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THE EXPLICIT FOURIER DECOMPOSITION OF
LH(SO()/SO(n — m))

ROBERT S. STRICHARTZ

1. Introduction. The decomposition of L*(SO(n)/SO(n — m)) into a direct
sum of irreducible representations of SO (n) is given abstractly by the branching
theorem and the Frobenius reciprocity theorem [1]. The goal of this paper is to
obtain this decomposition explicitly, generalizing the theory of spherical har-
monics (m = 1). The case m = 2 has been studied in Levine [6], and the case
2m < n in Gelbart [3]. Our results shed more light on these cases as well as
revealing new phenomena which only occur when 2m > .

Following Gelbart [3] we realize SO(n)/SO(n — m) for 1 < m < n as the
Stiefel manifold S,,” = {real » X m matrices whose columns are orthonormal
vectors in R"}. The irreducible subspaces of L2?(S,") are realized as restric-
tions to S," of certain harmonic polynomials on real » X m matrix space. We
now describe them.

Let x4, ..., x,, denote the columns of the n X m matrix x, so that each x
is a vector in R*. Let u = [#/2] and let ay, . . ., a, be vectors in C"* satisfying
a;-a; = 0 (bilinear dot product). If # is odd let b € C" satisfy b -a; = 0,
b+ b = 1. One choice for the a,'s and b is

— —_ — —_

1 0
1 0 0
0 1 .

. 1
ap = , a2 = 0 , etc.,, b = )
. 0
. . 1

[ 0] L0 ]

We shall refer to this as the canonical choice.

Let A denote any subset of {1, ..., m}, and let |4| denote its cardinality.
We define M (4), a polynomial on matrix space, as follows (M (4) depends on
the choice of the a,’s and b):

(i) if |A] £ p, M(4) is the determinant of the [4]| X |4| matrix obtained
from the p X m matrix {a;-x;} by selecting the first |4| rows and those
columns corresponding to k € 4.

(ii) if |4| > u, M(A) is the determinant of the |4| X |4| matrix obtained
be selecting the first u rows and the last |4| — u rows and those columns cor-
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responding to k € 4 from the n X m matrix

a; x| .. .
{_’ "} if n is even, or

Q- Xy
aj " Xy
dj'xk if’ﬂ iS Odd.
b - X
Let & denote a finite sequence 4;, A, ..., Ay of non-empty subsets of
{1, ..., m} of decreasing cardinality, |4;| = |41, and satisfying |4.| +

|[4s] £ n. We write f(&/) = II]_; M(4,), with the canonical choice for the
ass and b. If n is even and |4;| = n/2 we write f~(&/) for the polynomial
obtained from f(&/) by replacing a, by d,.

THEOREM 1. f(&7) is a non-zero highest weight vector for an irreducible rep-
resentation of SO(n) of highest weight w = (my, ..., m,) given as follows:

(a) of |41 = n/2 then m; = |{r: |4,| 2 j}|

(b) if |41 > n/2thenm; = 0if j > n — |4\ and m; = |{r: |4, = j}| if
J £ n — |A\|. When defined, f~(&7) is a non-zero highest weight vector with
highest weight (my, . .., My 1, —m,).

The polynomial f(/) is SO (n)-harmonic in the sense that it is annihilated
by every SO (n)-invariant differential operator, namely V,; - V., f(&) = 0 for
all j, B =1, ..., m. Its restriction to S,” is non-zero and so generates under
the action of SO(#) an irreducible subspace of L?(S,”) with highest weight w.
As o/ varies these subspaces span L2(S,"), but they are not linearly indepen-
dent. There are two reasons why this is so. The first is that there may exist
linear relations between the polynomials f(27). An example of this is

M1, 20)M{3}) + M({2, 31)M({1}) + M({3, 1}) M({2}) = 0
for m = 3 (this cannot happen when m = 1 or 2). Or it may even happen

that while a set of f(2/)’s is linearly independent, their restrictions to S," are
not. An example of this is

M({1,2})2 4+ M({2,3})* + M({1,3})2 = 0 on Ss*.

(This does not appear to happen unless 2m > #.) In order to obtain a spanning
linearly independent set of invariant subspace of L2(S,") we restrict the set
of sequences.?/ as in the following definition:

A sequence . = A,, ..., Ay is S," admissible if
(1) IAA = |Aj+1|?
@)if A, = (i, ..., 4.} and A0y = {3ty ..., i/} withis <45 < ...and

1 <1 <...thent' = i fork = ¢ (noteq < p by (1));
(3) for any k£ < m we have
[{r:r € Ayandr S k}| + |{r:r € Adoandr Sk} Sn+k—m

(if &/ = A, drop the second summand). The empty sequence is also admissible.
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THEOREM 2. The irreducible subspaces generated by f(Z) restricted to L2(S,")
as S runs over all admissible sequences, and, when n is even, the restrictions of
() when S is admissible and f~ (/) defined, are linearly independent and
span L*(S,").

These results are incomplete in some respects, for we do not obtain orthog-
onal subspaces. While in principle all that is required is to orthogonalize the
f(&) corresponding to a fixed highest weight », we have no explicit way of
doing this (except when m = 1 or 2, or n = 4). It would also be of interest to
verify the following conjectures:

(1) The irreducible spaces of polynomials in Theorem 1 span all SO(n)-
harmonic polynomials.

