,.

We must show that (W (F,)ac; are pairwise disjoint. If v € W(F,,) N
W(F,,) where a; # as then there exist x; ¢ F,, and x, € F,, such that (x1,y) €
W and (xs, y) € W. Since (W (x)).cx refines & there exists G € % such that
W(y) C G. Furthermore on S, 4G refines# so GNS C ., for some a3 € 1.
If a3 = ay then x; € W) NS C GNS C F,,. Therefore F,, N F,, # 0, a
contradiction. On the other hand if az a3 then x2 € W(y) NS C Fay so
Foy M F,, £ B, a contradiction. Therefore X is collectionwise normal.

4.5 THEOREM. If S 1s « subset of a topological space X then S is EXo-embedded
in X if and only 1if S is P-embedded in X.

Proof. Since a cover is X¢-even if and only if it is normal, the result follows
from [1, 14.7].

4.6 THEOREM. If X 1is « topological space then the following statements are
equivalent.

(1) The space X 1s collectionwise normal.

(2) Ewvery closed subset of X 1s EXo-embedded in X .

(3) Every closed subsct of X 1s weakly EXo-embedded in X .

Proof. The equivalence of (1) and (2) follows from 4.5 and the fact that X
is collectionwise normal if and only if every closed subset is P-embedded in X.

Clearly (2) implies (3). The proof of (3) implies (1) is similar to the proof
of 4.4 once we note that if (/,)scs, S and U are as in that proof, then U* C U
hence & is N¢-even.

A partial converse of 4.4 is the following result.

4.7 THEOREM. If X is « normal topological space then the following statements
are equivalent.
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(1) X is collectionwise normal.
(2) For every closed subset S of X cvery point finite 2-even open cover of S has
« refinement that can be extended to a point finite 2-even open cover of X.

Proof. The result follows from 3.5 and the fact {1, 11.7] that in a normal
space every locally finite open cover is normal and therefore X¢-even.

If % is an open cover of a topological space we know that % is normal if
and only if ¥ is X¢-even (3.2). Hence a normal open cover is always even.
Our final result gives necessary and sufficient conditions for the converse to be
true. The condition stated in 4.8(1) lies strictly between paracompact and
collectionwise normality (see [2] and [3]).

4.8 THEOREM. If X 15 a completely regular topological space then the following
statements are equivalent.

(1) The collection of all neighborhoods of the diugonal is a« uniformity (and
therefore the universal uniformity).

(2) Every even open cover is normal.

Proof. (1) implies (2): Suppose that % is an even cover of X. Thus there
exists a neighborhood W of the diagonal of X such that (W (x)),cy refines .
But then % is a Lebesgue cover relative to the uniformity of all neighborhoods
of the diagonal and hence by 3.3, ¥ is R-even and therefore by 3.2, 7 is
normal.

(2) implies (1): Since every entourage in the universal uniformity is a neigh-
borhood of the diagonal we need only show that every neighborhood W of
the diagonal is in the universal uniformity. If W is a neighborhood of the
diagonal then ¥ = (W (x)).,cy is an even cover and hence by (2) # is a
normal cover. By 3.2, is Xj-even, hence in particular there exists a symmetric
open neighborhood U of the diagonal of X such that U? C W. Note that
Y = (U(x)),y is an even cover of X and is therefore normal. Hence by 2.1
there is a continuous pseudometric d on X such that (B(x, 1/2%)),cy refines %.
By [1, 8.6], "= {(x, y) € X X X :d(x, y) < 1/23} is an element of the
universal uniformity. If (x,y) € 1 then d(x, v) < 1/23. Since (B(x, 1/2%)) . .cx
refines % there exists z ¢ X such that B(x, 1/2%) C U(z). Thusx € U(z) and
y € U(z) so that (x, y) € U2 C W. We thus have VV C W and therefore W

is in the universal uniformity.
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