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ON CO-FPF MODULES

LE VAN THUYET

A ring R is called right co-FPF if every finitely generated cofaithful right R-module
is a generator in mod-R. This definition can be carried over from rings to modules.
We say that a finitely generated projective distinguished right R-module P is a co-
FPF module (quasi-co-FPF module) if every P-finitely generated module, which
finitely cogenerates P, generates o[P] (P, respectively). We shall prove a result
about the relationship between a co-FPF module and its endomorphism ring, and
apply it to study some co-FPF rings.

1. INTRODUCTION

In this note all rings are associative with identities and all modules are unitary.
Let Mg be a right R-module. A module N is called M-generated or M generates N
if there exist a set A and an epimorphism M(4) — N, where M(4) is the direct sum
of |A] copies of M (|A] denotes the cardinality of the set A). When A is finite, we
say that N is M-finitely generated. N is called M-cogenerated or M cogenerates N
if there exist a set A and a monomorphism N — M#, where M4 is the direct product
of |A| copies of M. When A is finite, we say that N is M-finitely cogenerated. Let
Mp and Ug be two modules. Then M is called Ug-distinguished if for every nonzero
homomorphism A : Xg — M from a module Xp into M there exists a homomorphism
g:U — X sothat hg # 0. A module Mg is distinguished if M is M-distinguished.
For a module Mg, we denote by o[M] the full subcategory of mod-R whose objects
are submodules of M-generated modules (see [11]).

For a right R-module M, the trace ideal of M in R is denoted by trace(M). By
definition, trace (M) =) {im¢p,p € Hompg (M, Rr)} (see [11, p.154]).

A module Mg is called faithful if {e¢ € R;Ma = 0} = 0. Then M is faithful if
and only if M cogenerates every projective right R-module. Dually, a module Mp is
called cofaithful if M generates every injective right R-module. It follows that M is
cofaithful if and only if there exists a finite subset {mi,...,mp} of elements of M such
that {z € R,miz = = m,z =0} = 0.
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A ring R is called right FPF if every finitely generated faithful right R-module
i1s a generator in mod-R. FPF rings have been the subject of much research and two
recent monographs, Faith and Page [3] and Faith and Pillay {4], have been devoted to
them. We introduce the family of right co-FPF rings as a generalisation of the class
of right self-injective rings and the class of right FPF rings: A ring R is called right
co-FPF if every finitely generated cofaithful right R-module is a generator in mod-R.
Basic results about co-FPF rings were obtained in [6].

The definition of FPF ring was carried over from rings to modules by Page [8]
as follows: A finitely generated projective distinguished R-module Ppg is called FPF if
every P-finitely generated module, which cogenerates P, generates P. Also we say that
a finitely generated projective distinguished R-module Pg is a (quasi-) co-FPF module
if every P-finitely generated module, which finitely cogenerates P, generates o[P] (P,
respectively). Thus an FPF module is a quasi-co-FPF module, but the converse is not
true in general (see [6, Example 2.3]). Since a self-generator is distinguished, a ring
R is right co-FPF if and only if Rg is a quasi-co-FPF module if and only if Rg is a
co-FPF module.

Page [8, Theorem 4] proved a result about the relationship between a FPF module
and its endomorphism ring. Motivated by this, we show in this paper that if P is a
finitely generated distinguished projective right R-module, then:

(i) I P is a quasi-co-FPF module, then Endg (P) is a right co-FPF ring;
(ii) If P is a self-generator and Endg (P) is a right co-FPF ring, then P is
a co-FPF module.

From this it follows that if R is a right co-FPF ring and e a semicentral idempotent of
R (that is, eR = eRe), then eR = eRe is a right co-FPF ring.

2. REsULTS

First we list some known results used in this section.

LEMMA 1. Let Pp be a finitely generated projective right R-module with
S = End(Pr). Then:

(i) sPrisan(S,R)-bimodule, pP} = Hompg (Pr, R) is an (R, S) -bimodule,

(i) F = — ®gr P* is a functor from right R-modules to right S-modules,
G = — ®s P is a functor from right S-modules to right R-modules,
H = Homg (P*,—) is a functor from right S-modules to right R-modules.
The functors G, F, H form an adjoint triple (G, F, H) and there are nat-
ural transformations o : 1¢ — FG, o' : FH — 15, 3 :1p — HF,
and f' : GF — 1p.
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(i) There are the evalution homomorphisms:

v:P*@sP— P
f®p+— f(p)
8. PRQpP*— S
p® f— pf()

and 6 is an isomorphism.