(2) If 2m = n then an SO(n)-harmonic polynomial is determined by its
restriction to S,".

These conjectures were proved for the case m = 2 by Levine [6]. They are
related to more general results of Helgason [4] and Kostant [5].

We will prove Theorems 1 and 2 in the next two sections. We also indicate
the modifications necessary to deal with the case n = m, where we obtain a
simplification in that we may always have |4,| < p. Section 4 describes some
special cases in more detail, and Section 5 deals with the symmetric space
SO0(n)/SO(n — m) X SO(m).

I am grateful to Professor Gelbert for interesting me in these problems, and
to Robert Stanton for useful discussions concerning Section 5. Recently
Tuong Ton-That [9] has announced a proof of conjecture (2) above.

2. Proof of Theorem 1.
LEmMMA 1. f(&7) and f~(&/) are SO (n)-harmonic.

Proof. If |A:] < n/2 the result is trivial, because then f(&/) is a sum of
products of polynomials a; - x;. Applying V., - V,, produces factors a, - a,, all
of which vanish. Similarly for f~ (7).

If |4,] > n/2, then certain @; - x, and b - x, factors appear in M (4,). But
the condition |4,| + |4:| = n implies that if @, - x; occurs in M (4,) then a;
does not occur in M(4,),..., M(Ay). Thus

Vo - Vof () = 0 + [V, - vz,M<A1>171j MA4y).

Now assuming 7, s € 41, r # s (otherwise V,, - V., M(4,) is trivially zero)
we expand the determinant M(4,) by cofactors along the columns corre-
sponding to 7 and s. Notice that a; - x,d;, - x, and @, - x,a; - x, occur with the
same cofactor but with opposite sign, so that when V,, - ¥V, is applied these
terms will cancel. All the other terms are trivially zero (note that b occurs at
most once), since a; - 4, = 0if j # k.
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Thus we observe that the invariant space of polynomials generated by
J() (or f~(&)) consists of spherical harmonics of degree ¥ |4,| in the n - m
variables, because the ordinary Laplacian is } 7, V,; - V,,;. Now the space of
spherical harmonics of fixed degree has an especially simple positive definite
inner product given by (f, g) = f(D)g. Our proof of Theorem 1 consists in
showing that f(&/) is orthogonal, with respect to this inner product, to any
rotation of a polynomial with the same homogeneity that is a weight vector
with a higher weight.

We write an arbitrary polynomial in terms of the basis

IT @ =)” TT (@ -2 TT b-xn)®

with the canonical choice for the a;'s and b (if # is even the b terms do not
occur). Each such term has homogeneity > > 74 + 2.0 sz + 2 4 and is a
weight vector with weight w = (my, ..., m,), m; = > (r — sy). [tisclear
from this that f(&7) is a weight vector with weight given by Theorem 1. We
must show that f(/) isorthogonal tog = I1(a; - x;)7ll (@, - x,) i 11 (0 - )%
for any choice of the a;/’s and b’ provided > > 7 + 22 su + 2 b = 2 |4,]
and o = (m/, ..., m)), m;/ = > (r;x — si) is a higher weight than w.

We compute g(D)f(&) by applying Leibniz’ formula. This produces a sum
of terms, each of which we will show to be zero. The basic observation is that
a derivative of a determinant is the sum of the determinants obtained by differ-

entiating one column of the matrix. Thus the terms comprising g(D)f(%/) are
obtained by replacing x;’s in the determinants M (4,) by ¢/, @,/ and b, exactly
7k, Si and ¢ times respectively. What we shall show is that this implies that
one of the determinants must have two identical columns, hence be zero.

Consider first the case when |4,| = n/2. Because o’ is a higher weight than
w we have m,’ = m; and hence Y ; r1; = m;. Now there are Y, ri; ai’s to be
distributed over all the M (4,)’s, which number exactly m, by (a). Thus, one
determinant must be hit twice unless m," = m; and .. si; = 0, and the a,’s
are distributed one to a determinant. Next we distribute the a,”’'s. We have
mqy = ms hence > ; 7y = ma. But the number of M (4,)’s left is exactly m.,
because those with |4,| = 1 were used up when the a,"’s were distributed. Thus
we must have my’ = m», > ;s = 0 and the a.’’s must be distributed one to a
determinant with |4,| 2 2. Reasoning inductively we conclude &' = » which
contradicts the hypothesis that »’ is a higher weight.

Next consider the case |4:] > n/2, and let A = n — |4,]. We may use the
same reasoning as before to conclude that m; = m; for j < \, and that only
|41] — X = n — 2\ columns of M(4,) remain to be filled. In order to avoid
repeating columns we must have X ;74 <1, Dysp =1 and Xty <1 forall
i>

Suppose 7 is even. Then there are only #/2 — X\ values of j > )\, hence to
fill # — 2\ columns we must have D> ;7 = > ks = 1 for j > N which implies
mj; = 0for j > X\ hence o' = w.
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Suppose 7 is odd. Then there are only (# — 1)/2 — X values of j > \, hence
to fill # — 2\ columns we must have Dz 74 = D asu = 2 & = 1 forj > \
which again implies o' = w.

Finally we consider f~(%/) when # is even and |4,| = n/2 so that m, > 0.
Under the larger group O(n), f(&/) generates an invariant subspace with
highest weight  which contains f=(&/). Now f~(&) is a weight vector with
weight o’ = (m4, ..., m,_1, —m,) and the weight vectors with this weight are
one-dimensional. Thus upon splitting the representation of O(xz) into two
irreducible representations of SO (n) with highest weights w and ', we see that
f~(%/) must generate the space with highest weight «'.

