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Abstract

Let By ((n) denote the number of (k, £)-regular bipartitions of n. Employing both the theory of modular
forms and some elementary methods, we systematically study the arithmetic properties of B ¢(n) and
Bs¢(n). In particular, we confirm all the conjectures proposed by Dou [‘Congruences for (3,11)-regular
bipartitions modulo 11°, Ramanujan J. 40, 535-540].
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1. Introduction

A partition of n is a nonincreasing sequence of positive integers whose sum equals 7.
For any positive integer ¢, a partition is called £-regular if none of its parts are divisible
by £. For example, 4 + 4 + 2 + 1 is a 5-regular partition of 11 but 5+ 4 + 1 + 1 is not
S-regular. We denote by by(n) the number of £-regular partitions of n and agree that
be(0) = 1. The generating function of b,(n) satisfies the identity

Zb (" = (f ;’)) (1.1)

where

@@= [ -ag™, lal<1.
k=1

Arithmetic properties of by(n) have been extensively investigated (see [2, 4-6, 8, 10],
[11, 14-18, 21-24]).

A bipartition (4;, 4;) of n is an ordered pair of partitions (4, A;) such that the sum
of all the parts equals n. We say that (4, Ap) is (k, {)-regular if A; is k-regular and
A, is {-regular and we denote by By ¢(n) the number of (k, £)-regular bipartitions of #.

© 2016 Australian Mathematical Publishing Association Inc. 0004-9727/2016 $16.00

353

https://doi.org/10.1017/5S0004972716000964 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972716000964

354 L. Wang 2]

If k = ¢, Byx(n) is also sometimes denoted by By(n). From (1.1) it is easy to see that
the generating function of By ((n) satisfies

N TSN
ZBM(”)‘I S AL q2 10
pary (¢: D

In 2015, by using Ramanujan’s two modular equations of degree seven, Lin [12]
found an infinite family of congruences for B;(n) modulo three: for @ > 2 and n > 0,

5.3
2
Lin [13] also proved an analogous result for By3(n): fora > 2 and n > 0,

B13(3%n+2 -3~ 1) = 0 (mod 3).

37(3% + ) =0 (mod 3),

Recently, Wang [22] established numerous congruences for Bs(n) modulo powers of 5.
For instance, he proved that, for any integers @ > 1 and n > 0,

2-5% -1
BS(SZC’_ln n f) = 0 (mod 5%).
Fewer results for By ¢(n) are known when &k # £. Dou [7] showed that
5-3071 -1
33,11(3% ; T) =0 (mod 11)

for all @ > 2 and n > 0 and conjectured that

Bs7(7n + 6) =0 (mod 7),
B37(An + B) =0 (mod 2),
B3 7(4n + 3) =0 (mod 3),
B3’7(Cn +D)=0 (mod 9),
for (A, B) € {(14, 4), (14, 10), (16, 1), (28, 6), (32,21)} and (C, D) € {(7,3),(7,4),
(14,13),(21,6),(21,20), (25, 3), (25, 13), (25, 18), (25,23)}.

The main goal of this paper is to prove Dou’s congruences. To do this, we
systematically study the arithmetic properties of By .(n) for k € {3,5}. Along with
many other interesting Ramanujan-type congruences, we confirm and improve Dou’s
conjectures using both elementary approaches and the theory of modular forms (see
Theorem 1.3).

Firstly, we establish some double series representations for the generating functions
of By ¢(n) modulo five and nine.

TueEOREM 1.1. Let m > 1 be an integer and let p > 5 be a prime.

