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Abstract. We prove that the group of automorphisms of the Lie algebra Derg(Q,)
of derivations of the field of rational functions Q, = K(x1, ..., x,) over a field of
characteristic zero is canonically isomorphic to the group of automorphisms of the
K-algebra Q,,.
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1. Introduction. In this paper, module means a left module, K is a field of
characteristic zero and K* is its group of units, and the following notation is fixed:

o P, :=K[xy,...,x,] = @,y Kx* isa polynomial algebra over K where x* :=
x{" - x2 and Q, := K(x1, ..., x,) is the field of rational functions,

e G, = AUtK—alg(Pn) and Q, := AUtK—alg(Qn)a

e 0 = aixl e, 0y = % are the partial derivatives (K-linear derivations) of P,

e D, :=Derg(P,) = @, P,d; C E, := Derg(Q,) = P, 0,9; are the Lie
algebras of K-derivations of P, and Q,, respectively, where [0, 8] := 98 — 80,

o 3, := Autr;(D,) and E, := Auty;(E),),

e §; :=ad(9y), ..., d, := ad(d,) are the inner derivations of the Lie algebras D,
and E,, where ad(a)(b) := [a, b],

[] Dn = @?:1 Ka,‘,

o H,:=@._, KH; where H, := x19, ..., H, := x,0p,

e for each natural number n > 2, u, := Kd; + P1d, +---+ P,_19, is the Lie
algebra of triangular polynomial derivations (it is a Lie subalgebra of D,) and
Auty (1) is its group of automorphisms.

THEOREM 1.1. G, = G,,.

The above result is due to Rudakov [10] where a detailed sketch of a proof is
given based on his algebro-geometric approach developed in [9] (where the groups
of automorphisms of infinite dimensional Lie algebras of Cartan type are found). A
short proof of Theorem 1.3 is given in [4]. The group of automorphisms of (infinite
dimensional) algebras of generalized Cartan type were studied by Osborn, [8], and
Zhao, [12]. The group of automorphisms of the Virasoro Lie algebra was found in [5].
A lot of information about derivations and automorphisms the interested reader can
find in the following books [7, 6, 11].

The aim of the paper is to prove the following theorem.

THEOREM 1.2. E, = Q),,.
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Structure of the proof.
(1) @, C [, via the group monomorphism (Lemma 2.3 and (3))

Q,—>E, o—>0:0 0(d):=0cdc".

(i) Let o € E,. Then 9] :=o(dy), ..., d, := 0(d,) are commuting derivations of
O, such that E, = @}_, 0,0, (Lemma 2.12.(2)).

(iii) i, kerg,(9)) = K (Lemma 2.12.(1)).

(iv) (crux) There exist elements xj, ..., x, € O, such that 9;(x)) = §; for i,j =
1,...,n(Lemma 2.12.(3)).

(v) o(x*0;) = x9] foralla e N"and i =1, ..., n (Lemma 2.12.(6)).

(vi) The K-algebra homomorphism ¢': Q, - Q,, x;+— X}, i=1,...,n is an
automorphism such that ¢'(gd;) = 0'(¢)d; for all g€ O, and i=1,...,n
(Lemma 2.12.(7)).

(vii) Fixg, (31, ..., 0, H1, ..., Hy) i={v € £, |7(8) =9;), t(H) =H;, 1 <i <
n} = {e} (Proposition 2.9.(1)). Hence, 0 =0’ € Q,, by (v) and (vi), i.e.
E, = Q,. O

THEOREM 1.3. (Theorem 5.3, [3]) The group Auty;c(u,) of automorphisms of the Lie
algebra v, is isomorphic to an iterated semi-direct product of groups T" x (UAutg(P,), X
(F, x E,)) where T" is an algebraic n-dimensional torus, UAutg(P,), is an explicit factor
group of the group UAutg(P,) of unitriangular polynomial automorphisms, ), and [,
are explicit groups that are isomorphic, respectively, to the groups | and J'=2 where
I:= (14 2K[[1], ) = KN and J := (¢K[[1]], +) =~ K.

Comparing the groups G, E, and Auty;(u,), we see that the group UAutg(P,),
of polynomial automorphisms is a tiny part of the group Autri(u,) but in contrast
G, =G,and [, = Q,.