3. Proof of Theorem 2. We shall give an inductive proof, deriving the
result for S, assuming it for S,,—1"~!. For this purpose it is more convenient
to have an inductive criterion for admissible sequences. We define the deletion
d(A)of AC{1,...,m}tobedNI{l,...,m— 1}.

LeEMMA 2. A sequence & = A, ..., Ay is S," admissible if and only if

(1) |4, Z |4 4],

(2') 44| + [42] = m,

(3") 8(HF) = 6(41),...,8(Ax) is S,_i"' admissible and 6(4;) =@ for
i> M. (If 5(4,) = @ then §(&/) is the empty sequence.)

Proof. Assume &/ is S, admissible. Then (1’) and (2') above follow from
(1) and (3) with & = m of the definition of admissible. Now §(4 ;) = @ if and
only if 4; = {m} and (2) implies such a set can only occur at the end of an
admissible sequence. To complete the verification of (3’) above we write
A;={i, ..., ), A1 = {id, ..., 14} in ascending order. By (2) we have
i 2 i for k < ¢ and ¢ £ p. Now [|6(4,)| = [6(44+1)| unless ¢ = p, 7, = m
and 7,/ # m. But this contradicts 1,/ = 1,, proving (1) for §(&/). Similarly (2)
and (3) hold for 6(&7). Thus an .S,,* admissible sequence satisfies the conditions
of the lemma.

Conversely, assume the conditions of the lemma are satisfied. We must show
that &7 is S, admissible. By (3’) we know that §(%/) is S,_,""! admissible.
This, together with (1’) and (2) easily yield conditions (1) and (3) of the
definition of S, admissible for &7. To verify (2) write 4; = {41, ..., ,},
A= {4, ...,14,}. Because 6(&) is S,_1"! admissible we have 7,/ = i, for
k = ¢ — 1 and also for & = g unless 7,/ = m. But in that case 7,/ = ¢ trivially.

We now give the induction step in the proof of Theorem 2.

Letwbeadominant weight for SO (#) and w’ a dominant weight for SO (n — 1).
We say w intertwines o' if:

(a)ﬂ=2[l, w = (mly ce ey mn)v w,= (mlly LR ] m#—ll)y mlgmllgm2
émz’g...gm#_l’é |m“|;

bWyr=2pu4+1,0=(my, ..., m),o = m’,...,m)), m =m/ = m,
=my =...2m, = |m/|

Now the representation of SO(z) on L2(SO(n)/SO(n — m)) is the induced
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representation from the trivial representation of SO(z — m). By the composi-
tion theorem for induced representations it may also be regarded as the in-
duced representation from the representation of SO(n — 1) on L2(SO-
(n — 1)/SO(n — m)). In our induction argument we assume that the repre-
sentation of SO(n — 1) on L2(SO(n — 1)/(SO(n — m)) is already decomposed
into irreducibles by Theorem 2. By the Frobenius reciprocity theorem and the
branching theorem we know that each irreducible subrepresentation of SO-
(n — 1) with highest weight o’ induces on SO(n) a representation which
decomposes into a direct sum of irreducible representations with highest
weight w, where each w intertwines ' and occurs with multiplicity one. This
gives us, inductively, an exact formula for the multiplicity of any abstract
representation in the decomposition of L2(SO(n)/SO(n — m)). The next
lemma will enable us to show that Theorem 2 gives the same multiplicity.

LeEmMA 3. (a) Let &/ be S, admissible. If f(&/) has weight w and f(6(/)) has
weight o, then  intertwines .

(b) Let " be S,,_,"~' admissible, let (") have weight o', and let w intertwine
o', with m, 2 0. Then there exists a unique S," admissible sequence 4 satisfying
8() =" and such that f(Z) has weight », unless n is odd and m,’ > 0.
In that case there are exactly two such admaisstble sequences.

Proof. (a) LetZ = Ay, ..., A5, 8(F) = 6(41),...,8(Ay) with 4; = {m}
forj > M. Because |[4]| = [6(4)| we havem; = m /. Because |[4| < [6(4)] + 1
we have m; = m 1. Thus v intertwines o'

(b) First assume 2m < n. Write &/’ = 4/, ..., A,/. Theorem 1 implies
that Ay, 41", . .., Ap; are sets with cardinality j. Lemma 2 implies that for
&/ to be S," admissible and satisfy §(&/) = ./’ it must be of the form &/ =
Ay, ..., Ay with 4; = {m} for j > M and 6(4,) = 4 for j £ M. In order
to guarantee |4;| = 14,41 we must adjoin {m} to some initial subsequence of
Am;r+1’y - oo, Amy’ for each j. That means we must choose integers M4,
satisfying m ;.1 < M1 < M,/ such that 4, = 4, \J {m} form,y/ +1 =k
< M;, and 4, = 4 for M;;1+ 1 <k <mj. This produces f(&) with
weight (V, M, ..., M,) with any N =2 M = m,’, giving exactly one admis-
sible &7 for each weight that intertwines o’.