(1) We have

Z B3,m(n)q24”+m+1 = Z Z (_])l+/(3l + ])q(6i+l)2+m(6j+])2 (mod 9) (12)
n=0 i

i=—00 j=—00
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(2) If (-=m/p) =—1and ny is an integer such that0 <ng < p — 1 and 24ny + m+ 1 =
0 (mod p), then

ZB3,In(pn + no)q24pn+24no+m+] = Z Z (_1)l+1(3l + l)qu(xz+my2) (mod 9)

n=0 6i+1=px, 6j+1=py,
XEZ YEZ

(1.3)
(3) We have

D Bismg™ = 3T Y (—1)2j + DtV (mod ). (1.4)
n=0 i=—co j=0
@) If p=3 (mod4) and ny is an integer such that 0 <ny < p—1and 4ny+1=0
(mod p), then

D Bss(pn+ng)g = X N (=12 + 1)g” ) (mod 5).

n=0 6i+1=px, 2j+1=py,
x€Z yezZ*

(1.5)
(5) If p=3 (mod4) and ny is an integer such that 0 <ny < p—1and 12ng +5=0
(mod p), then

Z B3,5(3(pl’l +ngy) + 1)q24pn+24n0+10
n=0

=3 Z Z (=1)@2j + Dg” @+ (mod 5).  (1.6)
6i+1=px, 2j+1=py,
X€Z yezZ*

(6) We have

Z BS,m(n)q24n+m+3 = Z Z (_1)1+J(21 + 1)q3(2i+l)2+m(6j+])2 (mod 5) (17)

n=0 i=0 j=—co

(7)  If(=3m/p) = —1and ny is an integer such that0 <ng < p — 1 and 24ny + m+ 3 =
0 (mod p), then

(o]
Z Bs.u(pn + no) q24(pn+n0)+m+3
n=0

= > D DM@+ D™ (mod5). (1.8)

2i+1=px, 6j+1=py,
x€Z* YEZ

THEOREM 1.2. Let m > 1 and n > 0 be any integers.

(1) If24n + 1 is a quadratic nonresidue modulo m, then B3 ,,(n) = 0 (mod 9).
(2)  Under the conditions of Theorem 1.1(2), if 24n + (24ny + m + 1)/p £ 0 (mod p),
then B3 ,,(pn + ng) = 0 (mod 9).
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Under the conditions of Theorem 1.1(4), if 4n + (4ng + 1)/p £ 0 (mod p), then
B3,5(pl’l + l’l()) =0 (mod 5)

Under the conditions of Theorem 1.1(5), if 12n + (12ny + 5)/p # 0 (mod p), then
B3,5(3pl’l + 3ng + 1) = 0 (mod 5).

If ged(m,3) = 1 and 8n + 1 is a quadratic nonresidue modulo m, then Bs ,,(n) =
0 (mod 5).

Under the conditions of Theorem 1.1(7), if 24n + (24ny + m + 3)/p = 0 (mod p)
and gcd(m, 3) = 1, then Bs ,,(pn + np) = 0 (mod 5).

THeEOREM 1.3. Let n > 0 be any integer.

6]

@)

3)

B;5(3n+2) =0 (mod 5), (1.9)
Bs11(5n+4) =0 (mod 5), (1.10)
B;35(5n+3) = B3 5(5n +4) = 0 (mod 9), (1.11)
B3s(121n+ 11r+8)=0(mod 9), Vr,0<r<I10and r#2, (1.12)
B37(Tn+r)=0(mod9), re{3,4,6}, (1.13)
B37(25n+r)=0(mod9), re{3,13,18,23}, (1.14)
B3s5(147n +21r + 19) =0 (mod 5), re€{0,1,3,4,5,6}, (1.15)
Bs7(Tn+r) =0 (mod 5), re{2,4,5}. (1.16)
Bs7(4n + 1) = —B37(n) (mod 3), (1.17)

2a 5.2 -1 —
B3,7(2 n+ f)=()(mod 3), VYax=1. (1.18)
B35(27n + 11) = 0 (mod 25), (1.19)
B37(14n+r) =0 (mod 2), re{4,6,10}, (1.20)
B;7(16n + 1) = 0 (mod 2), (1.21)
B37(32n + 21) = 0 (mod 2), (1.22)
Bs7(7Tn + 6) = 0 (mod 7), (1.23)
Bs7(49n + 20) = 0 (mod 49). (1.24)

