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Nilpotency of Some Lie Algebras Associated
with p-Groups

Pavel Shumyatsky

Abstract. Let L = Lo + L; be a Z;-graded Lie algebra over a commutative ring with unity in which 2 is
invertible. Suppose that Ly is abelian and L is generated by finitely many homogeneous elements ay, . . ., ai
such that every commutator in ay, . . ., a is ad-nilpotent. We prove that L is nilpotent. This implies that any
periodic residually finite 2’-group G admitting an involutory automorphism ¢ with Cg(¢) abelian is locally
finite.

0 Introduction

Let p be a prime and G a finitely generated residually finite p-group. Examples of groups
constructed in [1], [3], [4], [5], [17] show that in general G can be infinite.

Using the Lazard central series of G one associates to G a Lie algebra L = L,(G) in such
a way that G is finite if and only if L is nilpotent. Some detail of this construction is given
in the last section of the paper. Lazard proved that L is generated by a finite set M such that
each commutator of elements in M is ad-nilpotent [9]. This enables us to reduce problems
on finiteness of certain p-groups to problems on nilpotency of some Lie algebras. For
example, the celebrated Zelmanov’s solution of the Restricted Burnside Problem is based
on his deep results concerning Lie algebras.

In the present paper we prove the following theorem.

Theorem Let L = Ly + L, be aZ,-graded Lie algebra over a commutative ring with unity in
which 2 is invertible. Suppose that Ly is abelian and L is generated by finitely many homoge-
neous elements ay, . . . , ay such that every commutator in a, . . . , a is ad-nilpotent. Then L is
nilpotent.

This theorem is proved in Section 4 of the paper. It enabled us to derive that any periodic
residually finite 2’-group G admitting an involutory automorphism ¢ with C(¢) abelian
is locally finite (Theorem 5.8).

It should be said that Theorem 5.8 is not a first result stating local finiteness of a periodic
group in terms of the centralizer of an automorphism ¢ of G. B. H. Neumann showed that
any periodic group admitting a fixed point free involutory automorphism is abelian [10].
Sunkov proved that if G is a periodic group having an involutory automorphism ¢ such that
Ci(¢) is finite then G is locally finite (and contains a solvable subgroup of finite index) [16].

According to Deryabina and Ol'shanski for any positive integer n which has at least one
odd divisor there exists an infinite group G having an element of order n with finite cen-
tralizer such that all proper subgroups of G are finite [2]. Therefore the result of Sunkov
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cannot be extended to periodic groups having finite centralizer of an element whose order
is not a 2-power. N. Rocco and the author proved recently that if G is a periodic residually
finite group having a 2-automorphism with finite centralizer then G is locally finite [11].
In [12], [13], [15] we prove local finiteness of some periodic groups admitting a fixed point
free four-group of automorphisms.

It seems however that Theorem 5.8 of this paper is the first result of the kind in which
the condition imposed on Cs(¢) does not refer to the order of Cs(¢).

Most of our notation and terminology is standard. We use [xi,...,xx] to denote
[. .. [XI,XZ],Xg,] ,---s%k]. An element g of a Lie algebra L is called ad-nilpotent if there
exists an integer m such that
[x,g,...,8] =0
——
m times

forany x € L. Let M C L be a subset of a Lie algebra L. By a commutator in elements of
M we mean any element that can be obtained by taking products of elements of M with
arbitrary system of brackets. A subalgebra of L generated by a set M is denoted by (M).

A Lie algebra L is Z,-graded if it contains subspaces Ly and L, such that L = Ly + L, and
[L;,L;] < Liyj; i, j € Z,. Clearly, Ly here is a subalgebra. If L = Ly + L, is a Z,-graded
Lie algebra then any element x € Ly U L, is called homogeneous. Homogeneous elements
x € Lg are called even while those x € L; odd.

Suppose that X is either a quotient algebra or a subalgebra generated by a set of ho-
mogeneous elements of a Z,-graded Lie algebra L. Then X is naturally equiped with the
7,-grading induced by that of L. So X can be viewed a Z,-graded Lie algebra.

Through out the paper we use freely the following fact. Let x, g, hy,...,ht € L be any
elements of a Lie algebra L. Assume that ¢ commutes with all Ay, . . ., hx. Then

x,hy, ... he, gl = [x,8,h1, ..o g

1 Existence of a Nilpotent Ideal
Our goal in this section is to prove the following:

Proposition 1.1 Let L be a Lie algebra, Ly, L,, L3 abelian subalgebras of L such that
L=Li+L,+1L;
and
(L1, L] < Ls, [Ly, L3] < Ly, [La, Ls] < Ly.