THEOREM 1.4 ([1]). Every monomorphism of the Lie algebra w, is an automorphism.

Not every epimorphism of the Lie algebra u,, is an automorphism. Moreover, there
are countably many distinct ideals {/; | i > 0} such that

Ih={0chchc---CclC---

and the Lie algebras u,,/; and u,, are isomorphic (Theorem 5.1.(1), [2]).

2. Proof of Theorem 1.2. In this section, a proof of Theorem 1.2 is given. The
proof is split into several statements that reflect “Structure of the proof of Theorem
1.2” given in the Introduction.

Let G be a Lie algebra and ‘H be its Lie subalgebra. The centralizer Cg(H) := {x €
Gl[x,H] =0} of Hin G is a Lie subalgebra of G. In particular, Z(G) := Cg(G) is the
centre of the Lie algebra G. The normalizer Ng(H) :={x € G|[x, H] S H}of Hin G is
a Lie subalgebra of G, it is the largest Lie subalgebra of G that contains H as an ideal.

Let V' be a vector space over K. A K-linear map § : V' — V is called a locally
nilpotent map if V = J,., ker(8") or, equivalently, for every v € V, §'(v) = 0 for all
i > 1. When § is a locally nilpotent map in V we also say that 8 acts locally nilpotently
on V. Every nilpotent linear map §, that is 8" = 0 for some n > 1, is a locally nilpotent
map but not vice versa, in general. Each element ¢ € G determines the derivation of the
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Lie algebra G by the rule ad(a) : G — G, b+ [a, b], which is called the inner derivation
associated with a. The set Inn(G) of all the inner derivations of the Lie algebra G is a
Lie subalgebra of the Lie algebra (Endg(G), [-, -]) where [f, g] := fg — gf. We have the
short exact sequence of Lie algebras

0= Z(G) — ¢ Inn(G) — 0,

that is Inn(G) ~ G/ Z(G) where ad([a, b]) = [ad(a), ad(b)] for all elements a, b € G. An
element a € G is called a locally nilpotent element (respectively, a nilpotent element) if
so is the inner derivation ad(a) of the Lie algebra G.

The Lie algebra E,. Since

E, = @ Qnai = @ QnHi (1)
i=1 i=1

every element 9 € E, is a unique sum 9 = 27:1 a;0; = Z?:l b;H; where a; = x;b; € Q,,.
The field Q,, is the union o/ p, Pns Where Py s is the localization of P, at the powers
of f. The algebra O, isalocalization of P, . Hence D), s := Derg (P, ) = @?:1 P, r0; C
E, and

E,= |J Dus

0£f/ P,

0, is an E,-module. The field Q, is a (left) E,-module: E, x O, = O, (3,9) — 9 *q.
In more detail, if 9 = )", @;0; where ¢; € Q, then

n

dq
J % q= Zaia—xi.
i=1

The E,-module Q, is not a simple module since K is an E,-submodule of Q,, and

m kerQ”(Bi) =K. (2)

i=1

LEMMA 2.1. The E,-module Q,/K is simple with Endg, (Q,/K) = Kid where id is
the identity map.

Proof. We have to show that for each non-scalar rational function, say pg~! € Q,,,
the E,,-submodule M of Q,/K it generates coincides with the E,-module Q,/K. By (2),
a; = ;% (pg~') # 0 for some i. Then for all elements u € Q,, ua;'9; * (pg~' + K) =
u+ K. So, Q,/K is a simple E,-module. Let /' € Endg, (Q,/K). Then applying f to the
equalities 9; * (x| + K) = §; fori = 1, ..., n, we obtain the equalities

9ixf(x1+K)=46y for i=1,...,n.
HCI’ICG, f(XI + K) (S m?:z kerQn/K(a,-) N kerQ”/K(Biz) = (K(Xl)/K) N kerQn/K(aiz) =

K(x1 + K). So, f(x;1 + K) =A(x; + K) and so f = Aid, by the simplicity of the
E,-module 0,/K. ]
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The Cartan subalgebra H,, of E,. A nilpotent Lie subalgebra C of a Lie algebra
G is called a Cartan subalgebra of G if it coincides with its normalizer. We use often
the following obvious observation: An abelian Lie subalgebra that coincides with its
centralizer is a maximal abelian Lie subalgebra.

