
ON ABELIAN PERMUTATION GROUPS 

R. B e r c o v and L. M o s e r 

( r e c e i v e d J a n u a r y ZO, 1965) 

The p r i n c i p a l object of t h i s note is to d e t e r m i n e the m a x i ­
m a l o r d e r of Abel ian subgroups of the s y m m e t r i c g roup S of 

d e g r e e n. We a l s o d i s c u s s some r e l a t e d r e s u l t s and p r o b l e m s . 

T H E O R E M 1. A l a r g e s t Abel ian subg roup of S h a s 

o r d e r f(n) w h e r e 

f(n) = 3 if n = 3m 

f(n) = 4. 3 m _ 1 if n = 3m + 1 

f(n) = 2. 3 m if n = 3m + 2 . 

An a l t e r n a t i v e fo rmula t ion is tha t f(n) i s the o r d e r of a 
l a r g e s t Abe l ian p e r m u t a t i o n g roup of d e g r e e < n . 

In a r e c e n t i s s u e of th i s Bu l l e t in , A. Evans posed the 
p r o b l e m of showing tha t the above f(n) i s the l a r g e s t n u m b e r 
which i s a p roduc t of pos i t ive i n t e g e r s whose sum i s n . The 
solu t ion by V. L in i s a p p e a r e d in [1] . The s a m e p r o b l e m was 
posed e a r l i e r by L. M o s e r and a solut ion by L. C a r l i t z a p p e a r e d 
in [2] . The r e s u l t a l s o a p p e a r s in [3] and , one would g u e s s , in 
e a r l i e r w o r k a s we l l . 

Let g(n) be the o r d e r of a l a r g e s t Abe l ian subgroup of S . 
n 

We f i r s t use the wel l known fact tha t a t r a n s i t i v e Abel ian g roup 
is r e g u l a r (i. e. has the s a m e o r d e r and d e g r e e ) [4] to show tha t 
g(n) < f(n). Let | s | denote the n u m b e r of e l e m e n t s of a set S, 
and let G be an Abel ian p e r m u t a t i o n g roup on a set JT with 
| - f i | ~ n - We denote the image of a € p . under x e G by 
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x x , G G 
a , and {a | x € G) by a . The d i s t i n c t a a r e then the 
o r b i t s of G, which pa r t i t i on f. . We denote t h e m by 

T , . • . , T • The i t r a n s i t i v e cons t i t uen t G of G i s 
I k i 

{ x |x e G} w h e r e x i s defined by 
i i 

X 

i x 
a - a 

X . 

i 
a = a 

f o r 

f o r 

a € T . 
i 

a </ T . 
1 

G. i s t r a n s i t i v e and Abe l i an , hence r e g u l a r ; t h u s | G. | = J T. J -

Since x i s the p e r m u t a t i o n p roduc t of the p e r m u t a t i o n s x. , 
i 

we have G < G . . . G : t hus IGI < IG . . . G I. But 
- 1 k ' ' - ' 1 k1 

k 
\G . . . G U n IG I , s ince for i f j , G. f ixes e v e r y 

1 k . i i 
i = l 

k 
a € S\ which G m o v e s . We t h e r e f o r e have IG I < II IG I 

i — i 
J i = l 

k k 
= II IT I < f(n) s ince S IT I = n b e c a u s e the o r b i t s of G 

i — i 
i = l i = l 

p a r t i t i o n fi. Max imiz ing over | G | we obtain g(n) < f(n) a s 
r e q u i r e d . 

That g(n)> f(n) ho lds is ea s i ly seen . We p a r t i t i o n n into 
k k 

pos i t ive p a r t s m , . . . , m wi th S m = n and n n^ = f(n). 
i = l i = l 

The c y c l e s on m , . . . , m d i s t i nc t s y m b o l s g e n e r a t e cyc l i c 

g r o u p s of o r d e r m , . • , m whose p roduc t i s an Abe l i an g r o u p 
1 .K 

of o r d e r f(n) and d e g r e e < n . 