Assume that a is an ad-nilpotent element in L, and let N be the ideal of L generated by a. Then
N is nilpotent.

This proposition can be deduced from some results scattered in [14], [15] and proved in
a somewhat different setting. For the reader’s convenience we give a complete and detailed
proof here.

Lemma 1.2 Assume hypothesis of 1.1. Suppose that b € L, and [a, b] = 0. Let T be the ideal
of L generated by [b,L,]. Then [T, a] = 0.
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Proof It is sufficient to show that for any set of elements ¢;, ¢z, . . ., ¢; such that¢; € L; and
¢i € Li,, where each k; € {1,2,3}, we have

(1.3) [b,cr,...,c,a] =0.

To prove this we shall use induction on t.

If + = 1 (1.3) can be proved easily:

Since a,¢c; € L; and L, is abelian, ¢; € Cp(a). By hypothesis b also lies in Cy(a), and so
(1.3) follows.

Let now ¢ > 2 and suppose that for smaller values of ¢ (1.3) holds. If ¢, € L; we denote
[b, ;] by d and observe that d € L; and [d, a] = 0. Then

[b,C],-.-,Ct,a] = [dch)"'yctaa]'

The form of the latter commutator differs from that of the commutator in (1.3) only by
the fact that b € L, N Cr(a) while d € Ls; N Cp(a). This difference is not very serious of
course and we are in a position to apply the induction hypothesis. It yields

[d7C27C47"'7Ct7a] =0

and so (1.3) holds.

If ¢; € L; then [b, ¢, c;] = 0 because [b, ¢;] and ¢, both lie in Ls.

Thus we can assume that ¢, € L,. If t = 2 we see that [b, ¢1, ¢;, a] = 0 because both a
and [b, c1, ;] liein L. So t > 3. Consider the three possible cases:

1) c € Ly
2) c; € Ly
3) ¢ € Ls.

1) Since both ¢; and [b, ¢, ;] lie in Ly and L, is abelian, [b, ¢, ¢z, c3] = 0 and obviously
(1.3) holds.

In the calculations below all the underlined commutators [x;, x,, . . ., x;] equal zero as
there always exist some positive integer k and some i € {1,2, 3} such that [x;,x;,...,x] €
L; and x34; € L; which, since L; is abelian, guarantees that [x1, ..., X, xk+1] = 0. So, we
will just discard such commutators.

2) We have

[b7 C1, €2, C3] = [b7 [Cl7 C2]7C3] + [b7 2, (1, C3] = [b7 [Cl7 C, C3H + [b7 c3, [C17 CZH .
Put a; = [c1, &, ¢c3] € Ly. Then the commutator in (1.3) can be rewritten in the form
[bvalaC‘h' . .,C[,a]

which by the induction hypothesis equals zero.
3) In this case we have

[b,c1,0,6] = [[b, Cl],Ca,Cz] + [b, C1y [szca]]-
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If we put a, = [¢p,¢3] € Ly and by = [b,¢;] € Ls N Cr(a) then the commutator in (1.3)
can be rewritten as
[bl,[lz,C4, e 7Ct7a]'

The form of the latter commutator differs from that of the commutator in (1.3) only by
the fact that b € L, N Cr(a) while by € L3 N Cr(a). We have already remarked that this
difference is not very serious and we can apply the induction hypothesis. Therefore

[b17a25547 e 'actva] =0.
The proof is now complete. u

Lemma 1.4 Assume hypothesis of 1.1. Then [L,L] < (L, L,).

Proof Denote (L, L) by N. The inclusions [L1, L3] < L, and [Ly, L3] < L; show that L;
normalizes N. Since L = Ly + L, + L3, it follows that N is an ideal in L. The quotient L/N
must be abelian because so is L;. This completes the proof. ]

Proof of 1.1 Let #n be the minimal number such that

n times

We certainly can assume that # > 1 and prove nilpotency of N using induction on n. Set

M = [L,,a,...,al.
——

n—1 times

Then M < Cr(a) N L, ifnis odd and M < Cr(a) N Ls if nis even. Assume that M < L,
(the case M < Lj is absolutely symmetric).

