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CRITERIA FOR A HADAMARD MATRIX TO BE 
SKEW-EQUIVALENT 

J U D I T H Q. LONGYEAR 

Introduction. A matrix H of order n = M with all entries from the set 
{1, —1} is Hadamard if HHl = 4/7. The set of Hadamard matrices i s J^ . A 
matrix H G Jti? is of type I or is skew-Hadamard if H = S — I where Sl = —5 
(some authors also use H = S + I). The set of type I members oîJti? \s0~. A 
matrix P is a signed permutation matrix if each row and each column has 
exactly one non-zero entry, and that entry is from the set {1, —1}. The set of 
signed permutation matrices is 0, containing the two subsets J^, those with 
all non negative entries, and^y#, those with zeros off the main diagonal. If H 
and K are in Jf7, then H is equivalent to K, or H = K, whenever there exist P 
and Q G 0 with PU = KQ. The set of members of H equivalent to members 
of^7" is <f. Note that if H = K G <f then H G <f. 

For each «ST = X ^ \ ^ ~ , <?, J / , ^ , the symbol«^"(w) refers to the subset of 
ĉ T whose members all have order n. 

The entry in the ith row and j th column of any matrix B is denoted by 
B(i,j). Thus if P G 0 (n) then there is a permutation a on w letters for which 
P(hj) = ài,<r(j)(—l)vU), where p is some mapping from {1, 2, . . . , n) to {0, 1). 

If tf G jf7, then H'is skew-normal ii H(i, 1) = - 1 for a l i i and H(l, j) = 1 
for all j > 1. Every equivalence class of Jtf contains a skew-normal representa­
tive. 

The first criterion. 

CRITERION 1. For any H G Jf7, H G $ if and only if there exists P G 0 such 
that H + 2P G ^ . 

Proof. If if + 2P G JT then wJ = (if + 2P)l(H + 2P) = HlH + 2 # r P 
+ 2PXH + 4 / = (» + 4)7 + 2((PtH)t + P ' # ) - Thus - 2 = - 2 J ( i , i) = 
((PlHy+ (PlH))(i,i) = 2(PtH)(i,i), soPlH(i,i) = - 1 . AlsoO = -2I(i,j) 
for i 7e 7, so 

(P'WdJ) = -(P<H)'(i,j) = -PlH{j,i) 

and therefore P<# G ^~. 
If # G (f then there is some Z ^ a n d some P and Qm0 with P#<2< = 

K. Since X G ^ ( w ) , K = S - I with Sl = -S, thus K + 21 satisfies 

(i£ + 27) l(K + 27) = X ' X + 2{Kl + K) + 41 = ni. 
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Thus PHQ1 + 21 tJt, whence 

P'iPHQ1 + 2I)Q = H + 2PlQ £ jf. 

COROLLARY. H £ S if and only if there is some P £ & such that PlH £ S. 

LEMMA 2. / / if is skew-normal and PlH £ ^~ //&ew the following are equivalent: 
1) PlH is skew-normal. 
2 ) P ( 1 , 1) = 1. 
3) P(i) = 0for alii. 

Proof. 1) => 2) and 3). If P ' i f is skew-normal then 

- 1 = (PlH)(i, 1) = E P(k,i)H(k, 1) 

Thus £(i) = 1 for all i, so that 2P only adds to H in iï" + 2P. Since every 
position of the first row of H is positive except the first, al = 1, so that 
P ( l , l ) = I-

2) => 3). If P ( l , 1) = 1, denote row i of H + 2P by (H + 2P)(i)} then 
for any i' ^ 1, 

( i f + 2 P ) ( 1 ) = 1, 1, . . . , 1 

(iff + 2P)(i) = iJ(i, 1), H(i, 2), . . . , - i ? ( i , (7-H'), . . . , H(i, n). 

Since H + 2P £2?, 

( i f + 2 P ) ( l ) o (H+2P)(i) = 0 

= ff(i, 1) + . . . + # ( i , (T-H' - 1) - ff(i, a-H) + if (i, (T-4 + 1) 
+ . . . + H(i, n) 

= H(l)H(i) + 2H(i, 1) - 2H(i, a-H) 

= 0 + 2(ff(i, 1) - H(i,a~H)) 

= 2 ( - l - if(i, d-^)) . 