The paper is organised as follows. In Section 2, we prove Theorems 1.1 and 1.2
and the first group of congruences in Theorem 1.3. In Section 3, we use g-series
techniques to prove the second group of congruences in Theorem 1.3. In Section 4,
we apply Radu’s modular approach to complete the proof of Theorem 1.3.
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2. Proof of Theorems 1.1, 1.2 and Theorem 1.3(1)

o0 n n 00 Ny . '
(4 Do 2(5)1 ?q” = Z (—1)/ g/ D12,

n=1 j:—oo

LEmMmA 2.1.

Proor. By Jacobi’s triple product identity (see, for example, [3, Theorem 1.3.3]),

D CVIGPVIP = 2 4)ala/z @5 4

j:—oo

Logarithmic differentiation with respect to z yields

Z;i—oo(_1)jjzj_lqj(3j+l)/2 i -2 3n+l q3n+2
(24?4317 4o (@%: 4o Z(l I P R anm)’

n=

and the lemma follows by setting z = 1. O

Proor oF THeoreM 1.1. (1) From [1, Entry 18.2.20, page 406],

(q: 93,
@ 1 - 3a(g) + 9a(q), @.1)
where .
n\ q"
alg) = Z(5)1 -q"
n=1
By (2.1),

(@50 = (@ @)% (1 + 3a(g)) (mod 9).

By Lemma 2.1 and Euler’s pentagonal number theorem,

(@ 4@ 4o
(4 9%
= (¢ Poo(1 + 3a())(@™: 4o

( Z( 1)igi®#D2 4 3 Z( 1) lqz(3z+1)/2) Z( 1)igniGi+hI2

[=—00 i=—o0 Jj=—
= Z Z (_l)i+j(3l- + l)qi(3i+1)/2+mj(3j+l)/2 (mod 9).
i=—00 j=—00

This proves (1.2).
(2) Since (—-m/p) = -

6i+ 1)> +m(6j+1)> =0 (mod p) © 6i + 1 =6+ 1 =0 (mod p).

Extracting those terms on both sides of (1.2) for which the powers of g are divisible
by p yields (1.3).
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(3) By the binomial theorem and Jacobi’s identity (see [3, Theorem 1.3.9]),

sl . ( 3; 3)00( 5; 5)oo

> Bystnyg = -2 "(q,q‘)i T = (% Pl 95 (2.2)
Z Z( 1)H—](2J + 1)q3i(3i+1)/2+j(j+1)/2 (mOd 5)’ (23)
i=—o0 j=0

from which (1.4) follows.
(4) Since (-1/p) = —1,

6i+1)*+@2j+1)>=0(modp) & 6i+1=2j+1=0(mod p).

Extracting those terms on both sides of (1.4) for which the powers of g are divisible
by p, yields (1.5).

(5) Let
(:9)% = ) ag".
n=0
By Jacobi’s identity,

(@)% = Y (=DHk + 1)g D2,
k=0

Extracting those terms on both sides for which the powers of g are of the form 3n + 1,

2, aGn+ g = =3¢ Y (=1} @k + DG = 390" 4N
n=0 k=0

From the above equation and (2.2),

Z B3s(3n+ 1q" = -3(q; Poo(@s )

n=0
=_ Z Z 1)i+j(2j + 1)qi(3i+1)/2+3j(j+1)/2 (mod 5),
i=—c0 j=0
and hence
Z B3,5(3n + 1)q24n+10 = _3 Z Z(_l)l+1(2] + 1)q(6i+])2+9(2.f+])2 (mod 5) (24)
n=0 i=—co j=0

Since p = 3 (mod 4), (-9/p) = —1 and thus
Gi+1)*+92j+1)>=0(mod p) © 6i+1=2j+1=0 (mod p).