Let L = L/C;(N), and let X denote the image of any subset X C L in L. The minimal
ideal T of L containing [M, L] is spanned by commutators of the form [b, ¢y, . . ., ¢;], where
¢ € Lyand¢ € Ly UL, ULs; i > 2. Therefore, by Lemma 1.2, a centralizes T. This implies
T < C(N) and we obtain [M,L;] = 0. Since M < I, and L, is abelian, we conclude that

M < Cr((Ly,Ly)).
By Lemma 1.4 [L,L] < (L, L,). Hence M centralizes the subalgebra R of L generated by
[L,1] and a@. Obviously N < R and therefore M < Z(N). Bearing in mind that L =
L/C1(N) we conclude that M < Z,(N), the second term of the upper central series of N.
The same argument with L, replaced by L; shows that

[Li,ﬂ,-.-,a] SZZ(N)
———

n—1 times
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foranyi=1,2,3. Since L = 3, Li, we obtain

[Laaa s 7a] < ZZ(N)
——
n—1 times
Let us consider now the quotient algebra L = L/Z,(N). Let X denote the image of any

subset X C Lin L. Then
]=0

Qi
Q

(L,

PR

{

n—1 times

and so by induction N is nilpotent. Since N = N/Z,(N), we derive that N is nilpotent as
well. Remark that the proof actually shows that N is of nilpotency class at most 21 — 1. The
proof is complete. ]

2 A Sufficient Condition for [L, L] to be Nilpotent

From now on the term “Lie algebra” means Lie algebra over some commutative ring KK with
unity in which 2 is invertible.
We will prove here

Proposition 2.1 Let L = Ly + L, be a Z,-graded Lie algebra and assume that there exists an
odd element a € Ly such that L = (Ly,a). Suppose that Ly is abelian and a is ad-nilpotent.
Then the subalgebra (L,) of L generated by all odd elements is nilpotent.

We remark that under hypotheses of the above proposition (L) is actually an ideal of L
containing the derived algebra [L, L]. It follows that the derived algebra [L, L] is nilpotent.

Lemma 2.2 Let i, j be non-negative integers either both odd or both even. Let L = Ly + Ly be
a 7,-graded Lie algebra with Ly abelian. Let hy, ..., h; and g1, ..., g; be arbitrary elements
in Lo and a € Ly an arbitrary odd element. Then [a, h, ..., h;] and [a, g1, ..., g;] commute.

Proof We use induction on min{3, j}. Suppose first that j = 0 and set b = [a, hy, ..., h;].
We have to prove that [b, a] = 0. By the Jacobi identity we have.

[ayhla"'ahiva] = [aahly"'ahi—laaahi] - [aahla"'ahi—lv [ﬂ,h,‘]}.
Note that [a, hy,...,hi_1,a,h;] = 0 because [a, hy,...,h;_1,a,] € Ly and L, is abelian.

Therefore
la,hi,..., hi,a] = _[aahh coy iy a, hl]]

Write
[a7 h17 R hi*l? [ﬂ, hl]] = [ﬂ, h17 ey hi727 [aa hi]7 hi*l] - [a7 h17 ey hi727 [aa hi7 hi*l]] .

Again we note that [a, hy, ..., hi_y,[a,hi], hi—i] = 0 because [a,hy, ..., hi_i,[a,h]] €
Ly and L is abelian. Therefore

[ﬂ, hlv . . 'ahiaa] = [aahla .. 'ahi—Zv [aa hiyhi—l]]~
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It becomes clear that for any non-negative k < i we have
la,hy, ..., hja] = (—l)k[a, hi, ..o hick [a hishioy, oo higal].
Since i is even, when k = i we obtain
(2.3) la,hi,..., hja] = [a,[a,hi,...,hl]].
By hypothesis all iy, . . . , h; commute and so
la,hihizy, ..., m] = la,hy, ..., hi_y, ] =b.

Combining this with (2.3) we obtain [b,a] = [a,b]. Since 2 is invertible in IK, it follows
that [b,a] = 0.
Assume now thati > j > 1. Setc = [a,g1,...,gj—1] and let us show that
[c,gj,b] = 0.

We have [c,g;,b] = [c,b,g;] — [c, [b,gj]}. As [¢,b] € Ly and L, is abelian, we conclude
that [c,b,g;] = 0 while [c, (b, gj]] = 0 by the induction hypothesis. The proof is now
complete. ]

Lemma 2.4 Let L = Ly + Ly be a Z,-graded Lie algebra and assume that there exists an odd
element a € Ly such that L = (Ly,a). Then L, is spanned by all commutators of the form
la,hy, ..., ], wherehy, ..., hi € L.

