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1. For integers a, N and H >0 write

N+H

T.N,H)= 2 x(x)e(ax/k),

x=N+1

where x denotes a non-principal Dirichlet character modulo the positive integer k and
e(y) denotes gz”’y . By a well-known generalisation of the P6lya—~Vinogradov inequality

|T.(N, H)| < k" log k. 6))
In [4] I showed that, for any integer » =2 and any prime k,
|T,(N, H)| << H'~ "k~ Djog? k. ()

For r =2 this is a simple consequence of (1), but for each  >2 (2) is stronger than (1) for
some range of H. In [5] I showed (the case r = 3)

|Ta(N, H)‘ <« H2/3k1/8+5

holds for any positive integer k. In the present paper I prove (the case r=4) the
following theorem.

THEOREM 1. Let k =p“ be a power of a prime p >3. Then for all integers a, N and
H >0 and all non-principal characters y modulo k we have

|T.(N, H)| < H**k"? log’ k,
the implied constant being absolute.

By arguments such as that of A. I. Vinogradov [8] the following theorem can be
deduced.

THEOREM 2. With the conditions of Theorem 1 we have
|T,(N, H)| < H"k'” log* k.
This estimate is a new estimate even for pure character sums T,(N, H) for the range
kK" <H<k*, N#0.

By the argument of [1, §5] it suffices to assume that y is a primitive character to the
prime power modulus k to prove Theorem 1. The latter result itself follows by the
arguments of [4] from the following theorem.

THEOREM 3. Let x be a primitive character to the modulus k = p*(a > 1) a power of
the prime p > 3. Then

k—=1k—1
> DT, h)P< a®k?h*  (0<h<k'®).
a=0n=0

This theorem we shall prove in the remainder of this paper.
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2. Let r be any fixed positive integer. Let X denote an indeterminate. For vectors
m € Z¥ with components satisfying

0<m;<h 0<i=s2r)

put
A =TT X +m),  £a0= [T (x+m)
Write
Ai={m:0<m<hm+...+m=m, +...+m,},
(@)= {x:0<x <p",p Fi()(x)).
Then
52 menr<k 3 | 5 x(fe)| ©

The principal task of this paper is to give, in the following propositions, some
suitable estimates for the inner sum of (3). These estimates are then combined with the
theorem of [6] to prove Theorem 3. To describe the required estimates we write

F(X) = fi(X)f(X) = F2(XOA(X).

Note that the degree of Fis <2r — 3. Let s =0 be a fixed integer. Let d € Z**! be of the
form

d=(dy, d,,...,d,), dy=d,=...=2d =0,
and let y be a positive integer. Write'
As(y,d) = {x € Ay(y):p* | FO(x)(0<i<s), if s> 0p% = (p*~, FO(x))},
Ay, d) = {x e Ay(y, d):p% = (p“~', FO(x))(0 <i=5s)),
As(y,d) = {x € Ay(y,d):p®|| F(x)}.
For j=3,4 and 5 write
sa- T Al
0= 3 x(tw)
xeAi(y.a)y V2
In the next section we shall prove the following propositions.*
ProrosiTioN 1. If
do<[a/2], s=0,
then
Ss(ar, d) < p 2.
ProposiTiON 2. If
do=1af2], O=d,<[a/3], s=1,

tp° || d denotes p© | d but p*' } d.
1 [x] denotes the least integer greater than or equal to x.
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then
Sy(ar, d) < platdn?,
ProrosiTION 3. If
[a/2] =d,<[2a/3], [@/3] <d,, s=1,
then
Ss(a, d) < a? ~*pl2an],
ProposITION 4. If
dy=[2a/3], [a/3]<d,, s=1,
then for each i with 0 <i<s
Si(a, d) K pordi=di-i,

It should be noted that in these propositions p is not restricted to be greater than 3.

These propositions are sufficient to replace Theorems 1 to 6 of [2] in the proof of
Theorem 2 of [3] and so to provide the proofs of the character and Gaussian sum estimate
of [3] and [5] with r =3.

3. In the proofs of these propositions we shall use the following lemma.

LemMA 1. Let f be a polynomial of degree n having integer coefficients. Let p be a
prime and ¢ and vy be non-negative integers. Then

#{x € a complete set of residues (mod p®):p®*¥ |f(x), p¥|| f'(x)} <n.

Proof. This is a special case of Proposition 1 of [6].
Write
B=lal2], Y= [a/3],
so that
[a/2]=a -8, [2a/3]=a-17.
For any x denote by A(x) the inverse of fi(x)f;(x) (mod p %), when it is defined.

