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GLOBAL SMOOTHNESS PRESERVATION BY
MULTIVARIATE SINGULAR INTEGRALS

GEORGE A. ANASTASSIOU AND SORIN G. GAL

By using various kinds of moduli of smoothness, it is established that the multivari-
ate variants of the well-known singular integrals of Picard, Poisson-Cauchy, Gauss-
Weierstrass and their Jackson-type generalisations satisfy the “global smoothness
preservation” property. The results are extensions of those proved by the authors for
the univariate case.

1. INTRODUCTION

Let f be a function defined on R™ with values in R. Throughout the article,
we use 4, z, h consistently to represent m-tuples § = (61,...,6n), £ = (z1,.. ., Tn),
h = (hy,..., hm) of real numbers. We adopt also the notation

nf(z) = i (—1)"" (z)f(m +th), r € N.

i=0

We define the rth-LP-modulus of smoothness over R™, 1 < p € oo, by

(1) w(f;8), = sup | ALF()
0<hg6

LP(Rm™)’

(see, for example 3, p.126]), where
+00 +00 P 1/p .
1 fll ey = {/ / |f(zl,...,zm)| dzl...dzm} , if1<p<+oo,
—00 —o0
| £l| o (mm) := sup{|f(:1;1, ... ,zm)l; T, €ER, i= l,m}, if p = +4o00.

Here as subsequently 0 < h < d means 0 < h; € 6;,i=1,m.

We define also the rth-LP-modulus of smoothness over I = [a,b]™, a,b € R, a < b,
1<p<goo by
2 ([ 0), = we(f;8) 10y := sup [|ALS(
2) wr(f38), = wr(fi8)qn 1= sup [ALF()

Le(1,4)’
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490 G.A. Anastassiou and S.G. Gal [2]

where I, = [a,b—rhi] x ... x [a,b —rhy]and 0 < R < 6.
When f € L} (R™) = { f : R™ = R; f is 2w-periodic in each variable and
£l ®mmy < +oo}, we define the rth-LP-modulus of smoothness by

(3) wr(£i8), = g [a1 0]y oy

where 0 < h € § and

T 1r P 1/p .
||f||L§'(Rm) = {/; .../_“|f(:1:1,...,zm)| dzl...d:zm} , if 1 <p<oo,
1flle_mrm) = SUP{If(Zl, e ,Im)|; z; € [-m, 7], i = l,m}, if p = +o0.

Next we define the multivariate Ditzian-Totik modulus of smoothness over [a, b]™
(see [2]). First we define the rth symmetric difference

d h

_ S =07 ( Th— ) PP m
() = k=0( ) (k)f :c+2h kh), ifzx 5 € [a,b]
0, otherwise.

Forre Nand f € C’([a, b]"‘), the space of all real functions continuous on {a, b™, the
rth uniform Ditzian-Totik modulus is

(f;0), = Al
(4) wi(f36)oo 021;26" no@)f (z)"C((a,b]’")’

where 0 < h < 6, $(2) = (¢(@1), -, 0(2m)), h$(2) = (1p(z1), .., hmto(zm)) 2nd

1 fllcgapmy = sup{lf(zl,...,xm)l; z; € [a,b], 'L=1,_m}

In the above definitions and in what follows, we consider only functions with finite
modulus of smoothness.

Put 9
(5) Erf (.’L',') = ﬁ/&) e“? dt;, z; € R,
and note that
1 4o /€

(6) 2_5—/ etilifigy =1, E€R, &>0
and a2

i Ztan (X . : .
) /—nt?+§? 3 an (&),f,eR,z,>0

Also, (2/&)tan™" (n/&), Erf (n//&) both tend to 1 as & — 0.
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Next, for £ > 0 we define the multivariate Picard, Poisson-Cauchy and Gauss-
Weierstrass singular integrals