Proof Since L = (Ly, a), it follows that L is spanned by all commutators of the form

(25) [xly"'axs]a

where each x; is either even or equals 4. It is immediate that L, is spanned by all commu-
tators (2.5) in which the number of occurrences of a is odd. Assume that [x,...,x] is
such a typical generator of L, and let j be the maximal number such that x; = a. Then
the number of occurrences of ain [xy, ..., x;_] is even and therefore [x;,...,x;_;] € L.
Set hy = [x1,...,xj—]. Since j is the maximal number with x; = a, we conclude that
Xjt1, - -5 %s € Ly. We obtain

[XI, s 7xs] = _[a7h17xj+17 o axS]
and the lemma follows. [ |

Proof of 2.1 Set
M, = {la,hy,... . hl; by, ... By € Losk is even),
M, = ([a,hy, ..., h)s by ..o By € Los kis odd)

and M3 = Ly. Then by 2.4 L; = M; + M,. Therefore L = M; + M, + M3. Lemma 2.2 tells
us that M; and M, are abelian while Mj; is so by hypotheses. Also we have [M;, M;] < M3,
(M, M3] < M, and [M,, M3] < M;. Note that a € M;. Thus, we are in a position to use
Proposition 1.1 according to which the ideal N of L generated by a is nilpotent. Lemma 2.4
shows that L; < N. This completes the proof. ]
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3 Existence of Commuting Ideals
We start this section with a generalization of Lemma 2.4.

Lemma 3.1 Let L = Ly + L be a 7,-graded Lie algebra and assume that L = (X,Y), where
X C LyandY C Ly. Then Ly is spanned by commutators of the form [y, hy, ..., h] for
suitable y € Y and hy, . .. by € L.

Proof Since L = (X,Y), it follows that L is spanned by all commutators of the form

[Zla"'vzs]a

where each z; € XUY. Itis immediate that L; is spanned by all such commutators in which

the number of occurrences of elements of Y is odd. Assume that [z, . . ., z] is such a typical
generator of L; and let j be the maximal number such that z; € Y. Then the number of
occurrences of elements of Y in [z,...,z;_;] is even and therefore [z, ...,zj_1] € L.
Set hy = [z,...,2j—1]. Since j is the maximal number with z; = a, we conclude that
Zjs1, .-+, 2 € X. We obtain

[217 e aZS] = _[Zjahlyszrly o 725]
and the lemma follows. [ |

Lemma 3.2 Let L = Ly + Ly be a Z,-graded Lie algebra with Ly abelian. Let B < L, be
any set of odd elements and g € Ly such an even element that [B,g,B] = 0. Let D be the
set of all commutators of the form [b,hy,...,h], b € Band hy,... h € Ly. Assume that
a € Ly N Cr(g). Then for any non-negative integer m we have

[a,D,...,D,g] =0.
——

m times

Proof Induction on m. If ¢ € L is any odd element we observe that [a, c,g] = 0 because
[a,c] € Ly and Ly is abelian. Since D C Ly, for m = 1 the assertion follows. Suppose now
that m = 2. We will prove first that

(3.3) ifci,c € B then [a,c1,c,8] =0.

Write
[a7 617C27g] = [a7C17g7 CZ] + [a,Cl, [C27g]]-

Note that [a, ¢1, g, c2] = 0 because [4, ¢1, g] = 0. Therefore

[av C17C27g] = [aycly [627g]:| .

Since ¢, ¢; € Band [B, g, B] = 0, we obtain

[a,c1, [c2,8]] = [a,[c2,8),c1] = [[a, 0,8l + [, [a,g]},cl].
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Both commutators [a,c,,g] and [cz, [a, g]] equal zero. The first one is zero because
[a, 2] € Ly and Ly is abelian while the second one is zero because [a, g] = 0 by hypothesis.
Thus, (3.3) holds.

Now write

a=1bi, fis- s fi], @ =1ba, by, ..ol ],
where by, b, € Band fi,. .., fx,, M, ..., hr, € Lo. Suppose that k; > 0 and write
la,c1] = [a, [bl,fl,...,fkl]].
Using the same argument as in the proof of Lemma 2.2 we obtain
[a,cl] = (=D)"[a, fi,. .., fi, b1l

Seta; = [a, fi,..., fv,] and observe that a; € L; N C(g). It now suffices to prove that
[a1, b1, c2,g] = 0. This argument shows that without any loss of generality we can assume

that k1 = 0.
Taking this into account and using the fact that [a, b;] € Ly and hence [, b;] commutes
with all iy, ..., by, we compute

[a7clvc2ag] = I:aablv [bZahly"'ahkz]ag] = _I:b27h17"'ahk27 [a7b1]7g]
= _[b27 [a7b1]7h17-‘-7hk27g:| = [a7b17b27h17"'ahk27g]'

We already know that [a, by, b, g] = 0. Since ¢ commutes with hy, . . ., hy,, it follows that
[a7 C1, C27g] =0.
Thus, it remains to handle the case m > 3. Let ¢y, ¢z, - . ., ¢y be arbitrary elements in D.