The same reasoning applies if 2m > n but [4,/| < p. Thus assume |4,/| 2 p
andsetA\ = n — 1 — |4/|. Then4,,. .., A, have cardinality \and m;’ = 0
for j > X\. Assume N < n — 1 — |4/|. In order to have |4:| + |42 £ n we
may either adjoin {m} to A," and leave 4,, ..., 4,,. alone, or we may leave
A, alone and adjoin {m} to an initial subsequence of 44/, ..., A/, but not
both. The first option produces f(&/) with weight satisfying m\ = m\/, myy1 = 0.
In the second case, if we adjoin {m} to 4./, ..., 4, we obtain my, = my’ — p
— 1, myy1 = p + 1. Thus once again we obtain one admissible sequence for
every weight that intertwines '

Finally, assume X = n — 1 — |4/'|. This occurs exactly in the exceptional
case: 7 odd, m,” > 0. Here 4/, ..., Ap,  have cardinality p = (n — 1)/2.
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In order to have |4:| + |4:| £ n we may adjoin {m} only to 4,". Whether or
not we do so does not affect the weight of f(2/) which is already determined to
be (N, M., ..., M,) by the previous choices. Thus we obtain two admissible
sequences for each w intertwining «’.

As a consequence of the lemma it is sufficient to prove linear independence of
the f(&7) in order to prove that they span. To see this we reason as follows:

Suppose # is even and w satisfies m, = 0. Then L2(S,") contains one ir-
reducible subspace with highest weight » for each irreducible subspace of
L2(S,,—1"') with highest weight ' such that w intertwines »’. By the induction
hypotheses these subspaces of L2(S,-.""!) are in one-to-one correspondence
with S,_1""! admissible sequences .2/’ such that f(2/’) has highest weight .
By the lemma the mapping &/ — §(2/) puts into one-to-one correspondence
the S, admissible sequences.oZ such that f(%/) has highest weight w with the
Sn—1""! admissible sequences .2’ such that f(&/”) has highest weight w. This
proves the contention in this case.

If # is even but m, < 0 we reason as before replacing f(&/) with f~(2).

Suppose 7 is odd. Then L2(S,"”) contains one irreducible subspace of L2-
(Sp_1™') with highest weight ' satisfying m,” = 0, and two for each o’
satisfying m,’ > 0 (one for ' and one for (m/, ..., m,_', —m,’)) such that
o intertwines w’. We may thus reason as before.

We now give the proof of linear independence. Assume .27, 972, ... are
distinct S,," admissible sequences, f(/*) has weight w, and }_ B:f(&/*) vanishes
on S,". We must show that 8; = 82 = ... = 0. Note that since the highest
weight space always has dimension one, this will prove that the subspaces
generated by the f(&/*) are linearly independent.

Assume first that 2m < n. By Lemma 3, §(2/%) are distinct S,,_,"~! admissible
sequences. Thus it suffices to show that Y 8,f(6(2/*)) = 0on S,_,"~"! and apply
the induction hypotheses.

To do this we let

0
: x;
Xm = | and xj=|:6:| for j=m—1,
0
1
where (x1/, ..., xn-1') € Sp_1"'. We do not substitute this directly in

> Bif(&*) because it usually produces zero. Instead we first perform some
rotation of variables to obtain non-zero terms. The principle is that if
F(xi, ..., x,) vanishes on S,", then so does F(Rx;, ..., Rx,) for any rota-
tion R.

Consider the case # even. We set R = Ry,_,, Rg,_, ... Rg where Ry, is a
rotation through angle 8, in the a; — a, plane, sending a; - x; into cos 6,a; - x; +
sin 0;a, - x; and a, - x; into — sin 6 a, - x; + cos 6;a, - x,. We divide through by
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II (cos 6,)™ and obtain a polynomial in tan 6y, ..., tan 6, , because m; is
exactly the number of times that a, occurs in f(2/*). We then make the substi-
tution for x4, ..., x, and equate to zero the coefficients of each monomial in
tan 6y, . .., tan 6,_;. We order the monomials in lexicographic order and con-
sider the lowest order terms.

Suppose m ¢ A (hence |A]| < u). Then the contribution of M(4) to the
above is M(8(A4)) + higher order terms (note §(4) = A), since a; - x; =
aj;-x; for j < p, B < m.

Suppose m € A and |4| = \. Since a; - x, = 0 for j < u and a, - x, = 1,
the lowest order term arising from M (4) is obtained by selecting a; - x; over
tan 0,0, - x; in rows 1, ..., A — 1, and tan 6\, - x; in row \. The m-column
becomes

0

0
7 tan 6,
and we obtain M (8(4))s tan 6, + higher order terms.

Thus f(&) is transformed into f(8(2/)) Il (i tan 6,)7 4+ higher order terms.
The lowest order terms arising from Y 8,f(2*) = 0 on S,," give rise to 3.’ (2) %8,
f(6(*)) on S,,_"! (3°/ denoting a sum over a restricted set of £’s). We thus
have B; = 0 for those values of k appearing in )_'. These terms may be re-
moved from the original sum and the argument repeated until all g, = 0.