Extracting those terms on both sides of (2.4) for which the powers of ¢ are divisible
by p, we obtain (1.6).
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(6) By the binomial theorem,

s 5.5 m. m
D Bsu(n)g" = VAL )M(qz’q " = (g™ "
o (43 D
= Z(—l)i(Zi + 1)g' b2 Z (=1)/g™B*D12 (mod 5), (2.5)
i=0

Jj=—0

from which (1.7) follows.
(7) Since (-3m/p) = —1,

32i+ 1) +m(6j+ 1)> =0 (mod p) & 2i+1=6j+ 1 (mod p).

Extracting those terms on both sides of (1.7) for which the powers of g are divisible
by p, we obtain (1.8). |

Proor oF THEOREM 1.2. If 24n + 1 is a quadratic nonresidue modulo m, then there are
no integers i, j such that

24n+m+1=(6i+ 1)> + m(6j + 1)°.

Hence by (1.2) we see that B3 ,,,(n) = 0 (mod 9). This proves Theorem 1.2(1). A similar
argument involving (1.7) yields Theorem 1.2(5).

It follows from Theorem 1.1(2) that if 24pn + 24ng + m + 1 # 0 (mod p?), that is,
if 24n + (24n9 + m + 1)/p # 0 (mod p), then B3 ,(pn + np) = 0 (mod 9). This proves
Theorem 1.2(2). Similar arguments involving parts (4), (5) and (7) of Theorem 1.1
yield parts (3), (4) and (6) of Theorem 1.2. O

Proor or THEorREM 1.3(1). Observe that for any integer j, the residue of j(j+ 1)/2
modulo three is zero or one. Thus from (2.3) we deduce theorem 1.3.
To prove (1.10), we set m = 11 in (1.7). Since (2) = -1,

3Qi+ 1)+ 11(6j+1)>’=0(mod5) & 2i+1=6j+1=0(mod5).

From (1.7) we conclude that Bs (51 +4) = 0 (mod 5).

Set m = 5 in Theorem 1.2(1). If n = 3 or 4 (mod 5), then 24n + 1 =2 or 3 (mod 5),
which are quadratic nonresidues modulo five. This proves (1.11).

Note that (I—f) =-1. Let p=11 and m =5 in Theorem 1.2(2). We choose
ny = 8 so that 24ny + m+ 1 =0 (mod 11). Then, for any 0 < r < 10 and r # 2,
24(11n+r) + 18 # 0 (mod 11). From Theorem 1.2(2) we deduce (1.12).

Similarly, setting m = 7 in Theorem 1.2(1), (p, m, ng) = (5,7, 3) in Theorem 1.2(2),
(p,ng) = (7,6) in Theorem 1.2(4) and m = 7 in Theorem 1.2(5), we get (1.13), (1.14),
(1.15) and (1.16), respectively. O

Remark 2.2. By making different choices of p, m and ny in Theorem 1.2, we can
obtain other analogous sets of congruences.
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3. Proof of Theorem 1.3(2)
Lemma 3.1. Define c(n) by

(e8]

(@ Do’ 9 oo 1= Z c(n)q".

n=0
Then, for all n > 0,

cdn+1)=—-c(n) and c@n+3)=0.
Proor. Throughout the proof, we shall use the notation
[z qleo = (2 Peo(q/7 Qoo and  [21,22, - -+ 23 Gloo = [215 lool223 Gloo  *  [2 Goo-
We will employ the addition formula (see [9, Exercise 2.16, page 61])

[xA, X/ A, v, 1/ v; Gloe = [xv, X/ v, A, 1/ A gl + %[X,U, X/ AV, AV gl (B.1)
Note that
(@ Deo(q": 0o = (@1 0)e0(q": 4" D0la. 6. 4. 771 4" ).
Setting (x, A, 1, v, q) — (=¢*, ¢, ¢*, —q,¢'*) in (3.1),
l4.4°. 444" - [-0. -4’ ~¢". -¢": 4" = —4[-¢". - 1. —¢*. ~¢*: 4]