Thus # ( i , a~H) = - 1 , so P(i , (7-^) = + 1 . 
3) =» 1). If p(j) = 0 for all j , then clearly P ( l , 1) = 1 since H is skew-

normal. Moreover PlH(i, 1) = B = A , ( o ^ ( ^ 1) = # V , 1) = - 1 . 
Since PlH (i .T, PlH{\, j) = -P'HiJ, i) = + 1 for j ^ 1, so P ' i f is 

skew-normal. 

Remark. Since if Ç <f if and only if H is equivalent to a skew-normal i£ £ Ĵ ~, 
it would be most useful to be able to say that a skew-normal H £ ^ if and 
only if there is some P ^ J / with if + 2P (j ^ , since this would lower the 
number of computations by a factor of n2n. This is false, however, since the 
order 20 matrix N discussed below is a counterexample. There are no smaller 
counterexamples. 
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T h e second cr i ter ion . We now restrict the discussion to the case where 
P Ç s/. Although the necessity for checking each row as first row is actual ly 
quite tedious in practice, this necessity imposes no theoretical restriction, since 
whenever H + 2P G Jrff for skew-normal H, the non-zero value of P in the 
first column must be positive. If this occurs in row i, let QH be skew normal 
and have row i of H for row 1. Then QH + 2QP = Q(H + 2P) G ^ 7 and 
Q P ( 1 , 1 ) = 1. 

Definition 1. For H G 34? and skew-normal we define two (v, k, X)-designs. 
Let the order of H be n = At. The t rea tments of E(H) are the rows H2, Hz, . . . , 
Hn, the blocks are the columns {2, 3, . . . , n}, and row Ht is incident with j 
whenever H(i,j) = + 1 . Then E(H) is a (At — 1, 2t — 1, / — 1)-design, as is 
well known (see, for example, Hall [4, p. 103]). The t rea tments of M(H) are 
the columns {2, . . . , n}, the blocks the rows H2, . . . , Hni with row i incident 
with j Avhenever II(i, j) = — 1. M(H) is the misère design of H (with respect 
to the fixed row 1 and column 1) and is easily seen to be a (4/ — 1, 2/, t)-design. 
T o avoid confusion, we write the blocks of M(H) as M2} . . . , Mn or M2(H), 
. . . , Mn(H) if necessary. 

Definition 2. Let .D be any (&, v, r, k, X) design with k > X. Then Z) is said 
to have a (/, 5, z) cw/ down if each t r ea tmen t may be removed from t blocks in 
such a way tha t the new smaller blocks form a (b, v, r — t, k — s, X — i) 
design. Clearly, if a (1, 1, i) cut down exists for D, then P is a (v, k, X)-design. 
Since both \(v - 1) = ife(jfe - 1) and (X - i)(v - 1) = (ife - 1)(& - 2) mus t 
be satisfied, wre see t ha t v = 4X — 1, t ha t & = 2X, and tha t i = 1. If a 
(4/ — 1, 2/, /)-design D has a (1, 1, 1) cut down we shall say t ha t D cuts down, 
and denote the obtained (At — 1, 2/ — 1, / — 1)-design by D*. 

LEMMA 1. If H Ç ̂ ~ and iiT is skew-normal then M(H) cuts down. 

Proof. T h e t r ea tmen t i can be removed from Mt since H = S — I. Moreover, 
since Sl = —S, the t r ea tment i G M 7 if and only if j Q Mu so exactly one 
occurrence of the pair {i, j} is destroyed by doing this. 

L E M M A 2. If H £ J4?, if H is skew-normal, and if H + 2P £ Jt then M(H) 
cuts down. 

Proof. Since H is skew-normal, P ( l , 1) = 1 and so P G s/. If P(i, j) = 
bi,<r{j), then H(aj, j) = — 1, so j may be removed from Mffj. Moreover, 0 = 
(H + 2P)ai o(H+ 2P)aj = Haj o H9j - 2H(ai, i)H(ai,j) - 2H(aj, i)H(aj,j) 
= 0 — 2{ —H(ai,j) — H(aj, i)}, whenever i ?± j . T h u s H(ai,j) = —H(aj, i) 
so t h a t i G ik/V; if and only if j g Af^. 