The case n odd but m, = 0 may be handled by the same argument with just
one modification: We must replace a, by

(note the condition m, = 0 implies that a, does not occur in f(&/*)). If we
try this argument when m, > 0 we encounter a new difficulty: If m ¢ 4 but
|A| = u then in place of M(8(A4)) we have the same determinant with & - x;
in place of a, - x;, and

0
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We overcome this difficulty as follows:
We perform the rotation

cosf 0 —sinb
To=1|sinf O cos 6
0 1 0
in the last three variables in R” to replace a, with

Fo

0

cos 6

sin 6
—i —

In place of M(6(4)) we now have cos § M'(6(A4)) + sin 6 M7 (5(4)), where
M’ and M are obtained from M by replacing a, € C*! by

0

. 0
a =10 and a’ =1 -

1 0

0 1

Note that M(5(4)) = M'(6(4)) + 1+ M (6(4)).
LeEMMA 4. Let P be a polynomial in two indeterminates of degree r, and let P,

denote the terms of homogeneity exactly r. If P(cos 6, sin ) = 0 for all 6
then P,(1,1) = 0.

Proof. Since P(cos (6 + =), sin (6 + 7)) = P(—cos 6, —sin 6) we have
P,(cos 6, sin ) = 31”2 P,_s;(cos 6, sin §) = 0 by equating terms of equal
parity. We multiply P,_s;(cos 6, sin 6) by (cos?d + sin?)’ and divide through
by (cos 6)" to obtain

T/2

P,(1,tan8) + > (1 + tan’0)’ P,_,;(1, tan 6) = 0.

1

We may now equate to zero the coefficients of (tan 6)* and sum them after
multiplying by 7*. The result is to substitute 7 for tan 8 giving P,(1,7) = 0
since 1 4+ 2 = 0.

We apply Lemma 4 to the equation
2 B . AkH,A.k._ (cos 0M' (5(4 %)) + sin 6M "(5(4)))
x IT M@ufH =0

other j’s
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on S,_,""! to obtain Y."B,f(6(*)) = 0 on S,_,""!, the sum over those values
of k for which {j: m ¢ A and |4 #| = p} has maximal cardinality. We obtain
B: = O for these values of k and continue as before.

Next we consider the case # even and 2m > n. If m, # 0 then the argument
given for 2m < n may be applied without change (note that if |4| = u then
M(4) is unchanged by the rotation R). If m, = 0 let X be the largest integer
for which m, > 0. We choose R = Ry, ... Ry,. If [A| = n — X\ the rotation R
transforms M (A4) by changing the last row from g, - x; to

—sin 613, - x; — Cos 0 sin @y - X; — ... — COS 0y . ..cCos Oha, - x;.

Now if m ¢ A the a, - x,; term contributes zero because it duplicates the uth
row since d,-x; = a,-x; = b -x;/. The next-to-last term involving a - x;
produces M (6(4)) after interchanging the uth and last rows. Thus M (A4)
becomes

+M(5(A)) cos 0; ... cos by sin 6, + terms involving sin 6; for 7 < \.

If m € A, on the other hand, then a, - x, = ¢ and a, - x, = —i. Thus the
cos 0y, ..., cos 6y term produces a determinant with the uth row (b -x//, 7)
and the last row (b - x;/, —7). We add the last row to the uth row to reduce the
0

last column to| O |, and so obtain 2 M(6(4)). Thus M(4) becomes
—1

+2icos by, ...,cos hM(@OG(A)).

Now we divide by (cos 6;)™!, select out the lowest power of tan 6;, then
divide by (cos 6;)™ and select out the lowest power of tan 6, and so forth.
In this way the terms of lower homogeneity are discarded and we may repeat
the previous argument.

Finally assume that # is odd and 2m > n. Note that (&) will have different
parity under the transformation x; — —x; (this preserves S, even though it
is an improper rotation) depending on whether or not |4:| > p. Thus we may
assume that in the sum Y B,f(&/*) either |4,*] > u or not for all k. From the
construction in Lemma 2 it follows that all §(.27*) are distinct. We may thus
attempt an argument similar to those in the previous cases.

If |[4/*| = u then we may repeat the argument given for the case #» odd and
2m =< n. Thus assume |4 > p. If [A/] = u + 1 we choose R = TRy, ,,
..., Rs,. Now the Ry; do not affect M (4.*), but T'g replaces a, with

0 0

0 and b with | 0

cos 6 —sin 6

sin 6 cos 0
i o
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Thus if m ¢ A,* we obtain 2iM(6(4,*)) while if m € A:* we obtain
+1(—sin @ M’ (6(A+*)) + cos 8 M (6(A4,*)). We may then repeat the argument
given for the case 2m =< n.

If |[At¥ > p+ 1, let \ = n — |4,*| and choose R = T'4Ry,, ..., Rq,. The
a, row of 4,* is then transformed into —sin 6; @;-x; — ... —cos 6y, ...,
cos Oy @, - x; as in the case n even. If m ¢ A,* then the @, term contributes
— L 7cos by, ..., cos b M©B(AF)). If m € 4,* then the @, term contributes
zero and the @, term contributes — %7 cos 6y, ..., cos 6_; sin & M (6(A4:*)).
Thus we may repeat the argument given for the case n even and 2m > n.

This completes the proof of the induction step. All that remains is to verify
the theorem for the case m = 1, n arbitrary n > 1. But here we are dealing
with the theory of spherical harmonics. The only choice for 4 ; is {1}, so f(%/)
must be (a1 - x1)* for some k. This generates the spherical harmonics of degree
k for n 2 3. If n = 2 we must consider also f~(&) = (@, - x;)*, or, writing
X = I:Zlons Z:I , we have (a:-x1)* = e®? and (a;-x)* = e~ %*? Thus the
theorem for m = 1 is completely elementary.