P(f)(z) == 1‘[ 25,] / /+°°fx1+t1,...,zm+tm)
®) - (n e-mv&-) by .. dim,

9 QN = ﬁ( )] L fz”ﬁlé“’;")””‘)dtl...dtm
= i+é

and

We(f)(z) = [H\/?] / f(x1+t1, T+ tm)
(10) (1;[1 e“?/f-‘> dt, ...dt

We study also the generalised multivariate singular integrals
m -lnpl
n+1
Pt = - [fles)] S0t ("))
+00 m
(11) / / flzy + kty, ..., T; + kty) (1’[ e"‘-"/f*) dt; . ..dtm,

i=1

@@ =~ {fl [Zan (D]} S (")

(12) /" ™ f( :z:1+kt1, xm+ktm) @
T T H(t2+§2)
i=1
and
“lnt)
Wk )z [HC(&] 51 (”“)

13 kty, ..., Zm+ ktm 1 -t?/f-') dty...dtn
(13) /_1r /fz1+1 T + )(Ele i t

of Jackson type for £ > 0, where C(&) = / et dt, i =T, m.

-7
Finally, when f € C([O 1]"‘) or f € L”([O 1]"‘) £ p < o0, we study the multi-
variate Picard-type singular integral

(14)  Le(f [Hg,] / / (eu .. etm) (He-"/f-) dty . .. dtm,
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for £ > 0. Obviously L¢(f)(z) € R, for allz € [0,1]™ and f € C([O, 1]'"). Otherwise we
assume f € I}’([O, 1]’"). Also
61/ ebdti=1,6€R, >0, i=Tm.
i J0

In [1] the authors obtained results regarding global smoothness preservation by the
univariate cases of the operators defined by (8)-(14). The purpose of the present paper
is to extend these results to the above multivariate singular integrals given by (8)-(14).

(15)

Our global smoothness inequalities involve all kinds of moduli of smoothness introduced

y (1)-(4).

2. MAIN RESULTS

The first main result is as follows.

THEOREM 1. Let f: R™ = R have w,(f;0)., < +o0o,r € N, for any § > 0, and
be such that Pe(f)(z), Qe(f)(z), We(f)(z) € R, for all z € R™, where £ > 0. Then for

any 6 >0

(16) wr (Pe(£);6) _ < we(f30)os,

a7 wr (Qe(11:0)_ < [ﬁ (3 tan~! (g))] wn(58).,
and m

(18) ar e300 < [IT (Bt () )| artrs00e
The inequalities are sharp, bemg attained by each f;(z) = 73, j = T,m.

PROOF: For each 0 < h < 4, we have

85[Pe()] @) = [H(zg,] / / ALf(z+1) (ﬁe-ltfl/fi> dty ... dtn,

AZ[Qc(f)](Z)=L (f)] [ igt 2””::) i ... db,

and B
AL [We(f)) (=) [H \/_f} / / rflz+1) (Hle ‘Jf') dty ... dtm,

where as subsequently t = (¢1,...,tm)-
We now take absolute values, using

"F(z,t)dtl...dtm| < /_’r .../"|F(z,t)|dt1...dt
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and

ALf(+ )] S wr(f:8),.
Inequalities (16)-(18) now follow from (5)-(7).
If f;(z) := 27, we have

r

ALfi(@) = 3 (1) '()(xmh) ik, =T,

i=0
which implies w,(fj;6),, = 7'} < +oo for any ¢ > 0.
Similarly we see that

AL [Pe(f)] (=) = rih3,

aifects)@ =g I (2 o )

st~y o ()

It is apparent that (16)-(18) are attained for each function f;, ] =1,m.

Finally it is easy to show that P;(f;)(z) € R for 0 < £ < 1/r, and Q¢(f;)(z),
We(fi)(z) € R for £ > 0, for all z € R™.

The following theorem is related.