Since x is a primitive character modulo p“ there exists a ¢, not divisible by p, such
that

x(1+pP)=e(c/p*P).

We shall require the p-adic Taylor expansion of (f;/f,)(x + p°y) (mod p*) which can
be written as

h _f F(x) .
FG+py)=p @ =8 py
1 —F'(x) fZ(x) 1 ' 26,2
+5<f1(x)f2(x)+F(x)f1(x) <f2(x)2) )p Y+, .}(modp"’).
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Proof of Proposition 1. For p > 2 this is essentially the proof of Theorems 1, 2 and 3
of [2], but for completeness it is sketched here.
For all primes p we have :

sa@n=_3 3 d(Reew)

x€As(B(do)) Oy<p~f

= 3 Aiw) 3 erwmwFep
xeAs(B,(do)) 2 Osy<peB
“ lp* 8B, (dy))  if @ odd and do= & — B.

In the latter case, for p >2 we have

(B, @)= 3 5wl
xeANB-1,(B-1)  O=y<p f
pP || Fix+ypf")

= 3 Alw) S ot ER)
xeA3(B-1.(6~1,0) 2

O=<y<p
+3y?p*7?F'(x))Ip®)

roaB-1,8-L0)+ ¥ y(Bw)
g

X > e(cA(x)ypPF(x)/p®).

O=<y<p

The last sum vanishes. By Lemma 1

#A5(8-1,(B-1,0))=0(1),
and for elements x of this set
. 2 e(cA(x)(yp?'F(x) +3y*p*~°F'(x))/p*) = O(Vp)
=y<p

by Weil (see [7, II, Corollary 2F}). On the other hand for p =2 we may assume a =35
and then we have

86, @)= 3 (7 ) + OBAB. (B ~1,0) + O(#ALB. (-1, 1)

S d{B @) +ow
xeAs(B—1,(6-1)) O=<y<p
PYF(x)

1]
“M

(20) 3 etchmp® Feolp? + o),
XEAS,(;ﬁlpl(,Eg 1)) 2 osy<p

and the inner sum vanishes.
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Proof of Proposition 2. For p >3 and r =3 this is essentially Theorem 4 of 2], but
the proof presented here is shorter even in that case.
Write

= [(«—d))/2], “)
so that
B=d6>a/3>d,, d+d,=d,.
Then for all primes p >3 we have

sa= 5 3 a(leew)

x€A3(d,d) Osy<p*d

S alw) 3 ecmwrwir

x€A3(6,d) O<y<p*”

pe%8,(8, (max(d,, o — 9), d,)).

Thus by Lemma 1
Si(a, d) K p* °#A5(S, (max(dy, @ — 8), d,))

<& pa—max(do.a—6)+d,
& pi(a"*dl)

if a—d,isevenord,=0. If « —d, is odd and d, >0 and if further d, < — 1 then

s@a=p 3 ybw)
xeA3(6,(a—6,d,)) f2

a—d

= f 51

p xeA;;(é—lE,Ea—é,dl))Og(p (fz(x +yp ))

=p>?° > ( (x)) S e(cA(x)(yp > F(x)
x€A3(6—1,(a—6,d}))) b3

O=y<p
+3y’p**F'(x))/p*).
The inner sum is <Vp by Weil, so
Sy(a, d) K p ot # A5 — 1, (v — 8, dy))
<<p(a+d|)l2

by Lemma 1. On the other hand if o«—d, is odd, d;>0 and d;,=8—-1 then
d,=(a—1)/3 and 6 = (a+2)/3 so

sedy=p= % (i)

x€A3(6.(a—08.,dy)) f2

=p=® X > <l(x+yp '))
xeAs(d (a-8))  O=y<p fa
pAIF'(x)  pU| F'(x+yp®)

https://doi.org/10.1017/5001708950000879X Published online by Cambridge University Press


https://doi.org/10.1017/S001708950000879X

258 D. A. BURGESS

The inner sum

=(fw) D en0ptEe) + ) + b))
p4 || F'(x)+yp“1F"(x)
This sum is non-empty only if p% || F'(x) or p 4 F"(x) and in either case the sum is <<\p
by Weil, so that
Sy(a, d) <p* VU RA(d,, (@ - §,d,)) + #A5(d,, (e — 8,d,,0)}
« pla+ar

by Lemma 1.
Finally if p <3 we may assume a =4. Put

6= (a—d,+1)/2]

SO
6>d,, 26+d,-1=a.
Then
fi
Si(a,d)= 2 2 X(‘l(x +yp‘5)>
x€A;(6,d) Osy<po® 2
1 5
= 2 X(— (x)) 2 e(cMx)yp°F(x)/p®
x€A3(6,d) 2 osy<pod
K p**# A8, (max(dy, a — 8), d))
<<p(a‘+d1)/2
by Lemma 1.