Remark. The case m = n — 1 gives the Peter-Weyl decomposition of SO (%)
because SO (1) is the trivial group. Nevertheless it is interesting to obtain this
decomposition in terms of functions on SO(n) rather than on S,_;*. We can
again represent SO (n) as the component of the identity in.S,” = O(n). Theorem
1 remains true, since the condition m < 7 was not used in the proof. Theorem 2
remains true if we add two additional conditions for & to be S,* admissible:

(4) |44 = u,

5)1¢ A;forj=2andif1 € A;then |4, £=n—1—

To see why this is true we reason as follows: If (x;, ..., x,) € SO(n) then
(x2, ..., x,) € S,—1" and x; is completely determined by (x., ..., x,). Thus

the functions f(&) and f=(&/) on S,_y" may be regarded as functions on
SO(n) by replacing each 2 € 4; by k 4+ 1. Theorem 2 for S,_," translates into
the same result for S,* with the additional condition:

(4)1 ¢ A4, for any j.

That (4’) may be replaced by (4) and (5) follows from

LEMMA 5. For n = m we have M(A) = cM(A~) on SO(n), where A~ denotes
the complement of A C {1, ..., n}, and c 1is a non-zero constant.

Proof. Consider the complex # X »n matrix z given as follows:
(1) If » = 2u then

1
(G
(—1)r"z =1 ) §
75 dj - X
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2) If » = 2u + 1 then
1
= Q;° X
vl
(—i)uiz =( 1
—= ;- X
ve I
b * X
It is easy to check that x € SO () implies z € SU(n). Now a generalization of
Cramer’s rule due to Jacobi [2, p. 58] states that if u is any complex n X n
matrix with det # = 1, if u; is any square submatrix and u, is the comple-
mentary square submatrix of ‘4! (obtained by selecting from ‘u~! the rows
and columns omitted from « in obtaining ;) then det #; = & det u,. We apply
this to z, noting that det z = 1 and z=! = z. If we choose the first |4]| rows of
z (say |4| = p) and the columns corresponding toj € A thendetu, = cM(4).
But then u, contains the last # — |4]| rows of Z and the columns corresponding

to j ¢ A. After rearranging the rows we have the first u rows and the last
n — |A| — urows of z, hence det u, = ¢/ M(47).

Thus if &7 is S,* admissible and 1 € A4, then f(&) = ¢f(&’) on SO(n) where
' = A7, As, ... . Thus it remains to show that .2/ is S,* admissible if and
only if &7"" is S,_," admissible, where .%/"’ is obtained from %/’ by replacing
eachk € A4;byk —1 (notel ¢ 4)).

Now letp, = |41 M {1,...,k}and ¢ = [4. N {1, ..., k}|. Then (1) and
(2) for .o/ says exactly ¢, < px, while (3) says px + ¢ < k. On the other hand
(1) and (2) for &7 says

Ar N (2, .. kY 2 (420 (2, .. k)

in other words & — p; = gi or pr + ¢x < k, while (3) says

JAC N2, .. k) + 4o (2, .. kY S B,

in other words k¥ — p; + qx < k or ¢ < p;.

4. Some special cases. We wish to describe two cases in which we can
obtain orthogonal irreducible subspaces by making use of an additional group
action on S,”.

Case 1. m = 2. Let z = x; + 1x; € C*, 2 = x; — 1xs. The condition x € Sy*
becomes z-2z = 0, z-% = 2 (bilinear inner product). The group SO(2) acts
on Sy" by sending x; — cos 6x; + sin fx, and x, — —sin fx; + cos fx.. In
terms of z, Z coordinates it sends z; to ¢*% and z to e~*%2. We will decompose
L2(S,") under the action of both SO(n) and SO (2).

Now each S,* admissible sequence .27 is specified by three non-negative
integers 7, s, ¢ giving the number of occurrences of {1, 2}, {1} and {2}, respec-
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tively. The only restriction on them is that » = Q or 1 if » = 3. Now in place
of f(&/) we consider g(r, s, t) = (a1-2 a2+ 2 — az-2a1-2)"(a1-2)*(a1 - 2)* (if
n = 3 replace a; by b, and if n = 4 consider also g=(7, s, t) where a is replaced
by dg).

THEOREM 3. For each choice of r, s, t (with r = Q or 1 if n = 3) the function
g(r, s, t) is a non-zero highest weight vector of an irreducible representation of
SO(n) of highest weight w = (r + s + ¢, r) (if » = 3 the highest weight is
(r + s + t), and if n = 4 the highest weight for g=(r, s, t) is (r + s + ¢, —7)).
We also have g(e'?z, e=1%2) = e™*%g(z, z) where k = s — t. No two distinct values
of (r, s, t) give rise to the same values for w and k, hence the spaces generated by the
g(r, s, t) (and g=(r, s, t) when n = 4) are orthogonal in any invariant inner
product; furthermore their restrictions to So* are non-zero and span L2(S5").

Proof. The proof of Theorem 1 can be repeated almost verbatim to show that
g(r, s, t) is a highest weight vector with the given weight. The fact that
g(ettz, e=1%3) = ¢™*fg(z, z) is obvious from the definition of g. If (r, s, ¢) and
(', s', t') give rise to the same w and %k then we have r =7, r + s + ¢t =
v+ s+ ands — ¢t =" — ¢ from which we conclude (r, s, t) = (', s, t').
If » = 3 we must modify the argument somewhat since we are not givenr = 7’
but merely that » and 7’ are 0 or 1. But then if » # #’ they have different
parity hence s 4+ ¢ and s’ + ¢’ have different parity which contradicts s — ¢ =
s — t'. Thus r = #’ and we proceed as before.