THEOREM 2. Let f : R™ — R satisfy w.(f;d),, < +oo for any § > 0 such that
Poe(f)(z), Qne(f)(2), Wae(f)(z) €R, forallz € R™, n € N and £ > 0. Then for any

and

6 >0,

(19) w (Pag(£);6) < (27" = 1)wr(f:6)ce
(20) we (Qne(£):6) < (27 = L (£ 0o
and

(21) wr (Wag(£):6) _ < (27" = 1)wr(f50)eo-

PRrOOF: For 0 € h € § we have
m —ln4l 1
silpnen)@ = [flea| T ("))
i=1
-/+°°.../ AL f(z + kt) (ﬁ e-lt-"/&') dty ... dtn,
—oo -0 =1

sifeustn]e = {11 [ 2 (2)] }Z (‘”k<n ¢

f I,f:z:+kt

" t2+§,)

1-..dtm
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and

“lgn1

r _ m fn+1 i n
siwen)o = - [few] S (T [
AL f(z + kt) (H e“-’/f-') dty...dtn
i=1
Reasoning as in the proof of Theorem 1 and using
n+1
3 (n+1) gt g
k=1 k

gives (19)-(21). 0
Next we present results on global smoothness preservation, with respect first to the
L'-norm and then the LP-norm for p > 1.

THEOREM 3. Suppose either f € L'(R™) (for P¢(f)) or f € L}, (R™) (for Q¢(f),
We(f)), € >0 and r € N. Then for any § > 0 we have

(22) w,(Pf(f)a (0,
(23) (@), <[ (B ()] wsri0n

and 1:11 (Erf (%))] Wi (f39),-

(24) wr (We(£);6), <
PROOF: From the proof of Theorem 1 we have for 0 < A < 4 that

srnle|<[fea) [T [T
(25) . (ﬁ e-lt-‘Vf-) dty...dtm,

AL f(z +1)|

oo Jssteani| <[ (8)] /- /'Ah(ftjf)ldtl...dtm
and -

aifwen)| < I fz] [
(27) . (I'jl e—t.?/sf) dt ...dtm.
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We now integrate m times, in (25) from —oo to +o0 and in (26), (27) from —7 to
m. Use of a Fubini-type result provides

/_+°°.../+°°A'[P¢(f]z)

<[few] [T [T{T LT

10 (e716) g, .

dzl...dz

A;,f(z+t)]dzl...dz,,.}

i=1 < w (£;9),
[ [ |s @)@ o da
: h dty...dt,
[ (6)]/ /{/ /Ahfz+t|df"1 dxm}.‘l'_:{(tz—+§2)

<[fi (Zer (e))] Ui

' !:1

and

[t

A7 [We(£)] (z)l dz; . .. dom

<[fvme] [ AL

;,f(z+t)|dz1...dz,,,}

- (1'[ e-'?/f-'> dty ... dtn,

i=1

=[]

<

o)

A{,f(:z:+t)|dxl T,

[
—-

L.

Here we have used

nf(@+ h)|d( + 1) AT + tm)
= ||Ahf||L;,([e-n,e+n1) = 1AL f L, (=mmmy = 1ARSllzy_m)s

where [t —m,t+ 7] = [t — 7, t1 + 7] X ... X [tm — 7, tm + 7). Relations (22)-(24) follow
from these inequalities. 0
In the case of the singular integrals given by (11)-(13), we derive the following.

THEOREM 4. Suppose either f € L'(R™) (for Po¢(f)) or f € L}, (R™) (for
Qne(f), Wae(f)), € > 0 and n,r € N. Then for any 6 > 0, we have

(28) wr(Pag(f):6), < (2™ = i (f36),,
(29) W} (Qng(£):6), < (2% = 1)wi(f;0),
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and
(30) wi (Wag(£);8), < (274 = 1)wi(£;0),.
Proor: By the proof of Theorem 2 we have if 0 < h < 4§ that
m —ln4
n+1 +00 +o0
sipen]e < [flea| (") [
H[Pue(r)] {{ k{} k /.oo [—oo

AL f(z + kt)] (H e-"-"/f-') dty...dtm,
i=1

slawanfiol < {fi g () B () Lo L

I1 (¢ +€)

i=1

. dty,,

and

A;[Wme(f)] (x)' < Lﬁl C(Ei)]_lg (n;: 1) /_1; ' /-:

AL f(z+ kt)] (H e-‘?/f-') dty ... dtn,.
i=1

We integrate m times, from —oo to +00 in the first inequality and from —7 to 7 in
the next two. Reasoning exactly as in the proof of Theorem 3 and using

'f(n+1) _gnt g
k=1 k

we obtain (28)-(30). a
We now extend Theorem 3 to the case 1 < p < 00.