Thus the proof of t h e o r e m 1 i s c o m p l e t e . 

We a r e indebted to P r o f e s s o r J . S. W. Wong for r a i s i n g 
wi th us the p r o b l e m of d e t e r m i n i n g g(n) and to P r o f e s s o r W. R. 
Scott for d r awing our a t t en t ion to the following c l o s e l y r e l a t e d 
r e s u l t s of O. Ore [5] and A. P o w s n e r [6]: 
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T H E O R E M 2. The s m a l l e s t d e g r e e of a faithful p e r m u t a ­
t ion r e p r e s e n t a t i o n of an Abel ian g roup i s the sum of i t s i n v a r i a n t s . 

It is a m u s i n g to note that the function f(n) a r i s e s a l s o in 
the following g r a p h t h e o r e t i c p r o b l e m : What is the l a r g e s t 
n u m b e r c(n) such tha t t h e r e e x i s t s an o r d i n a r y g r a p h of n 
v e r t i c e s and c(n) c l i q u e s ? (A cl ique is a set of v e r t i c e s e v e r y 
p a i r of which a r e jo ined by an edge such that no v e r t e x ou t s ide 
the se t i s jo ined to a l l of t h e m . ) Tha t c(n) = f(n) w a s c o n j e c t u r e d 
by P . E r d o s and L. M o s e r and independent proofs (unpubl ished) 
have been found by P. E r d ô s and by J . W. Moon and L. M o s e r . 

R e t u r n i n g to g r o u p t h e o r y , we r e m a r k tha t the p r o b l e m of 
d e t e r m i n i n g the o r d e r h(n) of a l a r g e s t cyc l ic s u b g r o u p of S 

h a s r e c e i v e d c o n s i d e r a b l e a t t en t ion . It i s t r i v i a l tha t h(n) i s 
the l a r g e s t n u m b e r e x p r e s s i b l e a s the l e a s t c o m m o n mu l t i p l e 
of pos i t ive i n t e g e r s whose s u m is n [7]. H e r e , it i s too m u c h 
to expec t a s imp le expl ic i t fo rmula for h(n) , but E. Landau [8] 
p roved 

T H E O R E M 3. log h(n) ~> \Tn log n 

The fact tha t h(52) = 1 8 0 , 180 and i t s g r ave i m p l i c a t i o n s 
for c a r d p l a y e r s is d i s c u s s e d by W. W. Rouse Ba l l [9]- M o r e 
r e c e n t l y h(n) h a s b e e n s tudied by S. W. Golomb [3] who t abu la t ed 
h(n) for n < 120 and m a d e a n u m b e r of o b s e r v a t i o n s c o n c e r n i n g 
h(n) inc luding a d i sp roof by c o u n t e r e x a m p l e of the c o n j e c t u r e 
tha t if n = p + . . . + p i (p. the i p r i m e ) then h(n) = p . . . p . 

1 k l I k 

Since p e r m u t a t i o n s c o r r e s p o n d to p e r m u t a t i o n m a t r i c e s , 
t h e o r e m 1 g ives the m a x i m u m n u m b e r of n x n (0, 1) m a t r i c e s 
in the c l a s s of p e r m u t a t i o n m a t r i c e s which c o m m u t e in p a i r s . 
One could a s k m o r e g e n e r a l l y for the m a x i m u m n u m b e r of 
(0, 1) m a t r i c e s in o the r c l a s s e s which c o m m u t e in p a i r s . The 
following c l a s s e s m i g h t be w o r t h s tudying f rom th i s point of v iew: 

(i) a l l n x n ( 0 , l ) m a t r i c e s 

(ii) the "mapp ing in to" n x n (0, 1) m a t r i c e s , n a m e l y 
those with a s ingle 1 in each row. 

(iii) the n x n g raph m a t r i c e s . These a r e c h a r a c t e r i z e d 
by a = a and a = 0 . 

ij J1 ii 
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(iv) the n x n round-robin tournament ma t r i ce s . These 
are character ized by a + a =1 for i f j and a = 0 . 
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