We have to show that

[aa Cly«-+s Cmag] =0.
Set a; = [a, ¢, ;] and observe that a, € L, and by the preceding paragraph a, € Cr(g).
The induction hypothesis yields

[a27 C3y..., Cm7g] =0.
This completes the proof. ]

Lemma 3.4 LetL = Lo+ L, be a’Z,-graded Lie algebra with Ly abelian. Let A, B C L, be sets
of odd elements such that L = (Lo, A, B) and [A, Ly] C A. Suppose that g € Ly and a € L,
are such even and odd elements respectively that [A,a] = 0 and [B,g,B] = 0. Let N and G
be the ideals of L generated by a and g respectively. If [a,g] = 0 then [N, G] = 0.

Proof Assume that [a, b] = 0. Let D be the set of all commutators of the form [b, hy, .. ., h;]
whereb € Band hy, ..., h; € Ly. Thenby 3.1 L; is spanned by A and D. Then N is spanned
by commutators of the form [a,d,,...,d;], where d;,...,d; € Ly UA U D. Therefore it
suffices to prove that we always have

(3.5) [ﬂ,d],-..,ds,g]:().
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This will be proved by induction on s and some other parameters introduced when neces-
sary. We observe that the set Ly U A U D is closed with respect to the multiplication in L.

Obviously (3.5) holds if d; € A because [A,a] = 0, so we may assume that d; ¢ A.
Suppose that at least one of ds, . . . , d; belongs to A. Let j be the smallest number such that
d; € A and let us use induction on j. Write

[[l, dh .- '7dj717dj7dj+17 v 7d57g] = [a7d17 XN [djfhdj]?d]”rh e ‘7d57g]
+ [a,dly- . 'adj)dj—ladj+lv' . '7d57g]'

The first of the above commutators is zero by the induction on s because [d;_;,d;] €
Ly U A U D while the second one is zero by the induction on j. The conclusion is that
there is no loss of generality in assuming that none of dy, ..., d; lies in A. Suppose now
that some of them lie in Ly and let k denote the smallest number such that d; € Ly. We will
use now induction on k. If k = 1 we write a; = [a, d;]. Since Ly normalizes A, it follows
that [A,a;] = 0. Also we note that [a;,g] = 0 because L is abelian. Substituting now
in (3.5) [a, d;] by a; and using induction on s we deduce (3.5). This enables us to assume
that k > 2. Since di_; ¢ A, it follows that dy_; € D and so [dy_, dx] € D. We have

[aydly"'7dk—1>dk7dk+la~"ad$ag] = [aadla'“y[dk—ladk]vdk+la"'7dsag}
+ [a7d17"‘adkvdk—lvdk+17°"7d57g]'

The first of the above commutators is zero by the induction on s because [dy_1,dx] € D
while the second one is zero by the induction on k.

The conclusion is that without any loss of generality we may assume that all d, . . ., d;
lie in D. In this case (3.5) is immediate from Lemma 3.2. The proof is complete. ]

4 Main Theorem

Given any Lie algebra L, let R(L) denote the sum of all locally nilpotent ideals of L. Thus,
R(L) is the maximal locally nilpotent ideal of L.

Lemma 4.1 Let L be a Lie algebra generated by finitely many elements ay, . . ., ax such that
each commutator in ay, . . ., ax is ad-nilpotent. If L is not nilpotent then there exists a proper
ideal N in L such that R(L/N) = 0.

Proof Let us consider an ascending chain of ideals R,, of L defined as follows. Set Ry = 0.
If « is not a limit ordinal and R, is already defined then R, /R,—1 = R(L/Rq—1). If av is
a limit ordinal then R, = (J,_,, Rg. Let N be the union of all ideals R,. Then obviously
R(L/N) = 0. We wish to show that L # N.

