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A RELATION BETWEEN S$' AND $*-INVARIANT HOMOTOPY
IN THE STABLE RANGE

SHIRLEY M. F. GILBERT AND PETER ZVENGROWSKI

ABSTRACT.  For any X and any ¢ > 0, one has natural inclusions wf;_l(X) C

wf;_l (X) C mag—1(X), where the groups S' and 53 act on $*~! in the standard way and

7r4‘;_1(X) are the G-invariant homotopy subsets, G = S! or G = $°. It is proved here
that for any space X of the homotopy type of a CW-complex and for sy (X) in the

stable range, the inclusion wf;_l(X) C rf;_l(X) is in fact an equality when localized
away from the prime 2.

1. Introduction. We recall that for a topological group G acting on a sphere S so
that the orbit space ¥ = §"/ G is a CW-complex and ¥: §" —» Y the quotient map, the
G-invariant homotopy subset 7,%(X) for any space X is defined as

00 = Im[Y* : [¥,X] — [8",X] = m(X)] C m(X).

The first example seems to go back to J. H. C. Whitehead [14] for G = Z,, and since
the late 1960’s G-invariant homotopy has been studied by numerous authors, especially
for G = Z,. The cases G = S' acting on §2"~! or G = §? acting on $**~! (by the standard
actions via complex or quaternionic multiplication, respectively), with which we shall
be concerned, have been studied by Gilbert [4], Gilbert and Zvengrowski [5], Mukai [6],
Oshima [7,8,9], Randall [10], and Rees [11]. The case G = Z, acting on $*"~!(p > 2)
was also studied in [4]. Terms such as symmetric or projective, complex projective, and
quaternionic projective have also been used for G-invariant homotopy when G = Z,, §',
S3 respectively.

For an introduction to the basic properties of G-invariant homotopy, including the
fact that it is a subgroup of 7,(X) in the stable range, or when X is an H-space, cf. § 1 of
[5]. Another basic property is that if a subgroup H of G acts on S” by restriction of the
G-action then there is clearly a natural inclusion 7,%(X) C m,"(X) induced by the map
S"/H—S"/G.

In particular S' C S° as a subgroup, so we obtain a natural inclusion

0 Mg () C 1 (X).

Our main result (Theorem 3.2) in this note is that in the stable range and for X a
space of the homotopy type of a CW-complex the inclusion (1) is in fact an equality
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when localized away from the prime 2. An example (3.3) is also given showing that
the stability hypothesis is in fact necessary. This work is based on a portion of [4], and
the key tool in the proof is the result of Harris [2] on the homotopy of the unitary and
symplectic groups away from p = 2.

2. Preliminaries on ICP! and Q. Here XCP!, = XCP"'/CP™ ') is a
CW-complex with a single cell in dimensions 2m + 1, 2m + 3,...,2n + 1 while @} =
o/ 0" ! is a CW-complex with a single cell in dimensions 4r—1,4r+3,...,4s—1 (cf.
Steenrod-Epstein [13], Ch. 4). The corresponding cohomology generators for any ring A
with unit will be denoted

Iy € H**Y(ZCP AR A, m<t<
GEHY QNN RA, r<t<s.

Finally denote the generators of H>(C P"; A) and H*(HP®; A) by y, z respectively.

LEMMA 2.1. There exists a map Dg: Q%:g — 2C P%ﬁf:%;’:zl such that

(Dg)*(Zn) =0
D'Enu-1)=¢, M—g<t<M-—n,

where 1 < n < g and M is divisible by some suitably large integer.

PROOF. Consider the map g: CP%Z” — H P} induced by the fibre maps f,; and f,
where f; is constructed from the diagram of fibrations

Sl _ S3 _ SZ

| |

S4i+3 S4i+3

! |

S2 N CP2i+1 i’ IHIPE.

From the cohomology spectral sequence of f; one easily sees that f(z') = y*, t < i.
Thus g*(z') = y*, n < t < q. Dualizing g, for M divisible by a suitably large integer and
using work of Atiyah [1] and James [3], we find

OM~" = Dy 1 (HP9) =5 Dypy 1 (CP™) = SCPN2).