This implies that

(o)

1
2, c@n+ g = ~2(g:9)0(@’1q ol=4" 1.4 ~4: 41
n=0

= ~(@; Doo(q"3 4 oo~ Doo(=4"3 4 oo = ~(@75 ¢7)oo(q"*; §' v
It follows that c(4n + 3) = 0 and

(o8]

D ctn+ 1)g" = ~(g: De(q’: 4 )eos
n=0

which yields c(4n + 1) = —c(n). O

Proor oF THEOREM 1.3(2). By the binomial theorem,
Z B37(n)q" = (¢ 9)(q";q" ) (mod 3).
n=0

Thus B3 7(n) = c¢(n) (mod 3). By Lemma 3.1, we deduce (1.17) and
B37(4n + 3) = 0 (mod 3). 3.2)
Then (1.18) follows from (1.17), (3.2) and induction on a. O
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4. Modular proof of Theorem 1.3(3)

For a positive integer M, let R(M) be the set of integer sequences r = (r5)s» indexed
by the positive divisors of M. If r € R(M) and 1 =6, < --- < 6 = M are the positive

divisors of M, we write r = (r5) = (rs,, . .., 's,). Define c,(n) by
[ J@’a% =) etmg.
oM n=0

In this section, we recall the approach to proving congruences for c,(n) developed by
Radu [19, 20]. Compared with the classical method which uses Sturm’s bound alone,
this approach reduces the number of coefficients that one must check.

Let N be a positive integer and define

[

To(N) := {(‘C’ Z) el

The index of I'o(V) in I is

a,b,c,d € Z,ad — bc = 1},

czO(modN)} and T := {((l)}ll)el" ‘ heZ}.

[C: T =N Ja+p™.
pIN
Let m be a positive integer. For any integer s, let [s],, denote the residue class of s in
Z/mZ. Thus [x],, = [yl if and only if x = y (mod m). Let Z;, be the set of all invertible

elements in Z,,. Let S,, C Z,, be the set of all squares in Z;,. Fort € {0,1,...,m — 1}
and r € R(M), we define a subset P, (f) € {0,1,...,m — 1} by

-1
P, (1) = {z' | Aslaam € Saan such that £ = 15+ = > 615 (mod m)}.
: 24 £

Derinition 4.1. Suppose m, M and N are positive integers, r = (rs) € R(M) and
te{0,1,...,m—1}. Let k = k(m) := ged(m? — 1,24) and write

[ [ort=2
sIM

where s and j are nonnegative integers with j odd. The set A* consists of all tuples
(m, M, N, (rs), t) satisfying these conditions and all of the following.

(1) Each prime divisor of m is also a divisor of N.

(2) 6|M implies 6|mN for every d > 1 such that rs # 0.

(3) kN XsgmrsmN/6 =0 (mod 24).

4) kN Y5 7s =0 (mod 8).

(5)  24m/ged(k(=24t — Y50 075), 24m)|N.

(6) If 2|m, then either 4|xN and 8|Ns or 2|s and §|N(1 — j).
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Let m, M, N be positive integers. For y = (%) €T, r € R(M) and ¥’ € R(N), set

. 1 gcd*(8(a + kAc), mc)
pm,r(')/) - 1e mln_ ﬁ Z rs

0,....m—1} et om

and

e 1 ,gcd?(8, )
Pw(?’)-— 24%\;”5 6 .

Lemma 4.2 [19, Lemma 4.5]. Let u be a positive integer, (m, M, N, t,r = (rs)) € A*
and a = (as) € R(N). Let {y1,...,ys} €T be a complete set of representatives of the
double cosets of To(N)\I'/T'w. Assume that py, (y;) + py.(vi) 20 forall 1 <i<n. Let
Imin = min,/epmvr(,) t and

V= %((Z rs + Z rg)[l" :To(N)] - ;W:(sré) _ ﬁ Z Srs — tr;in_

oM SN oM

If the congruence c,(mn +t') =0 (mod u) holds for all ¥ € P,,,(t) and 0 < n < |v],
then it holds for all t' € P, ,(t) and n > 0.