C R I T E R I O N 2. M(H) cuts down if and only if there is some P G s/ for which 
H + 2P G Jt?. 
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COROLLARY. II G S if and only if H has some row such that M(H) with respect 
to this row cuts down. 

LEMMA 3. If M = M (H) cuts down to M*, then M* and E = E(H) are 
isomorphic designs. 

Proof. Let E2, . . . , En be the t rea tments of E\ in particular, E2 is row 2 of II. 
Define the m a p p i n g / from M* to E by f(i) = Effi and f(M*aj) = j . Clearly, 
/ is a bijection taking the t rea tments of AI* to those of E and the blocks of M* 
to those of E. To see t h a t / preserves incidence, i G Mai*t but i was removed 
from Mai to get ¥ ,<* , thus H(ai, i) = — 1, w h e n c e / ( i ) = £„* g z = f(Mvi*) 
in £ ( # ) . Also, if i ^ j and i G Af,,* t h e n / G M,**, so H(ai,j) = + 1 whence 
/ ( / ) = £ H G / in E(H). S i n c e / preserves incidence, E and if* are isomorphic 
as designs. 

Definition 3. For any (v, k, X)-design D the derived design 8D(B) is the 
(v—I, k, k—1,\, X— 1)-design consisting of the t rea tments in the fixed 
block B and the blocks B( = Bt C\ B for all blocks Bt ^ B oî D. Thus for 
each row in H, the designs ôM*(Mffj*) and 8E(i) are isomorphic (4/ — 2, 
2/ - 1, 2/ - 1, t - 1, t - 2)-designs. 

C R I T E R I O N 3. i f G $ if and only if for some choice of normalizing row, 8E(2) 
has an incidence preserving injection to 8 M (Mi), for some i. 

A negat ive app l i ca t ion of t h e third cr i ter ion . In this section we will use 
Criterion 3 to show tha t several matrices of order 16 are not in $, so tha t 
S T^ ffl. M. Hall, Jr . has shown in [1] tha t there are exactly 5 equivalence 
classes of matrices in J ^ ( 1 6 ) . He calls these 'group' , ' 3 /4 group' , ' 1 /2 group' , 
'first 3 /8 group' and 'second 3/8 group. ' He also shows tha t the automorphism 
group fixing the first row on each of these is transit ive with respect to columns; 
thus , we will succeed in finding a cut down in the design for the first row if 
such a cut down exists for any design of the matrix. 

'Group ' belongs to the equivalence class containing the matrix H obtained 
from the elementary abelian group G = (a, b, c, d). The difference set D = 
{a, b, c, d, ab, cd] in G generates a (16, 6, 2)-design with blocks Dx = 
{ax, bx, ex, dx, abx, cdx] as x runs over G. A Hadamard matrix H is obtained 
by taking H(x, y) = + 1 if and only if y G Bx. To normalize H, eliminate the 
identi ty from all rows by replacing Hx with — Hx whenever x G D. Then re­
place columns a, b, c, d, ab, cd by —a, —b, —c, —d, —ab, —cd. If this skew-
normal matrix is called K, then we again t reat Ka, . . . , Kabcd as sets, in the 
same way tha t Hi, . . . , Hahcd represent sets in G. 

= (HXAH! if* G D = Bt 
x {HrAHS iix G D, 

wrhere A is symmetric difference and c is the complement in the set G\{1}. 
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T h u s 8E(2) is the design with blocks: 

c> d, cd d, ac, acd 

a, c, ac a, cd, acd 

a, d, ad c, ad, acd 

c, d, cd d, ac, acd 

a, c, ac a, cd, acd 

a, d, ad ac, ad, cd 

c, ad, acd ac, ad, cd 

All the blocks of 5E(2) come in pairs like X, Y, so if/ were to inject 8E(2) 
into some 5M(i) then for each such pair, \fX C\ jY\ ^ 3, bu t there are no 
triples of blocks in M t h a t meet in more than two elements. Since no such / 
is possible, 'group' cannot be a skew-equivalent matrix. 