Suppose that L = N. Since L is finitely generated, it cannot be a union of proper ideals.
Therefore L = R,, where the ordinal « is not limit. Then L/R,_, is not nilpotent and so
without any loss of generality we can assume that v = 2. Since L/R; is locally nilpotent and
finitely generated, we conclude that L/R; is nilpotent. Let ¢ be a commutator in ay, . . ., a;
of maximal possible weight such that ¢ ¢ Ry. Then ¢ + R is central in L/R, and therefore
(¢,Ry) is an ideal in L. By [7, 1.3.1] {c, R;) is locally nilpotent. The definition of R; now
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implies that (¢, R;) = Ry and ¢ € Ry. This contradicts our choice of ¢ and completes the
proof. ]

Lemma 4.2 Let L be a Lie algebra with R(L) = 0. Let N be an ideal of L and C = Cr(N).
Let L = L/C and N be the image of N in L. Then R(L) = 0 and C;(N) = 0.

Proof Since NNC is an abelian ideal of L, it follows that NNC = 0. Suppose that R = R/C
is a locally nilpotent ideal of L. Then N N R is a locally nilpotent ideal of L contained in N.
Since N N C = 0, we conclude that N N R is locally nilpotent. Therefore NN R = 0 and
R < C. This means that R = 0.

Next, let D = D/C = C;(N). By the preceding paragraph N N D = 0. Therefore
NND < C.NowNNC = 0implies N N D = 0. It follows that D < C and D = 0, as
required. ]

Lemma 4.3 Let L = Ly + Ly be a non-abelian nilpotent /,-graded Lie algebra generated
by asetY C Ly. Then there exists a non-zero commutator h in elements of Y such that
h € Ly N Zy(L), where Z,(L) denotes the second term of the upper central series of L.

Proof Let L be of nilpotency class ¢ > 2 and let d be the even of the numbers ¢ — 1, c.
Then there exist elements yy,...,ys € Y such that h = [y1,..., y4] # 0 (otherwise, the
nilpotency class of L would be less than ¢). We observe that h € Ly N Z,(L), as required.

|

Theorem 4.4 Let L = Ly + L, be a /,-graded Lie algebra over a commutative ring with
unity in which 2 is invertible. Suppose that Ly is abelian and L is generated by finitely many
homogeneous elements ay, . .., ax such that every commutator in ay, . . ., ay is ad-nilpotent.
Then L is nilpotent.

Proof Let L be a counterexample to the theorem. By 4.1 we can assume that R(L) = 0.

Our reasoning in the case k = 2 is slightly different from that in the case k > 3 so we
will consider these cases separately. Suppose first that k = 2. It is convenient to denote a;
by a and a; by b, so that L = (a, b). If any of a, b belongs to L, then L is generated by L,
and a single ad-nilpotent odd element. Then by Proposition 2.1 the derived algebra [L, L]
is nilpotent. This contradicts the assumption R(L) = 0. Thereforea, b € L;.

Let A and B be the subspaces of L; spanned by all commutators of the form [a, hy, . . . , h;]
and [b, hy, ..., h;] respectively, where hy, ..., h; € Ly. Then by Lemma 3.1 L; = A + B.
Proposition 2.1 tells us that the subalgebras (A) and (B) generated by A and B respectively
are nilpotent. Let (B) be nilpotent of class ¢ and suppose first that ¢ > 2. Then by 4.3 there
exists a non-zero element ¢ € Z,((B)) N Ly. Let G be the ideal of L generated by g. By
Lemma 4.2 we can assume that C;(G) = 0. Choose

0 7& deLiNCL(A) ﬁCL(g)

If N is the ideal of L generated by d then Lemma 3.4 says that [N, G] = 0. Hence N = 0, a
contradiction.
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We conclude that

Recall that ¢ € Ly and so ¢ normalizes L; N C(A). If d is any element in L; N C(A) then
for each positive integer m the commutator

d,g,..., gl
——

m times

also lies in L; N Cr(A). Since g is ad-nilpotent, we can choose m such that

[d7g7 e 7g] S CL(g)
——

m times

The conclusion is that
LiNCL(A) = 0.

Recall that (A) is a non-zero nilpotent subalgebra generated by certain homogeneous
elements. Therefore Z((A)) contains some non-zero homogeneous element #y. Our as-
sumptions imply that iy € L;. Now observe that

[b, ho] € L NCL(A).

Indeed, the inclusion [b, hy] € L, is obvious. Let a; = [a, hy, ..., h;] be a generator of (A)
with hy, ..., h; € Ly. We have

I:alv [ba hOH = [aly b7 hO] + [b7 [alv h()]] .

