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1. T h e o r e m s . Call an m X n a r r a y an m X n; k a r r a y if i ts 
m n e n t r i e s come f rom a set of k e l e m e n t s . An m X n; 1 a r r a y has 
mn like e n t r i e s . We w r i t e 

(1) ( m , n ; k) > (p, q; 1) 

if every m X n; k a r r a y conta ins a p X q ; 1 s u b - a r r a y . The negat ion 
of (1 ) is wr i t t en 

(m, n; k) -A-* (p, q; 1) 

and m e a n s that t h e r e is an m X n; k a r r a y containing no p X q; 1 sub-
a r r a y . Re la t ions (1) a r e called "po la r ized pa r t i t ion r e l a t i ons among 
c a r d i n a l n u m b e r s " by P . E r d o s and R. Rado [2]. In this note we 
p rove the following t h e o r e m s . 

THEOREM 1. Jf n ( m ^ k ) > (q - 1) ( m ) then (m, n; k) * (p, q; 1) 

THEOREM 2. (k + k + 1, k + k + 1; k) » (2, 2; 1) . 

THEOREM 3. If k > 2 then 

({(p - i) T T 7 } ' { * % - D k q } ; k) — - (p>q; D 

for eve ry r e a l t _> 1 , where {s} denotes the l eas t in teger _> s 

C. F r a s n a y [3] proved that 

1 +pk , , 1 +pk , , 
(1 + pk K , 1 + pk * ; k) > (p ,p ; 1) . 

Canad. Math . Bul l . vol . 12, no . 3, 1969 

321 

https://doi.org/10.4153/CMB-1969-040-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-040-1


We i m p r o v e this in 

THEOREM 4 . (pkP , pk P ; k) > ( p , p ; 1) . 

THEOREM 5. If ( m ) (n) < k P q _ 1 then (m, n; k) - / - > (p, q; 1) . 
- p q 

In p a r t i c u l a r 

( [ ( p l ) l / p k ( p 2 - D / 2 P ] ] [ ( p î ) l / p k ( p * - l ) / 2 p ] ; k ) _ ^ ( p p ; 1 ) _ 

P . E r d o s and R. Rado [2, p . 485] p roved 

(kp - k + 1, k
k P " k + 1 ( q - 1) + 1; k) » (p, q; 1) . 

We i m p r o v e this in 

THEOREM 6. (kp - k + 1, k ( k p " k + 1 ) (q - 1) + 1; k) > (p, q ; 1), 

(kp - k + 1 , k ( k p " k + 1 ) (q - 1); k) - / - (p ,q ; 1) . 

T h e o r e m 6 has b e e n proved independent ly by Scott Niven . 

( 2 p - S + THEOREM 7. (4p - 3, ( ^ ) + 2; 2) > (p, 2; 1) . 
P 

2 . P r o o f s . We f i r s t p r o v e two l e m m a s . K. Z a r a n k i e w i c z [5] asked 
for the l e a s t pos i t ive in t ege r k(m, n; p, q) such that e v e r y choice of k 
e n t r i e s of an m X n a r r a y con ta ins a p X q s u b - a r r a y . F o r a de ta i led 
s u r v e y of this p r o b l e m , s ee [4] . 

LEMMA 1. If n ( N / n ) > ( q - l ) ( m ) then k ( m , n ; p, q) < N . 
p p n ~ 

P roof . Let A = (a. .) be an m X n a r r a y and S be a choice of 
i j 

N of the m n e n t r i e s of A . Then c = S 1 is the n u m b e r of 
a . . e b 

e l e m e n t s of S which c o m e f rom column j of A , so 
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S c = N and 2 ( J) > n[N'n) > (q - D ( m ) . 
j=l J j = 1 P " P P 

By the p igeon-ho le p r inc ip l e , q of the choices (of p rows) counted in 
n c. 
S ( ) m u s t be the s a m e , so S conta ins a p X q s u b - a r r a y . 

j= i p 

LEMMA 

t p k p > ^ . 
t - 1 

2. tf k > 2, p > 3 and t = (p/(p - 1 ) P P then 

Proof . When k = 2, p = 3, 4, 5, the inequal i ty is eas i ly v e r i f i e d . 
In o ther c a s e s we have 

t V 1 - ! = - V k P " 1 - ! >p2 

p - 1 — 

i / i ,p 

1 + ) < e < I 1 + . i = t ,P 

t ^ " 1 - ! / V P _ V 

1 + < t 
t V " 1 - ! 

and the d e s i r e d inequal i ty fol lows. 

Proof of T h e o r e m 1. Let A be an m X n; k a r r a y with e n t r i e s 
f r o m the s e t { 1 , 2 , . . . , k} , and, for j = 1, 2, . . . , k, let r denote 

the n u m b e r of e n t r i e s equal to j . Then r + r + . . . + r = m n , so 

m a x ( r , . . . , r ) >_ m n / k , say r . _> m n / k . Now, (r . /n) >_ (m/k) , 
I K J J 

so by the hypothes i s 

/ r . / n \ 

By L e m m a 1, the r . e n t r i e s of A (all equal to j) contain a p X q 

s u b - a r r a y . This s u b - a r r a y is a p X q; 1 s u b - a r r a y of A . 

323 

https://doi.org/10.4153/CMB-1969-040-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-040-1


2 2 
Proof of T h e o r e m 2 . Let A be a (k + k + l ) X ( k + k + l ) ; k 

2 
a r r a y , m = n = k + k + l , p = q = 2. We have 

B r t = i k 2 i k + i ) f ( k , + v i i / U 2 H + i ) ^ i ) = ^;+1)=fe-i)(b) 
p y 2 y 2 2 q 

so the hypo thes i s of T h e o r e m 1 is s a t i s f i ed . By T h e o r e m 1, A conta ins 
a 2 X 2; 1 s u b - a r r a y . 