A pos i t ive a p p l i c a t i o n a n d a w a r n i n g . Although it is well known [2] t ha t 
all order 12 Hadamard matrices are equivalent, it is not always simple to 
determine jus t how. Consider the matr ix H in Figure 1. Wi th respect to this 
normalization, E and M have the following blocks: 

E M 

a. St (016) /. (5 6 7 8 9 t) 

b. 27 (019) e. 57 9 (234) 

c. 47 (036) h.69t (024) 
d. 2t (035) a. 5 8 9 (014) 
e. 48 (059) i. 7 6 9 (013) 
/ . (247 8 0 c. 5 7 / (012) 

g. 78 (135) b. 5 6 t (Ï34) 

h. 28 (369) j . 7 8 I (034) 
i. 24 (156) g.89t (123) 
j . It (569) d. 5 6 8 (023) 

k. U (139) ^ . 6 7 8 (124) 

If ôE is taken with respect to block 5, then the numbers in parentheses are 
removed, leaving ten 2-element blocks. The mapping (2, 4, 7, 8, t) —> (6, 7,2, 9, 8) 
injects this simple design into bM(l), taking block a to block a, etc. Moreover, 
it induces (0, 1, 6, 9, 3, 5) —> (5, 4, 1, 3, 0, 2) which injects E into M, leaving 
the overscored numbers to be removed for a cut down of M. 

I t should be emphasized t h a t not all injections of 5E(l) into some 8M neces­
sarily extend to E. For instance, it would have been more na tura l to take 
ôE(a) and 8M(l), and again an injection exists, namely (0, 1, 6, 8, t) —> 
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(9, 7, t, 6, 8) ; bu t in trying to extend this, one is faced with mapping 

{2, 7, 9} - + { 2 , 3, 4} 

{3,4 , 7} - + { 0 , 2 , 4} 

{2, 3, 5} - H O , 1,4} 

which is impossible since the first three form a triangle on 2, 3, 7 but the second 
three are copunctual on 4. 

Q Q 1 1 2 3 4 5 6 7 8 9 / 
— 1 1 1 1 1 1 1 1 1 1 1 
— 1 1 1 1 1 
— 1 1 — — — - 1 — 1 — 1 
— — 1 - 1 

1 1 
— 

- 1 
1 
1 

1 — 
1 
1 — — — 

- 1 
1 1 

1 
- 1 

1 
1 

1 — 
1 
1 

— 
1 

— - 1 1 - 1 
1 

1 
1 

1 
1 

— 

— 1 1 — — 1 1 1 — 
— 1 

1 
— — 1 

1 
1 1 1 

1 
— 

1 
1 

1 
1 — 1 

1 
- 1 

1 
1 

1 -

1 
1 

— 
1 
1 

1 
1 

H 

FIGURE 1 

T h e r e m a i n i n g order 16 m a t r i c e s . Since Hall [1] has shown tha t the group 
of automorphisms fixing row 1 is transit ive on the columns for all order 16 
Hadamard matrices, we need only consider the designs obtained by using 
VO\N 1 for normalization. The matrix 'group' was discussed in the section 
'a negative application of criterion 3' , and shown not to be skew-equivalent. 
The agreement of 'group' , ' 3 /4 group' and T / 2 group' on all first 8 rows and 
8 columns shows tha t when each is normalized by row 1 and 3E taken w^ith 
respect to row 2, the same design results, namely one in which the blocks come 
in identical pairs. As before, any in ject ion/of such a pair X, Y to any bM{i) re­
quires \fX H JY C\ row( i ) | ^ 3. Thus the rows {2, 3 , . . . , i - 1, i + 1, . . . , 16} 
must be paired j , j * so t ha t |row i C\ row j r\ row j * \ ^ 3. In M (group), each 
three rows intersect in 2 elements. In M (3/4 group) , if i ^ 13 then some pair 
{j,j*} has, say, j ^ 13, bu t no pair of rows from {13, 14, 15, 16} intersects any 
third row in more than 2 elements. If i < 13, then some pair {j,j*} have both 
j,j* < 13, bu t then i,j,j* are as in M (group), so again, it is impossible. T h u s 
' 3 /4 group' (? (o . In M (1/2 group) , row 2 would need to be in some triple 
{h h j*\> bu t rowT 2 meets each pair of other rows in 0 or 2 elements. 