The stated behaviour of (Dg)* follows from Spanier [12], Theorem 6.1

Next let p: C P3j =57~ — CP3}i=37"| be the map Killing the bottom cell, i.e. pinch-
ing §*M~44~4 = CP3y 3172 C CP3M—37~} to a point. Since p*(1) = 5, 2M —2g — 1 <
s < 2M — 2n — 1, we form the composition ¢ = (Zp) o (Dg), and have at once from
Lemma 2.1 the following result.
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PROPOSITION 2.2. For 1 < n < q and M divisible by a suitably large power of 2,

the map
% = (Ep) o (Dg): Op_s — ZCPIN )
satisfies
P (En2) =0
Y ENu-1)=¢ M—qg<t<M-—n.
PROPOSITION 2.3.  Letting J: S™M~4~1 = Q)i™% —, QM=" gng J': §*M~44-1

T§M—4a-2 = 3C Pg%:%g:} — TC P} 737"\ be the respective inclusions into the bottom
cells,  oJ ~ J.

PROOF. By 2.2 and the definitions of J, J, both (Y)*Enam—24-1) =
JY*Enom-29-1) = T Cu—q) and (J)*(Znam—24—1) will equal the generator of
HM—4= 1§44 Ay = A Taking A = Tup—ag-1(EC P33 507 1) & Z and using the
Hopf classification theorem, this suffices to establish ¢ o J ~ J'.

For convenience in what follows we now take n = 1.

COROLLARY 2.4. For anyi > 0 there is a commutative diagram

MMy o o)

[ 2

m(sM-taly B msepis ).

REMARK 2.5. In §3 we shall take i = 4M — r — 2 with2 < 2g < r. A simple

—1y — QM—1+j 2M—3 —

check then shows 7r4M_,_2(Q%,q) = Tum—r—2(Qy_,") and Tay—,2(ECP3Y 5, ) =

Tam—r—2(ZC P%:g;’_ 1), 0 <j < oo, since in either case the extra cells attached are in
dimensions greater than 4M — r — 1.

3. Application to S! and S3-Invariant Homotopy.

Theorem 2.1 of [5] gives a general method for calculating 7rnG+k(X) where X is (r— 1)-
connected, in the stable range. We take g > 1 and wish to consider wg_l(S’), where
G = §1,5% and 2¢g < r for stability. In the case G = S!, as shown in [5] Lemma 2.2 (a)
(which we “suspend” one time here), this gives

31 A Ker[J,: Tapr—r—a(S™M™7") — a2 (SC PSy o).
Notice by Remark 2.5 above that there is no change if we replace £C P3}_,, ; by

ICP3yi~3, 1 so this is the same map J' that appears in Corollary 2.4. Similarly (cf. [4],
Theorem 2.3.4),

73y _1(S") ~ KertlJy: may—r—2(S™M™497Y) — mapy, 2 (OH7D)].

Before stating the main theorem we introduce some notation. Let 73(X) denote the
stable homotopy of X, and 7,(X) = m,(X) ® Z[1/ 2] the homotopy group localized away
from p = 2. Finally let W,y = U(n)/ U(n — k) and X,,x = Sp(n)/ Sp(n — k) denote the
respective complex and quaternionic Stiefel manifolds.
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THEOREM 3.1. In the stable range 2q < r one has

7?4‘;_ 1 (Sr) = 7?4;_ 1 (Sr)

PROOF. By the remarks at the beginning of this section, ﬂf;_l(S’) and ﬂf;_l(S’),
being in the stable range, are simply KerJ, and Ker J, respectively in Corollary 2.4,
with i = 4M — r — 2. To show equality of these kernels away from 2 it clearly suffices,
again using Corollary 2.4, to show 1), is monic. We will do this by defining another map
 to which Harris’ results [2] are applicable, and then comparing ¢ and .