The first of the commutators on the right hand side above is zero because [a;, b] € Ly and
Ly is abelian while the second one is zero because hy € Z({A)) and therefore [a;, hy] = 0.
The assumption that L; N Cy(A) = 0 implies now that [b, hy] = 0. We have just noted that
hy € Z({A)) and therefore [a, hy] = 0. So, we conclude that hy € Z(L). This contradicts
the assumption that R(L) = 0.

Thus, we obtain a contradiction in all cases when (B) is not abelian. Consider now what
happens if (B) is abelian. By a symmetric argument we can assume also that (A) is abelian.
So, (A) = A and (B) = B. Set now gy = [a,b] € Ly. Let Gy be the ideal of L generated by
g. By Lemma 4.2 we can assume that C;(Gp) = 0. Since g is ad-nilpotent and normalizes
A < L, it follows that ANC(go) contains a non-zero element a,. Since A and B are abelian,
we observe that

[A,a;] = [B, g, B] = 0.

We are again in a position to use Lemma 3.4. Let N be the ideal of L generated by a,. By
Lemma 3.4 [N, G] = 0, whence N = 0. This contradicts the choice of a, and completes
the proof in the case k = 2.

Suppose now that k > 3. Without any loss of generality we assume that a;_; and ai
do not commute. Seta = a;, by = ay,...,bx—1 = ar. Arguing by induction on k we
assume that the subalgebra (by,...,bx_;) is nilpotent. Let B = (by,...,bx_1) N L. If
(br,...,bk—1) < Lo then L = (Ly,a). In this case Proposition 2.1 tells us that [L, L] is
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nilpotent which yields a contradiction. It follows that B # 0. Let us show that there exists
anon-zero g; € Ly such that

[B7gla B] =0.
If the subalgebra (B) is not abelian, then existence of g; with required properties follows
from Lemma 4.3. If (B) is abelian then, since (b;,...,bx_;) is not abelian (recall that

bx—> and by_; do not commute), it follows that either by_, or by_, lies in Ly. For clarity’s
sake assume that by_; € Ly. Note that [B, by_;, B] = 0 because b;_; normalizes B and B
generates an abelian subalgebra. Also it is clear that by_; satisfies the other conditions so
we can take g1 = by_;.

Thus, we proved that there exists an element g € Lo such that [B,g,B] = 0. The
remaining part of the proof practically does not differ from the settled above case k = 2.

Denote by A the subspace of L; spanned by all commutators of the form [a, k1, . .., ;]
for suitable hy, ..., h; € Ly. By Proposition 2.1 (A) is nilpotent. Again we can show that
existence of a non-zero element d € L; N C(A) leads to a contradiction. So, we assume

LiNCL(A) =0.
Arguing exactly as in the case k = 2 above, we choose 0 # hy € Z({A)) and observe that
[L,ho] € LiNCL(A) =0.

Since Z(L) = 0, it follows that hy = 0. This contradicts the choice of hy and completes the
proof. ]

5 On residually finite groups

Let G be any group and p a prime. Fori > 1 set

k
Di(G) = [] %67,
jpr=i
where 7;(G) stands for the j-th term of the lower central series of G and for any subgroup

H < G the symbol H?" denotes the subgroup of H generated by the set {th; h € H}.
It follows that v;(G) < D;(G) for all i > 1 and that (D;(G)),., is a descending series of
characteristic subgroups of G. This series is called the Lazard p-series of G.

Lemma 5.1 ([6, p. 250]) For any group G and all i, j > 1 we have
[Di(G), Dj(G)] < Diyj(G).

The above lemma shows that the Lazard p-series (Di(G)) > isa strongly central series
of G in the sense of [6]. This fact enables us to associate a Lie algebra L,(G) to G. This is
done as follows.

To simplify notation we write D; in place of D;(G). For all i > 1 the quotient group

D;/Diy; can be viewed as a vector space over the field with p elements . Let L(G) denote
their direct sum,

L(G) = D Di/Dinr.
i=1
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For arbitrary cosets aDj;; € D;/Dj;y and bDj,, € D;/Dj;; we define a bracket product
(5.2) [aDi; bDj+1] = [a, b]Di+j+1a

where [a, b] denotes the group commutator a~'b~'ab. Lemma 5.1 implies that the product
above is well defined in the sense that the right hand side of (5.2) does not depend on the
coset representatives a, b. Extending now the product (5.2) linearly to the whole L(G) we
give L(G) a structure of Lie algebra over the field F,. The subalgebra of L(G) generated by
D, /D, will be denoted by L, (G).