Proof of T h e o r e m 3 . Let t be a r e a l >_ 1 and let p , q be 
pos i t ive i n t e g e r s . Le t A be an m X n; k a r r a y w h e r e 

m = {(p - l ) (k t - l ) / ( t - 1)} , n = { t P (q - 1 )kp } . We have 
m - k(p - 1) > (m - (p - l ) ) / t , k > 2, so 

m .m â . .m . p / , . , p m m - 1 m - p + 1 
n " k ( k - D . . . ( 7 - P + D > t P ( q - D k P ~ • — • . . . • — ^ — 

= (q - 1 ) m (m - 1 ) . . . (m - p + 1 ) 

m / k T~n 
or n ( ) > (q - 1) ( ) . By T h e o r e m 1, A con ta ins a p X q; 1 sub-

P P 
a r r a y which is the d e s i r e d r e s u l t . 

P P 
Proof of T h e o r e m 4 . Let A be a pk X pk ; k a r r a y . We have 

to show that A con ta ins a p X p; 1 s u b - a r r a y . This is t r i v i a l when 
p = 1 or k = 1. When p = 2, k _> 2 , the conc lus ion fol lows by T h e o r e m 

2 2 
2 as 2k >>k + k + 1. When p = 3, k _> 2 , we have 

({(p - i)(kt - i ) / ( t - l)} , {tp(P - i)kp} ; k) — M P . P ; i) 

l / p 

by T h e o r e m 3 . Set t = (p/ (p - 1)) . Then by L e m m a 2, 
t P k P > (kt - l ) / ( t - 1) or pk P = tP (p - l ) k P > (p - l ) (k t - l ) / ( t - 1) . 
T h e r e f o r e A conta ins a p X p; 1 s u b - a r r a y and the proof is c o m p l e t e . 

Proof of T h e o r e m 5. We sha l l u se a method developed by 
P . E r d o s [1] , Cons ider m X n; k a r r a y s with e n t r i e s f rom the se t 

{ 1 , 2 , . . . , k) . T h e r e a r e exac t ly k of t h e m . We sha l l show that 
. m w n . , m n - pq + 1 . 

at m o s t ( )( ) k of t h e s e a r r a y s conta in a p X q ; 1 s u b - a r r a y . 
P q 
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Given any m X n; k array A there are ( )( ) possibilities of choosing 

its p X q sub-array. Moreover, this sub-array is a pXq; 1 sub-array 

in exactly ^ m n " p ( l cases since there are k possibilities of choosing 

its entries as well as k possibilities of choosing each of the remaining 

mn - pq entries of A. Now, by the hypothesis, 

m n k m n - P q + l < Rr 

p q 

so there exists an m X n; k array containing no pXq; 1 sub-array, 

which is the desired result. In particular, if m< (p1. ) k 

.rn m ,(p2- l ) /2 #mwm. ,p 2 - l 
then ( ) < —7- < k r or ( )( ) < k^ so there exists an 

p pi - p p 
m X m; k array containing no p X p; 1 sub-array. 

Proof of Theorem 6. Let A be a (kp - k + 1 ) X (k(kp ~ k + d )(q - 1 )+l);k 

array. Given any column of A there exists (by the pigeon-hole principle) 
a p-tuple of rows such that their intersection with the column forms a 

ko -k+1 
p X 1; 1 array. There are exactly ( ) possibilities of choosing 

such a p-tuple; hence, by the pigeon-hole principle again, k(q - 1) + 1 
of the choices must be the same. Finally, q of these k(q - 1) + 1 
choices must correspond to the same element of {1, 2, . . . , k} . In other 
words, A contains a p X q; 1 sub-array. 

To prove the second part, we observe that there exists a set G 
of kp - k -f 1 X 1 ; k arrays with entries from the set {1, 2, . . . , k} 
provided that 

(i) if A e G, then A contains exactly one p X 1; 1 sub-array; 

kp - k +1 
(ii) G has exactly k( ) elements; 

P 

kp-k-f 1 
(iii) a (kp - k + 1 ) X k( ); k array whose columns are all 

P 
elements of Q contains no p X 2; 1 sub-array. 

kp -k+1 
Hence, there exists a (kp - k + 1) X k(q - 1)( ); k array 

containing no pXq; 1 sub-array, an array whose columns are elements 
of (?, each of them being used exactly (q - 1) -times. 

Proof of Theorem. 7. Let A = (a..) be a (4p - 3) X ( ( 2 p - 1 ) + 2 ) ;2 
ij P 

array with elements from the set {1,2} . Evidently, there is a set 
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S(H{1,2, . . . , 4 p - 3 } , I S| = 2p - 1, such that a = a wheneve r 

i, k G S, say a., = a, . = 1 . Now, given the j - t h co lumn of A , 
i l k l 

t h e r e ex i s t a se t T = T(j) C S , | T | = p and an e l e m e n t r = r(j) of 
{1 ,2} such that a.. = r(j) wheneve r i e T(j) . If r(j) = 2 for e v e r y 

2p- 1 
1 = 2, 3, . . . , ( ) + 2 then t h e r e a r e i n t e g e r s j t , i such that 
J p ° 1 ^2 

2 < J1 < J2 < ( 2 P _ 1 ) + 2, TO^) = T(j 2) = T and A con ta ins a p X 2; 1 

s u b - a r r a y (a . . ) , i e T, j e {j . , j } . If t h e r e ex i s t s an in teger 
1J 1 C 
2 p - l 

i , 2 < i' < ( ) + 2 such that r(i* ) = 1 then A conta ins a p X 2; 1 
Jo - o - p o v 

s u b - a r r a y (a ) i £ T(j ), j e { l , j Q } . 
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