THEOREM 5. Suppose either f € LP(R™) (for P¢(f)) or f € L5, (R™) (for Q¢(f),
We(f)),1<p<oo. Let § >0 and g > 1, with 1/p+1/q = 1. Then for any § > 0 we

have
(31) wr(P();0), < [p—,iq,—]m wf56),,
(52) 01@u7)0), < I 2o~ ()] s,
and
o (We09), < ||
(33) : 1:"[1 [(Erf (WW))W (Erf (nﬁ@)) 1/.,] Wi (£:9),,
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PROOF: Let 0 < h < 6. We have

B3[P @) = [ﬁ 2%, ] [
AL f(z +1) (He-l‘-'/@f-) (ﬁ e-"-'/@f‘)) dty...dtn

i=1

and

[ /

P
) (z)‘ dz, ...dz,
/+°° o /+°° ALf(z +1) (ﬁ e—ltgl/(za))
o — i=1
m P
: (H e'“"'/m")) dty ... dtm } dz; ...dzm
i=1
VT A A g Y I SR T

P
-(1’[ e-l‘-"-/<2f=')) dt, .. .dtm} dz;...dzp,

i=1

Hence by Hélder’s inequality for multivariate integrals and a Fubini-type result we

get
stz ., < [H ]
00 oo ) oo m 1/
./+ .. ~/+ { </+ .- -/+ A;f(z+t)|ﬂ [He‘“-’h’/(%i)] dty .. _dtm) ’ .
—-00 -00 —00 -0 im1
o0 co M 1/9)*
</+ /+ He-"-'l"/@f")dtl...dtm) q} dzy ... dzp,
=00 00 -y
< [ﬁ (25,-)] C ol 52 ( / o / 10 (e uipra) gy, . .dtm)
i=1 —o° 0 =1
: ( / L / " (o) g, dtm)p/q
-0 0 =t
m P m . m X p/q
~[fea] 1 (%) (i (%)) wwsen,
i=1 =1 \ P =1\ 4
that is,

O3 [Pe(F)]

o [ (] ()]0
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498
1 H (451) 2 m
e (f;6), = [W] ~wr(f30),,

BN 26)

==l

which implies (31).
In the case of Q¢(f)(z), we use the formula

() (k)"
- \e+g) \ave)

t? + &
in the proof of Theorem 1, we get

From the formula for A} [Qf( f )] (z)
/_/_ A;[Qf(f)](x)lpdxl...dx
m e\ T
- L
m 1 19 /m 1 1/q
(Em) (Hm) dty...dt,
1/p
A;,fz+t)|( t2+§>

BENLLALL p

m 1 1/q
( ) dtldm} d.’L'l...dIm

" A i@+ 1)

P
} dz;...dz,,

l7re

Again by Hélder’s inequality and a Fubini-type result we obtain
Jsstelf, ., < [fE (2)]

Lo LA
([ (f M) tonitn) Lo
c[it(© o ([ [ (fig) o)™
[ svon (L (ftg) o)

which implies
f12][{f (Fr (8))] 500

~
L} (R™) |;—l w

i ()

i=1

Aif@+t)[ ( t2+£2) dtl...dtm)

dz,,

A3[Qe(f)]
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This immediately proves (32). In the case of W¢(f)(z), we use the formula

e /6 = g~/ H/(2%) =T

and the formula for A}, [WE( f )] (z) in the proof of Theorem 1. By Hoélder’s inequality, we
obtain as above that

[H ym 5.] 2(f;6)° ( / IJ e~tte/ (26 dtl...dtm)
Rm) 1= T i=1
7: x m ple
([ [Tt )
-n T =1

AZ[Ws(f)]

But for all i = 1, m,

/ eta/(2%) gy, = 9 / e~ tHCE/) gy, = 9 / ‘-/\/%/q)

—oyfaafa [ (VER) [ti/m]

= 2\/2&7./0 Vel e~Hdt; = \/2Z/_q V7 Erf (W\/Q/(in))
= \/2n&i/q - Bxf (n/a/ (2€)).