(iv) Set T = trace(P), then T = trace(P*),PT = P, TP* = P* and P* is
a finitely generated projective left R-module.

(v) v is an epimorphism if and only if Pg is a generator.

(vi) Ps is always a generator over S and P is finitely generated over S if and
only if P finitely cogenerates R, that is, P is a cofaithful right R-module.

PRroOF: (i), (it), (iv) and (v) can be proved easily. The statements (iii) and (vi)
are proved in [1, 11.19.1] and [2, 19.14B], respectively. 0
LEMMA 2. (Kato[5,Lemma3]) Let Mg and Ur be two right R-modules. Then
Mp is U-distinguished if and only if for each m € M, m.trace (U) = 0 implies m = 0.

Recall that a submodule M’ of M is a pure submodule if the exact sequence
0-M ->M-oM/M -0

is pure, that is, M/M' is flat.
LEMMA 3. (Zimmermann - Huisgen [10, Theorem 2.4]) Let Pr be a right R-

module such that P.irace(P) = P. Then trace(P) is left pure if and only if Pr is a
self generator.

LEMMA 4. (Rutter [9]) Let Pr be a finitely generated projective module and M
be a right R-module. Then M ®pg P* = 0 if and only if M.trace(P) = 0. Moreover,
if M is injective and P is distinguished, then (M Qg P*)g is injective .

LEMMA 5. (Miller [7, Corollary 2.6 and Theorem 2.7]) Let Pr be a finitely
generated projective module. If trace(P) is left flat, then P* @gs P ~ trace(P) as an
(R, R)-module.

LEMMA 6. (Thuyet [6, Lemma 2.1]) Let Mg € mod-R. Then the following
conditions are equivalent:

(i) Mg is cofaithful;
(ii) There exists a finite set {mi,... ,mn} of elements of M such that

{36R,m12='-'=mn1:=0}=0;
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(iii) There exists a positive integer n such that Rp can be embedded into
M™;

(iv) M generates every injective right R-module;

(v) o[M]= mod-R;

(vi) Cyclic submodules of M™ form a set of generators in mod-R.

Now we state a result about the relationship between a co-FPF module and its

endomorphism ring.

THEOREM 7. Let P be a finitely generated distinguished projective right R-
module. Then :

(i) If P is a quasi-co-FPF module, then S = Endg (P) is a right co-FPF
ring.

(ii) If P is a self-generator and S = Endpg (P) is a right co-FPF ring, then
P is a co-FPF module.

PRrROOF: (i) Assume that Pg is quasi-co-FPF and § = Endg(P). Let M be a
finitely generated cofaithful right S-module. Then we have an exact sequence in mod-S':

S"— M —0
for some postive integer n. Tensoring with sPr gives an exact sequence
(Sn ®s P)R — (M Qs P)R — 0.

But it is clear that PE ~ (S®s P)” ~ (5" ®s P)g. This proves that Pg finitely
generates M ®s P.

Since Mg is cofaithful, we have an exact sequence in mod-S:
0—Ss-LH M
for some positive integer !, and the homomorphism
Pr~(S®sP), 8" M osP
induces an exact sequence:
0 —kerf — P -L, M'@sP.

Now by Lemma 1(iv), P* is a finitely generated projective left R-module, hence rP*
is flat. Hence the following sequence is exact:

0 — ker f ®p P* — P®g P* — (M'®s P) ®r P*.
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By Lemma 1 we have the commutative diagram with exact rows:

0 — kerf@rP* ©¢ popp & Mo @sPorP*
I 110 id® 6

0 — kerf@rP* “U%Y ¢ A M®S
I I 1€

0 — kerf®grP* Boligd) S tel/89) M!

where 8 is defined in Lemma 1(iii), and £ is the canonical isomorphism. How-
ever ker(éo(f®6)) = (f®0)_1 ker{ = ker(f®8) = imf ® kerd = 0, hence
0 = im(6o(i ® idp+)) = 8(im (i ® id)) = f(ker f ® P*). It follows that ker f ® P* =0.
Let T = trace(P). Then by Lemma 4, ker f.T = 0 and since P is distinguished, by
Lemma 2, it follows that ker f = 0, that is, we have an exact sequence:

0— Pp — (Ml®sP)RZ(M®sP)IR.

Hence (M ®s P)g finitely cogenerates P. By assumption, M ®s P generates P, but
since P is finitely generated, M ®g P finitely generates P, that is, there exists a
positive integer h such that

(M@s P)* — P —0

is exact in mod-R. This gives

(M®s Per P! — P@rP* — 0
lid ® ¢ 1€
Mg — Ss — 0

in which the rows are exact. This shows that M generates S. Thus § is a right co-FPF
ring.