By contrast , in both M (3/8 group) 's , there is an abundance of the neces-
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sary triples, and both cut down as follows. 

1st 3 /8 group (1) (11, 13, 6, 7, 10, 4, 15, 16, 2, 8, 9, 3, 14, 2, 5) 

2nd 3/8 group (1) (9, 14, 7, 15, 4, 12, 5, 11, 6, 16, 2, 13, 3, 10, 8) . 

T h u s 11 is removed from block 2 and 13 from block 3 in M (1st 3 /8 group) . 
These cut downs were obtained using criterion 2 on a computer , and used 

about three minutes each. 

T h e order 20 m a t r i c e s . In [3], Hall showed t ha t there are exactly three 
equivalence classes of order 20 matrices, which he calls Q, P, N. The class Q 
contains the matr ix obtained from the non-zero quadra t ic residues modulo 19, 
which is type I. The class TV is new and is skew-equivalent. If TV, as given on 
page 40 of [3] is normalized by row 5, then M(N) cuts down by 

(15, 9, 17, 2) (1) (12, 20, 7, 11, 14, 3, 8, 6, 10, 5, 19, 19, 16, 4, 13). 

This cut down was obtained by the same computer program, taking about 
20 minutes. I t also reported tha t normalizations by rows 1, 2, 3, 4 have no cut 
downs. The same program, in 80 minutes, returned t ha t P (f_ $, bu t there is 
no direct proof. 

T h e class P contains both the Paley and Williamson matrices of order 20. 

On difference sets. 

Definition. A (v, k, X)-difference set is a set of k of the residues mod v, say 
D = {xij X2, . . . , xk], such tha t every non-zero residue occurs exactly X times 
as Xi — Xj. The blocks D + i = {xi + i, x2 + i, . . . , xk + i) for i = 0, 1, . . . , 
v — 1 form a (v, k, X)-design on {0, 1, . . . , v — I j , and the complementary 
blocks form a (v, v — k, v — 2k + X)-design. Such a difference set D is called 
a Hadamard difference set if v = 4£ — 1, k = 2t — 1, X = t — 1, and is called 
a skew-Hadamard difference set if D VJ {0} is a (4/ — 1, 2t, t) -difference set. 

Example. The difference set D = {1, 2, 4} is a skew-Hadamard difference 
set. T h e misère difference set, S = {0, 3, 5, 6} thus has the cyclic cut down 
S(i)* = (S + i)\{i}. I t also has many non-cyclic cut downs such as 

S 3 5 6 (0) S + 4 0 2 (3) 4 

S + 1 (4) 6 0 1 5 + 5 1 3 4 (5) 

5 + 2 5 (0) 1 2 S + 6 (2) 4 5 6 

5 + 3 6 (1) 2 3 

Interestingly, if g is the mapping which assigns ito S -\- g(i) in this cut down, 
then the mapping i —> g(i) induces an injection from Af* to M so t ha t the 
leftover t rea tments form a cyclic cutdown of M. I t would be part icularly nice 
to know if such is always the case, t ha t is if whenever i —> 5 + g(i) is a cut-
dowTi of M, then g acting on the elements of M* induces a mapping from M* 
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to M which leaves over a cyclic cutdown. This is not known. E. C. Johnson [5] 
has shown tha t if any Hadamard difference set extends by adding 0, then it 
mus t have been the quadrat ic residue set. 

In combination with the t ru th of the s ta tement about g, this would say tha t 
no Hadamard matrix constructed from a difference set was in &, except the 
quadra t ic residue matrices, which are all i n ^ ~ . 

The author would like to thank John McKay for introducing her to the 
problem and for a most st imulating correspondence during the course of the 
work. 
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