Thus
s [we|, -
[1:[1\/_{] [ (W-Erf(ﬂm))]”ﬂ

- [.gl V2r&i/q - Exf (w\/q/(%.-))] B -wi (f;6),

(ﬁ \/2—5) 1/p+1/q
_ A\ - \/E 1:"11 [(Erf (nm))w. (Erf (m/zl7(2_€5))l/q]

i=1

m -1 \/5 m
1/(2p) . ,1/(29) *(p. -
. H (P /(2p q /(2q )] wr(f)(s)p = [pl/(""’) ) qI/(""l)]

=1

0T |(Est (wvforeed)) - (est (w/areed) ) | -rtsi0),

giving (33). 0
We now generalise Theorem 4 to the case p > 1.

i=1
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THEOREM 6. Suppose either f € LP(R™) (for Po¢(f)) or f € L5, (R™) (for

Qne(f), Wane(f)), 1 <p<oo. Let £ >0andg > 1, 1/p+1/q = 1. Then for any
6 > 0, we have

(34) wr(Pag(1):6), < (27 = 1) [ﬁl,—] wnf55),,
(35) W (@ne(£):0), < (27 - 1)wi(f;9),
and

w; (Wae(£):6), < (2% - 1) [_\/——2—]"'

172 . g1/20)

1/q
of {7 i rf (& i
) i { [Ext (n\/p/(26))] " - [Ext (/0] (26)))] }w:( 5.,

Exf (7/VE)

PROOF: For k= 1,n+ 1, set

- [1'__2[1 (25,-)]—1- / / AL f(z + kt) (H e-""/f=) dt, ... dtn

i=1

Suppose 0 € h £ 4. From the first equality in the proof of Theorem 2, we have

B3 [Pac(1)] (@) = z( 1) ("“)Mk,

which implies

|3 [Puct)]

n+1
n+1
<Y < )"Mk”L”(R'")

LP(R™) oy
= (27 — 1) | Mil|om)-
Putting &/ = k&;, we have
m 1 rteo +
M = [H (2&)] / o) Mfla t) (1‘[ e-"-Vf) dty...dtm
i=1 —oo _
and by the proof of Theorem 5
2
pl/P . ql/q

[| M|l r(rmy < [ ] w,(f;é)p.

Therefore we get

“A;;[Pn,f(f)]" . (2"+1 1) [plT?qm]mwr(f;(s)w
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which establishes (34).
For Qn¢(f), we obtain from the second equality in the proof of Theorem 2 that

8i[@net)@) = - {11 [2an (g)] } T o (")

i=1 4 k=1

a=T(%)[- / Sifle+ ) Bl

t2 +§,

with

Reasoning as for A}, [QE( f )]) in the proof of Theorem 5 yields

m o _
I Aellzs mmy < TT [;tan 1( )]{
i=1

1=

1/p
wf{z + kt) l dzl...da:m} ,

where by the 2w-periodicity of f we have

{/ / |85 f(z + k) | da:l..,dzm}l/p

1/p
{ Tfz+1) dzl...dxm} gw:(f;é)p.
As a consequence

L T =1 n41 n+1
{2 ()7 (4 iatis
L3, (R™) {;-_-Hl [” & kz=:1 1 Akllz R
< (2 - 1)ui(;0),,

|3 [@ner)]

which establishes (35).
Finally, for W,, ¢(f), we get from the third equality in the proof of Theorem 2 that