(ii) Assume that P is a self-generator and S = Endg (P) is a right co-FPF ring.
We note that Pg is a self-generator if and only if trace P = Tg is pure in pR if and
only if r(R/T) is flat (see [10, Theorem 2.4]). To prove that Pg is quasi-co-FPF, let
Ngr be a P-finitely generated right R-module and N finitely cogenerate P. Then we
have two exact sequences:

(1) P" — N—0, meN,
(2) 0— P— N! IleN.

Put Vs = N ®g P$. The proof of (ii) is divided into four steps.
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STEP 1. Vs is cofaithful. In fact, since gP* is flat, and from (2), we obtain:
0 — PQrP — N’@RP*

13 l
0 — S — (N ®grP*)

with exact rows. This gives that Vg is cofaithful.

STEP 2. V is S-finitely generated. In fact, from (1), we obtain the following commu-
tative diagram with exact rows:

P"Q®QprP* — N ®gr P* — 0
l I
s™ — (N®rP*)s — O
that is, V' is S-finitely generated.

STEP 3. N finitely generates P. From steps 1 and 2 and by assumption, N Qg P* is
a generator in mod-§, that is, there exists an exact sequence in mod-S:

(N®rP*)' —S—0
and this yields
(NQrP*)"®rPr — S®sP — 0
Uk !
(N®@rT)" — Pg — 0
where the existence of isomorphism k is obtained from Lemma 5. From this to show
that N generates P it is enough to show that N ~ N Qg T'. We consider the exact

sequence:

0~—»T— R-— R/T — 0.
Since T is left pure,
(3) O—»N®T—)N®R—>N®(R/’T)——>O
1s exact.
Note that PT'=T. Thus 0=(PQ® R/T)T = PT® R/T = R® R/T. By (1), we
obtain the commutative diagram with exact rows:
P™® R/T — NQR/T — 0

1 ll
0=(P®R/T)" — NQ®R/T — 0.

Thus N ® R/T = 0. From this and (3), we obtain the following exact sequences:
0 — N®T — N@®rR — 0

I i
0 — NQT — N — 0.

Hence N~ N®rT.
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STEP 4. By [11, 18.5], P is a generator of o[P]. Hence by step 3, N is also a generator
in o[P]. This proves that P is a co-FPF module. 1]

Now we have some applications to co-FPF rings.

PROPOSITION 8. Let R be a right co-FPF ring and e an idempotent of R
such that eR is distinguished. Then eR is a quasi-co-FPF module and eRe is a right
co-FPF ring.

PRrROOF: Let M be a eR-finitely generated module such that it finitely cogenerates

eR. Hence we have two exact sequences,

(1) (eR)* LM —0
(2) 0 — eR -1 M.
From (1) we obtain another exact sequence
R" — M —0.
It follows that M is R-finitely generated. Now we set U = M @ (1 — e)R, then U is

also R-finitely generated. And from (2) we construct a homomorphism k as follows:
E:R— M'@(1-e)R
with k = g ® id(;_.)r. It is easy to see that k is a monomorphism. From this and
the inclusion map j : M' @ (1-€)R — (M & (1 - e)R)‘ we obtain that jk is a
monomorphism from Rg to (M & (1 - e)R)I. This shows that M @ (1 —e)R is a
cofaithful module. By assumption U = M @ (1 — e)R is a generator for mod-R, in
particular U generates eR. Thus
tracecr (M @ (1 — €)R) = trace.r M + trace.r (1 — e)R = trace.r M = eR,
that is, M generates eR or equivalently, eR is a quasi-co-FPF module. This together
with Theorem 7 shows that Endg (eR) ~ eRe is right co-FPF. g
LEMMA 9. If e is a right semicentral idempotent, then eR is distinguished.
PROOF: For every er € eR, if er.trace(eR) = 0 then erReR = 0 and hence

ere = 0. Since e is a right semicentral idempotent, er = ere = 0. By Lemma 2, eR is
distinguished. I
Corollary 10. Let R be a right co-FPF ring, and e be a right semicentral idem-
potent. Then eRe is a right co-FPF ring.
PROOF: By Proposition 8 and Lemma 9. 0

Corollary 11. If e is an idempotent of R such that eR is distinguished, selfgen-
erator and eRe is a right co-FPF ring, then eR is a co-FPF module.

PRrOOF: By Theorem 7. 0
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