To apply this lemma, we need to find a complete set of representatives of the double
coset in I'og(N\I'/T .

Lemma 4.3. If N or %N is a square-free integer, then

U To(N) ((15 (1)) I, =T.

SN

Proor. If 4 ¥ N, then N is a square-free integer and the assertion follows from [20,
Lemma 2.6].

Suppose 4|N, say, N = 4Ny. Then %N is square-free, so Ny is an odd square-free
integer. Let (¢ Z) € I'. From the proof of [20, Lemma 2.6], it suffices to show that

ch=d- (mod N/gcd(c, N)) 4.1)

_°c
gcd(c, N)

has a solution 4 € Z. If ¢ is odd, then clearly gcd(c, N/gcd(c, N)) = 1 and therefore
(4.1) has an integer solution. Now suppose that ¢ is even and write ¢ = 2¢y. If ¢y is
even, then N/gcd(c, N) is odd and thus ged(c, N/gcd(c, N)) = 1, which implies that
(4.1) has an integer solution. Finally, if ¢ is odd, then, since ad — bc = 1, we see that
d must be odd. Thus (4.1) is equivalent to

C()h = %(d — Co/ng(C(), N)) (mod Ng/ng(Co, Ng))

Since gcd(cy, No/gcd(co, Ny)) = 1, the above equation has integer solutions. O
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TaBLE 1. Parameters used in the proof of Theorem 1.3.

Equation Gen Fn m M t u Lv] N (r) € R(N)
(1.20) 1723171 14 21 4 2 247 42 (0,0,64,0,0,0,0,0)
(1.21) 1723170 16 21 1 2 582 84 (0,0,74,0,0,0,0,0,0,0,0,0)
(1.22) 17237 32 21 21 2 568 42 (0,0, 147,0,0,0,0,0)
(1.23) 1725171 7 3 6 7 22 35 (12,0,0,0)
(1.24) 14751776 49 35 20 49 73 35 (0,0,0,0)

Proor oF TuEorEM 1.3(3). By the binomial theorem,

- n ()@ P @GDE (@ P)(q: 9)E
233’5(n)q = L1 ) qz = 5. 5y 5. 5\a (mod 25).
= (4 D (@)% (@5 )%
Let 3.3 23
(@ PG DB
——— = ) b(n)q".
5\
(@ 9°)% HZ_;
We choose

(m,M,N,r = (rs),t) = (27,15,15,r = (23,1,-4,0), 11).

It is easy to verify that (m, M, N, r,t) € A* and we compute P, .(t) = {11}.
From now on, we set ys := (1 9). By Lemma 4.3, {y;|6|N} forms a complete set of
double coset representatives of I'o(N)\I'/T'w. Let

v =(r}, 1y, r5,r15) = (0,0,0,0) € R(N).

It is easy to verify that p,, .(ys) + pL(ys) = 0 for each 6|N. We also compute that
the upper bound in Lemma 4.2 is |v] = 5. Using Mathematica, we have verified
that b(27n + 11) = 0 (mod 25) for n < 5. Thus, by Lemma 4.2, we conclude that
b(27n + 11) = 0 (mod 25) for any n > 0. This completes the proof of (1.19).
Congruences (1.20)—(1.24) can be proved in a similar way and we summarise the
choices of variables in Table 1. Given a positive integer M, we are considering

> B = [ [@’:4°)% (mod w.
n=0

s\M

We abbreviate the generating function in the right hand side as [ ¢”. In Table 1, the
second column describes the generating function under consideration and the third,
fifth and sixth columns specify the integers m, ¢ and u for which we wish to show that

Bie(mn +t)=0(modu) V¢ €P,,(t)and ¥n > 0. O
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