Consider the composite inclusion

XoM—2g-1M+g > Wam—ag—22M129

T, 1

Wam—ag—12m124

which we may assume without loss of generality is cellular. According to Chapter IV of
[13] there are imbeddings

2M—2g—1
Ou—q C XomM—2q—1.M+q

AM—4q—2
ZCPyy_ng-1 C Wam—ag—12m429;

and in fact the left hand spaces are both the 8M — 8¢ —2 skeleta of the corresponding right
hand spaces (a simple numerical check shows that there are no possible product cells in
dimension< 8M — 8q — 2). Thus there is an induced map anzq—l AN ) P%:;Z:f,
and for m < 8M — 8q — 2 we have

Tm(Xom—2g-1Mrg)  — Tm(War—ag—12M12¢)

I- I-

@i ) S ma(ECP D

I- I~

T QY—y)  ——  mm(ECPRT, ).

Localizing away from 2, we have from Harris [2], p. 412, that i, is monic onto a direct
summand (for all m). Hence so is @« (form < 8M — 8q — 2). The theorem would now
be immediate if one knew ¢ ~ ). This seems plausible but probably difficult to prove.
However, using Proposition2.2 above and [13], p. 52, Theorem 5.4, we see that p* = ¢ *
in cohomology and it seems easiest to complete the proof at this stage by a fairly simple
application of the Adams spectral sequence at any odd prime p.

In fact, at any such p, with k = M — g, we have that on the p-primary component of
homotopy

(2) @x: pTm( Q) — ,ma(ECPIP)
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is monomorphism onto a direct summand, by the above quoted result of Harris. Since
this is in the stable range, ¢, is induced by the homorphism of Adams spectral sequences
at the E; level

ou: Extag) (H(QY "1 2,). 2,) — Extag,) (H'(SC P 2,), Z,)
which in turn is induced by the map
¢*  H(ZCPR 3 Z,) — H* (015 Z,).

Finally, since ¢* = ¢*, it will induce the same maps of Adams spectral sequences
and hence of p-primary stable homotopy, so condition (2) also holds for 1, completing
the proof.

REMARK. Some extra light may be shed on the above proof by observing
H*(ZCPM-3,7,) = Mk k=l (o pIM-3. 7 ) @ sMk-2 [kedee] (¢ p2M=3. 7 ) i 5
splitting over the Steenrod algebra A(p) since deg P’ = 2i(p — 1) is divisible by 4. Thus
the Adams spectral sequence for £C P2¥-3 splits at the E; level, say 'E; @ ”E;, and Har-
ris’ result implies that this splitting passes to E, (in the stable range ), i.e. no Adams
differentials connect 'E, and "E, or vice-versa. Thus 'E, and "E; both give rise to direct
summands of the p-primary component ,m$(XC P2"~3), at least in the stable range, and
all ¢, or 9, are doing is identifying ,m$(Q¥~!) with the direct summand arising from
'E;,.

THEOREM 3.2. Let X be an (r — 1)-connected space having the homotopy type of a
CW-complex. Then in the stable range 2q < r one has

ﬁf;—l(x) = ﬁf;—l(x)-

PROOF. The theorem is already known for X a sphere (3.1). For X a finite (r — 1)-
connected CW-complex we may suppose without loss of generality that X*"~1 = x. The
theorem then extends to X by a routine application of the exact stable homotopy sequence
of the cofibration sequence of the attaching map of each cell of X to a finite subcomplex,
the fact that localization preserves exactness, and the 5-lemma. Since localization also
commutes with direct limits the theorem then extends to arbitrary (r— 1)-connected CW-
complexes and hence to any space having this homotopy type.

To see that Theorem 3.1 fails outside the stable range, first recall that in the unstable
range mC(X) is only a subset of 7¢(X), so by #¥(X) we mean the subset {a ® 1 : & €

(X))} C m(X) ® Z[1/2] = Tu(X).

EXAMPLE 3.3. In [7] it is proved that 7§ ($?) = 75 ($%) & {k* : k € Z}, where
v is the class of the Hopf map. On the other hand it is clear that 75 (%) = 0 since
Y = §%/$* = «in this case. Thus Theorem 3.1 does not hold outside the stable range.
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