H \/_é_' n+1 n
AL [WaelD) (@) = ~E— . 3 (- 1)( jl)Bk,
HC k=1

where

[H\/_g] [ L fx+kt)(1'[e"/f-) dty ...dtm

1

Reasoning as for A} [Wf( f )] in the proof of Theorem 5 we obtain
\/5 m m 1/p
| Bell g, )y < [m . (I:Il Erf (7"\/17/(261')))
m 1/q
(T et (nfare) ) it
=1
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Since
C(&) = r&Bxt v/ &), i =
we obtain ‘
[axmetn]],, H\[Z (" i
An|Wne . ' ( ) Bz, ),
L (Rm) (H\/—é) (HErf (w/ﬁ)) =\ K
which together the previous inequality proves (36). 0

Next we establish a global smoothness preservation theory for the L¢(f)(z) operators
given by (14).
THEOREM 7. Let f € C([O, 1]'"), T €N, £ > 0. Then for any § > 0,

37) wr (Lg(f);0)go < wr(f;6) oo

Inequality (37) is asymptotically sharp as £ — 0, that is, asymptoticaly attained for all
filz) =%, j =1,m, z €[0,1]™
PROOF: Let 0 < h <6 and z; € [0,1 —rhy), i = 1,m. We see that

84[2e0)(@) = £ -1 (})2elhta 4 in

=0
m 1w oo
— . T t *‘l/fl
‘LHF] I ) (He )dtl dtm,
where for simplicity we employ the notation e = (e%,...,em), h/et

= (hi/e", ..., hn/el™), z/et = (z1/e",. .., zu/e™).

By (15) we have
;,/etf (%) (H e“‘/f‘) dt;...dt,
i=1

[H& / / o (fi81e!) , (L) at...n
(38) < wrlf;6)oo: -

This implies (37).
Define f;(z) = 2}, j = I,m. Then

AR [Le(f) x)l

: —l. (. IANCT Y I I; m
L)@ = ¢ L (@ites) e dy= g, e 01
On the other hand,
Ar[Le(f7))(z) = and A}, f;(z) = rIh.

r{, +
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Consequently, from

6% ) r
a1 - el S o (s5:8) _ =rte]
we derive equality as £ — 0, which completes the proof. 0

The corresponding L! result is as follows.
THEOREM 8. Let f € L*([0, 1]"'), r€ N and 0 < £ < 1. Then for any § > 0,

(39) aMLdﬁﬁhs[ﬁll—&ﬂ—wAﬂﬂy

i=1

Inequality (39) is asymptotically sharp as £ — 0, that is, attained asymptotically for all
f](z) = I;: ] =1lm,z€ [01 1]m
PRrooOF: By integrating (38) and emloying a Fubini-type result, we get

/OH'" .../01_""" A7 ()] @)] daa ... dm
m 17! o0 —rhy —rhm
<[fte] [ [/0‘ S
“[Bhseef (%)
m 171 0 oo [ pl-rhy 1-rhm f T I
=Lﬂf'] [ [/0 T ot ()]0 (2)
(freo) anten=[fe] " [7 [
i=1 1=
. [ / e / Al At f(u)ldul...dumJ Lli"[le-‘d-l“/f-')] dt ... dt
[H&] [ -rhl/e‘I ) 1=rhum/etm
L
.[lz-[le—ei(-1+1/ei)] dty...dtm < [H{,-] /0 /0 w,(f;a/et)1
(H et/ &/ (1- e.))) dt; .. < we(f;9), H ( . &)] [H g,}

i=1 i=1

= ([ =) wtr0n

i=1

(H e—t.‘/fi) dz;. ..d:z;m} dt,...dt,,
i=1

()]

,',/e‘f(u)l d‘lL1 ‘e dum]

that is,

m

il )%uan

AL [Lf(f)] Ly, 1]"') (i_
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which provides (39).
By the proof of Theorem 7 we obtain