Proof of Proposition 3.
Ss(a’, d) = 2 SS(a’ e)’

where e Z* > and 0<e, _;<e,_4<...<e,=d,<e,=d, Denote by k the p-adic
order of (2r)! If there exists a ¢ such that

e 1= +y—K

then
Ss(ar, e) K #As(a, €)
& prtmite
K p*?
by Lemma 1. If for all ¢
1 <et+vy—«k (5)
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then

see= 3 3 (L)

x€As(y.e) Osy<p*Y 2

= 3 4lw) 3 o+ irrE@)p

xeAs(v.e) V2 O<y<pa-7
=0
if p>2ord,# a/3. Butif p =2 and d, = «/3 then by (5)
e <2a/3—k.

Thus

Ss(a, €)= 2 > x(ﬁ(x+yp’“‘)>

xeAs(y+k,e) Osy<p?r-x 2

h .
= 3 A(Be) S etchamwrF@IpY
xeAs(y+k,e) 2 O=sy<plr—«
=0.
Proof of Proposition 4.
Si(o,d) < #A(a,d)
<<pce—d,-_,+d,-

for any i € (0, s] by Lemma 1.

4, To deduce Theorem 3 from Propositions 1 to 4 we need the following Lemma
which is the principal theorem of [6].

LEMMA 2. Let r=4. Let p>3 be a prime and let h be a positive integer. Then for
u, v, & satisfying u=v =& =0 we have

#{m e A,:3x such that p } fi(x)(x), p* |F(x), p*| F'(x),
p*=(F"(x),p"),p*=(F"(x),p")}
< (u+ D)YA*+ hsp'f +hSpEF 4+ h’p"”:"‘"""’),
where

o =min([p/3], [2v-&)/3]),  wo=[n/2].
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Proof of Theorem 3. From (3)

-1 k-1

k™! 2 > Tn, )< 3

> (i)

a=0 n=0 meA; lxeAya) 2
<, 2 s @i+ X 318 (B.d)

+ 22 Yis(a, (do, d))l

B=dpy<a—y y<d);<dy m

+ X > X Sda,(a—v,dy, dy, d3)|

ysd|sa—y 0=<dy=d;<d, m
=S +35+3+3
1 2 3 4
say.
Trivially by Proposition 1
2K D hp<Lahik
1

0=dy<B
By Lemma 2 and by Proposition 2
z & 2 6(h7/p[dl/2] +h6)p(a+d,)/2

0=d<y
< a’h*k.
By Lemma 2 and Proposition 3

2<< Z z 6(h7/p[d|/2] +h6)a4 a—y

3 B=dy<a—y y<b,=<dp
< a'*h'k.
Finally also by Lemma 2, writing
o =min([d,/3], [(2d, - d;/3]), w,= [d,/2],
we have by Proposition 4

PR Y R+ R p B4 hp B
4

y=d\<a—~y 0=dy<d,<d,

T,y —d3—w~wgY ,,min(d,+y,a+dy—d|,a+d3—d3)
+h'p P .

Thus to prove Theorem 3 it suffices to show that if
ysdysa-y, 0=d;=<d,<d,
then
a/6—d;+min(d, +y—a,d,—d,,ds—d;) <0, (6)
@/3—d;—w+min(d,+y-a,d,—d,,dy— d,)<0. @)
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The left-hand side of (6) is
<a/6—d3+%(d1+‘)/—a'+d2—dl—d3—d2)
=2y — a)/6.

If =6 then y<a/3+1<a/2. For 2< a <S5 we still have y < «/2. Thus (6) is true.
Next if [d,/3] < [(2d, — d5)/3] then the left-hand side of (7) is

sw/3—-dy—[d\/3] +3(d,+y—a+d,—d,+ds—d,)
<(y—d,)/3<0.
Finally if [d,/3] = [(2d, — d5)/3] then the left-hand side of (7) is
sa/3~dy- [(2d,—d3)/3] +3(d\+ vy — a+d,— d))
<1-[2d,/3] + dy/2.

If d,>0 by writing d,=3u+1,2 or 3 we see the last expression is <0. If d, =0 the
left-hand side of (7) is

<af3-d,;=<0.

This completes the proof of Theorem 3.
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