We note in passing the permissible values of k given w: if n = 3, —m; < k <
my, and if n =2 4, —my + |ms| < k £ m; — |ms| and k has the same parity

as m; — |mo|.
To show that g(r, s, t) has non-zero restriction to Sy* we evaluate it at
o]
1 0
0 1

x1=L- and x, =] 0 |,
0 .
o]
where a;-2 = a1-2 =1, a2-2 = 1 and a2 - = —i. Finally, the restrictions
span L2(S,") because the multiplicities agree with those in Theorem 2.

Remark. The case n = 3 can be further simplified using the Remark follow-
ing Theorem 2. If x = (x,;) denotes a 3 X 3 rotation matrix, then the func-
tions k(r, s, t)

(x31 + ix:;z)r(xn + X1 + %91 — xzz)s(xu + ix1p — %91 + xn)'

with » = 0 or 1, generate orthogonal irreducible subspaces of L2(SO(3)) with
highest weight (s 4 ¢) which span L2(SO(3)).
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Case 2. n = m = 4. Here we set z; = x; + 1%, 21 = X1 — 1X2, 22 = X3 + 1X4
and 2, = x3 — ix4. We consider the maximal torus 72 in SO(4) acting by right
multiplication. In z coordinates this action is given by 2z, — €%z, 25 — e%2z,.
We decompose L?(S0(4)) with respect to the action of 7% as well as SO(4) and
obtain multiplicity one, hence orthogonality.

Let 7y, 72, 73, $1, S2, S3, S4 be non-negative integers satisfying ;7o = s.57 = 0.

We define

g(r,s) = (a1 2102+ 20 — Q2 2142 - 22)71(a; - 2109 * B3 — Qg - Z1a1 * Z) ™2
s (a1 - 2102 - 1 — a2 - 2101 Z2) "% (a1 - 21) %1 (ay - 21)%2 (a1 - 22)%3(ay ¢ 32)

and, if r, + 72 + 73 # 0 we define g=(r, s) by replacing a, with @, and z,
with Zs.

THEOREM 4. The function g(r, s) is a non-zero highest weight vector for an
irreducible representation of SO(4) of highest weight w = (my, ms) where my =
Sr;+ > s;and me = 3 vy, and furthermore

g(etf1zy, e=1013), eif2g,y, e~023y) = e*101gt202g (5 7y, 24, Z,)

where ky =171 — 7o+ 51— Ss2 and ky =1y — re + 53 — s4. Svmilarly for
g (r,s), where mi = > r; + > s;,me = —p r;, ki =71 —ry 4+ 51 — 52 and
ke = —r1 4+ re + 53 — s4. Given any dominant weight o = (my, ms), the values
of ki, ko that arise are exactly those satisfying |ky + ko] < mq + mo, k1 — ko] <
my — me and ky + ko has the same parity as my + ms. The restrictions of g(r, s)
and g=(r, s) to SO(4) are non-zero, the spaces they generate under the (left) action
of SO(4) are orthogonal (or cotncident) and span L2(SO(4)).

Proof. The fact that g(r, s) is a highest weight vector with weight w is proved
as before. The transformation under the action of 72 is obvious. If m, = 0,
the relation |k; + ks| < m; + m, follows from ki + ks = 2r1 — 272 + 51 —
so+ 53 —sqeand my +me =2 7, + 3> s, Since my + mo — (k1 + kg) =
4ry + 2r3 + 255 + 254 it follows that m; + m, and k; + &k, have the same
parity. Similarly we prove |k; — k3| < m1 — m,, and handle the case m, < 0.

To construct g(r, s) or g=(r, s) given w and k1, k2 we proceed by induction.
First we consider the case my = 0. Here we must have r; = ry = r3 = 0,
287:-7}’11, 81—52=k1, 33—S4=k2. If k1§0W€ set S1=k1, 52=0. If
k1 < Owesets; = 0,s, = —Fk;. Ineither case we solve the remaining equations,
obtaining s; = $(m; + k2 — |ki1]), ss = 3(m, — ks — |k1]). Next we assume
the result true for ' = (m; — 1, m; — 1) with m, — 1 = 0 and prove it for
w = (my, my). Let ky, k, be given. Suppose first |k + ko| < my + mgp — 2.
Then o’ and k;, k, satisfy the hypotheses of the theorem. Thus by the induc-
tion hypothesis there exists g(7/, s’) with weights " and k1, k.. But then g(r, s)
has weights w and ki, ko if we set ri =7/, ra =7, rs =r + 1, s, = s/.

In the remaining cases k; + ke = &= (m1 + m,). Assume ky + k2 = my + m,,
the other case being treated similarly. Then o’ and k; — 1, k; — 1 satisfy the
hypotheses of the theorem, hence by the induction hypothesis there exists
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g(', s') with weights «" and k; — 1, k2 — 1. By setting r; = 7/’ + 1, 7y =
re, rs = ry', s; = s/ we obtain g(r, s) with weights w and &, k..