1—rhy 1-rhm m rIhT
T . — _ ) ]
/0 /0 A,,[Lf(f,)](x)ld:cl...dzm_g(l h iy
and ‘
r! Ll R
w,(Le(£5):8) | = v -sup{h; [1‘[ 1 —rh,-)] ; 0< hi <85, j= l,m},
i=1
while

m .

w,(fj;é)l =r!sup{h; I:H (1 —Th,'):|; OS h]' < 5]', ]=—1,—m}

i=1
This shows that (39) is attained asymptotically by each f;(z) = z}, j = T,m,as€—0. 0
In what follows we present the L? (1 < p < o0) global smoothness preservation for
L¢(f) operators.
THEOREM 9. Suppose f € I}’([O, 1]"'), l1<p<oo,r € Nand0 < £ < p/2. Let
g>1,1/p+1/q=1. Then for any § > 0 we have

m -1/p
(40) on(Le(1)i8), < 2mgmie [H w-26)  wtsio,
PROOF: From (38) we obtain for 0 € z; S 1 —rh;, i = < h £ 6 that

n[Le()] (@)

() [

By Hoélder’s inequality and a Fubini-type result

[z -
< (r_ﬁl &) -p /ol_rhl / 1-rhm { ( o (3) lp . (,zﬁl e-‘m/(%i))

dtm) ( /0 = /0 °° (f[ e-‘fq/@f-')) dt, ...dtm)p/q } dz; ... dzn
[ CE )™ L L e Y

1:1
m
‘ (H e—t.-p/(%-‘))} dty .. .dtn
i=1

o
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Reasoning as in the proof of Theorem 8 shows that the last expression is in turn less than
or equal to

B (%)) () ™ [ ™ o]
. (ﬁ e—li(—1+p/(2€-’)]) ... dtm < [0 (F:6),]- [ﬁ <%)]p/q (‘:ﬁl &) »

i=1 i=1

7 [ (e a e,
0 0 i=1

Consequently we get

that is, )
m -1/p
wr(L();8), < 27g~0 [H o- 25.)] wn(f56),,

which proves (40). 0
To conclude we give the Ditzian-Totik treatment for L¢(f) operators for global
smoothness preservation.

THEOREM 10. Let f € C([0,1]") and ¢(z) = (¢(z1),...,0(zm)), = € [0,1]™,
w(s) =/s(1 - s), s €[0,1], 7 € N, £ > 0. Then for any § > 0 we have

(41) wy(Le(£); ) < wh(f;6)r

PRrROOF: For 0 < h < 6 we have

Bt @) = 3 (1)1 (2 202  khoa)).

k=0
where _
wp(f30)e = OZ‘;EJHAL#(:)H’”)“c([o,ll"')'
We see that
B [LeN)@ = 3 (-1¥( " rhé(z) _
ho(z) | Le )= (-1) k L(f) |z + 5 kho(z)
k=0

-5 () () L

f [3 4 Thelz) _ khélz )] (1‘[ e-‘-'/f-'> dty ... dtm,

t ¢ t
e 2e e i
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with e*, z/e* as in Theorem 7 and kh = (khy, ..., khy), ho(z) = (hltp(a:l), . hmtp(zm)).

Therefore
< (Ij“) e §o (_l)k(;) f [3 L The(a) kh¢<x)]

| [ZeN) @)

2et et

: (1‘[ e-"'/ff) dt ... dtn.

i=1

Put z;/eb% =y;. If t; € [0,00) and z; € [0,1], then y; € [0,1]. Thus
z, thé(z)  khe(z)

=+ 0 ),

et 2et et
where y = (y1,. ., ym) and k' = (RS, ..., Ky), with K = hiy[ 225 < b < 6y i =T
Therefore i
r k(T z  rhe(z) kho(z) ~r
,2, - (’C)f [5 T e |7 |B% o/ @)

S wi(f30)0s

which implies by (15) that

./0°°__,/0°°w;(f;5)°° (ﬁ e-‘-‘/f-) dt . ..dtm

i=1

Relation (41) follows. 0

REMARK. The convergence to unity of the above multivariate singular integrals will be
studied elsewhere.
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