The following lemma is due to M. Lazard [9, p. 128].

Lemma 5.3 Leta € D; — D;y; and suppose that a is of order p*. Let & = aD;, be the
corresponding element in L,(G). Then

[Ly(G),a,...,a

)
Pk times

0.

Next, we remark that if ¢ is an automorphism of G then ¢ naturally acts on each quotient
D;/Dj4,. This action induces an automorphism of L, (G). Slightly abusing terminology we
will say that ¢ acts on L,(G).

Let G be a periodic group. For any element x € G of odd order let us use x* to denote
the element y € (x) such that y* = x. If G is a periodic 2’-group and ¢ is an involutory
automorphism of G then x(x_¢x)_% € Cg(¢). Indeed, let h = x(x_¢x)_%. Using that
(x_‘bx)% = x‘q’x(x_‘/’x)_% we compute

h? = x¢(x’1x¢)’% = x¢(x’¢x)% = x‘z’x"z’x(x*“tx)*% = x(x*‘z’x)*% =h.

Lemma 5.4 Let G be a periodic 2'-group admitting an involutory automorphism ¢. Let I be
the set of all elements x € G such that x* = x~'. Then G = Cg(¢)I.

Proof Let x be an arbitrary element of G, and let h = x(x_‘bx)_%. We know that h €
Ci(¢). Clearly, g = (x_‘bx)% € 1. Since x = hg, the lemma follows. [ |

Lemma 5.5 Let G be a periodic 2'-group having an involutory automorphism ¢. Suppose
that N is normal ¢-invariant subgroup of G. Then

Co(@)N/N = Cg/n ().
Proof Letx € Gand xN € Cg/n(A). Thenx~%x € N. Since
x = x(x_"ﬁx)_%(x_‘bx)% and x(x_"ﬁx)_% € Cg(9),

we obtain that xN € Cg(A)N/N.
Thus, we showed that Cg/n(¢) < C5(¢)N/N. The reverse inclusion is obvious. [ |

Lemma 5.6 Let G be a periodic 2'-group having an involutory automorphism ¢ such that
Cq(@) is abelian. Assume that p is a prime. Then also the centralizer of ¢ in L,(G) is abelian.
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Proof This is immediate from 5.5 and the definition of L,(G). [ |

Proposition 5.7 Let G be a finitely generated residually finite p-group admitting an involu-
tory automorphism ¢ such that Cg(@) is abelian. Then L,(G) is nilpotent.

Proof Let L = L,(G). The previous lemma allows us to view ¢ as an automorphism of L
such that Cy(¢) is abelian. Set Ly = C;(¢) and L; = {x € L;x? = —x}. Then L = Ly + L,
and this provides a Z,-grading of L with L, abelian. By 5.4 G is generated by finitely many
elements ay, . . ., a; such that either a? = g; or a? = a;" ! Letdy,...,d be the generators
of L corresponding to ay, . . . , a;. Since the subgroups (a;) are ¢-invariant, we conclude that
di, ..., ds are homogeneous in L. By the Lazard Lemma all commutators in the generators

di, . ..,ds are ad-nilpotent. So by Theorem 4.4 L is nilpotent. The proofis complete. =~ M

Theorem 5.8 Let G be a periodic residually finite 2'-group having an involutory automor-
phism ¢ such that Cs(@) is abelian. Then G is locally finite.

Proof Suppose first that G is residually nilpotent. In this case G decomposes into direct
product of maximal p-subgroups. It suffices to prove that any p-subgroup of G is locally
finite. Therefore without any loss of generality we may assume that G is a p-group for a
prime p. Next, let X be any finite subset of G. Obviously X is contained in some finitely
generated ¢-invariant subgroup S of G. Proposition 5.7 tells us that L,(S) is nilpotent.
Therefore, by the argument of Zelmanov [18, p. 573], S is finite. We derive that any finite
subset X of G is contained in a finite subgroup. Therefore G is locally finite.

Now we consider the general case. By 5.5 if Q is an arbitrary ¢-invariant finite quotient
of G then Q admits an involutory automorphism whose centralizer in Q is abelian. A
result of Kovacs and Wall [8] now yields that the derived group Q’ is nilpotent. Together
with residual finiteness of G this leads us to the conclusion that the derived group of G is
residually nilpotent. By the preceding paragraph we obtain that G’ is locally finite. This
implies local finiteness of G. The proof is complete. ]
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