Finally we assume the result for o' = (m; — 1, ms + 1) with ms +1 £ 0
and prove it for w = (mi, m:). The argument is similar to the above. If
|ty — ko] < my — me — 2 we apply the induction hypothesis to " and &, k2
and then increase 73’ by one. If not, say k1 — ks = m; — m.,, then we apply
the induction hypothesis to ' and k; — 1, ks 4+ 1 and then increase r," by one.

To show the restriction of g(r, s) and g=(r, s) to SO(4) is non-zero we
evaluate at

1 0 0O
{00 o0 1
*Zlo 100
0 01 0
Here
l_l 0
0 7
2= and 2z, = BE
0 1
0,1'21=(11'51=—01'22=(Zl'22=1,02'21=_(12‘21=02'Zz=dg'§2=
i, hence ((11'21(1«2'51—'(12'21111'51) = —21, ((11'21(12‘22—(12'21(11'22) =

2¢ and (a;- %12 22 — a2+ Z1a1 + Z2) = 2¢, hence g(r, s) # 0. Also d; -z, =
— @221 = —Q@Ag:32 = —Qqg- 29 = 1 hence (a1 © 210221 — QA2 * 2107 * 21) = 21,
((ll + 2102 %9 — Qg * 21047 * 29) = —21 and (al © 2109+ 29 — Ao - 2107 * Zg) = —21«,
hence g=(r, s) # 0.

Now the multiplicity of the irreducible subspaces of highest weight =
(my, m2) in L2(SO(4)) is equal to the dimension of the representation, which is
known to be (m; + ms + 1)(m; — my + 1) (see [1]). But the number of
pairs ki1, k» for w is exactly (m, + ms + 1)(m1 — ms + 1). Thus the spaces
generated by g(r, s) and g—(r, s) span L?(SO(4)) and are orthogonal or coinci-
dent according as the associated weights w and k;, k. are distinct or not.

Remark. We could use similar ideas to decompose L2(S,,") with respect to
the right action of the maximal torus in SO(m). However the known multi-
plicity formulas (see [3]) indicate that we do not obtain multiplicity one
except in the cases considered above.

5. The symmetric space SO(n)/SO(n — m) X SO(m). The space
SO(n)/SO(n — m) X SO(m) is a compact symmetric space, and, as is well-
known, the irreducible representations of SO (%) that appear in the Fourier
decomposition of L2(SO(n)/SO(n — m) X SO(m)) occur with multiplicity
one. These have been identified (see Sugiura [7] and Takeuchi [8]) as follows:
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Without loss of generality we may assume 2 < m < u. Then a representa-

tion with highest weight w = (m,, . .., m,) occurs if and only if
(a) m; = 0 for all B > m; and
(b) the integers my, . . ., m, all have the same parity (hence they must all

be even unless m = p).

Now L2(SO(n)/SO(n — m) X SO(m)) may be realized as the subspace of
L2(S,*) consisting of functions invariant under the action of right multiplica-
tion by matrices in SO(m). In this realization we will construct explicitly the
highest weight vector of every irreducible representation that occurs.

For each positive integer k satisfying # < m and ¥ < u we define

1 & = . .
= > MA' =53 ... 2 M{i,...,6})"
|A1=k m! =1 k=1
If m = u we also define
G+ = M({l,... ,M})
and similarly G_ by replacing a, by a,.
LEmMMA 6. Let R € SO(m). Then F,(xR) = Fy(x) and GL(xR) = G4(x)

when m = pu.

Proof. Recall that M ({1, ..., p}) = det ({a;-x:}). Thus G, (xR) = det
(fa; - xJR) so GL(xR) = G, (x) since det R = 1. Similarly G_(xR) = G_(x).
Next we observe that

M({i, . .., is}) @R) = Zl Z Ryu o Ry (s -, a}) ()
i1 je=1
so that
1 m m m m m m
Fk(xR)—;Z Z Z.-.Z Z"‘Zleil"‘RflclkRTlil"'
i1=1 k=1 j1=1 jk=1 r1=1 TE=1

X Ryese M({Gn o s )M Ursy . .oy 7))

Summing first over the ¢’s and using the orthonormality of the rows of R we see
that all terms cancel unless j; = 71, ..., j; = 7, and for these terms the
coefficients sum to one. Thus F,(xR) = R, (x).

THEOREM 5. The subspaces generated under the action of SO(n) by the restric-
tion to S, of the following functions give the orthogonal decomposition of L2-
(SO(n)/SO(n — m) X SO(m)) into irreducible subspaces:

1) if m < u, Iz, F,* for non-negative integers r1, . . ., tms
ey —1 . .
(ii) if m = u, LFZy F,7*G L for non-negative integers r1, . . ., ¥m_1, S.

The highest weights of these representations are given by
(i) m; = ZZ;; 27]: ’Lf] é m, m; = 0 1f] > m.
({)m; =s4+ S 2 ifj <m—1,m, = =%s.
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Proof. By taking

—
o= OO

L0 ]
it is easy to see that these functions have non-trivial restrictions to S,*. By
Lemma 6 they belong to L2(SO(n)/SO(n — m) X SO(m)) and by Theorem 1
they are highest weight vectors for irreducible representations of SO (n) with
the given highest weight. But it is clear that the weights given by (i) and (ii)
above coincide with the weights satisfying (a) and (b) above, so we have the
complete decomposition of L2(SO(n)/SO(n — m) X SO(m)).
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