LEMMA 2.2.
(1) H, is a Cartan subalgebra of E,,.
(2) Hy = Cg,(Hy) is a maximal abelian Lie subalgebra of E,.

Proof. 2. Clearly, H, € Cg,(H,). Let 9 =) _, a;H; € Cg,(H,) where a; € Q,.
Then all a; € N_ kerp (H;) = N7_ kerg,(9;) = K, by (2), and so 9 € H,. Therefore,
‘H, = Cg,(H,) is a maximal abelian Lie subalgebra of E,,.

1. By statement 2, we have to show that H, = N := Ng,(H,). Letd = Z;’:] a;H; €
N, we have to show thatalla; € K. Forallj=1,...,n,'H, 3 [H;,0] = Y_i_, H(a)H,,
and so Hj(a;) € K for all i and j. These inclusions hold if all ¢; € K, ie. 0 €
‘H,. Suppose that a; ¢ K for some i, we seek a contradiction. Then necessarily,
a; ¢ K(x1,...,%j,...,x,) for some j. Since 0, = K(x1,...,Xj, ..., x,)(x;), the result
follows from the following claim.

Claim: If a € K(x)\K then H(a) & K where H := xd%. The field K(x) is a subfield of
the series field K((x)) :={}_,. . Aix' | € K}. Since H(Y_,. _ Aix') = >, ihix',
the Claim is obvious. Then, by the Claim, H;(a;) ¢ K, a contradiction. Ol

LEMMA 2.3 ([S]). Let R be a commutative ring such that there exists a derivation
0 € Der(R) such that rd # 0 for all non-zero elementsr € R (eg, R = P,, Q,ands = 91 ).
Then the group homomorphism

Aut(R) — Auti(Der(R)), o+ 0 :8 > o(8) =080,
is a monomorphism.

Proof. If an automorphism o € Aut(R) belongs to the kernel of the group
homomorphism o + o then, for all r € R, rd = o(rd)o ' = o(r)odo ' =0 (r)d, i.c.
o(r) = rfor all r € R. This means that o is the identity automorphism. Therefore, the
homomorphism ¢ + ¢ is a monomorphism. O

The Q,-module E,. The Lie algebra E, is a Q,-module,
Q, x E, > E,, (06,0) 0(d):=0dc"".
By Lemma 2.3, the Q,-module E, is faithful and the map
Q,—>E, o>0:0H00)=0cd0"", 3)

is a group monomorphism. We identify the group @Q, with its image in E,, Q, C E,.
Every automorphism o € Q), is uniquely determined by the elements

Xpi=o(x)), ..., X, = 0(x).

Let M,(0,) be the algebra of n x n matrices over Q,. The matrix J(o) := (J(0);) €
M, (O,), where J(o); = z—z, is called the Jacobi matrix of the automorphism

(endomorphism) o and its determinant 7 (o) := detJ(o) is called the Jacobian of
0. So, the jth column of J(o) is the gradient grad x} := (;—2, cees ;%)T of the rational
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function x}. Then the derivations

3 =cdo !, ..., 8 i=08,0"
are the partial derivatives of Q, with respect to the variables X/, ..., X},
ad
0 ==—, ..., 0,= . 4)
ax| "X,

n

Every derivation d € E, is a unique sum 8 = ) ;_, ¢;0; where ¢; = 3 x x; € 0,. Let

3:=(91,...,0,)" and 8’ := (9], ..., 3,)T where T stands for the transposition. Then

0 =J()"9, ie 9 =) (Jo) o for i=1,....n. (5)
j=1

In more detail, if 3’ = 49 where 4 = (a;) € M,(Qy), ie. 9] = Z;’:] a;0;. Then for all
Lj=1,...,n,

where §; is the Kronecker delta function. The equalities above can be written in the
matrix form as AJ(c) = 1 where 1 is the identity matrix. Therefore, 4 = J(o)~!.

The maximal abelian Lie subalgebra D, of E,. Suppose that a group G acts on a
set S. For a non-empty subset 7 of S, Stq(T) := {g € G| gT = T} is the stabilizer of
the set 7'in G and Fixg(T) := {g € G| gt = tfor all t € T} is the fixator of the set T in
G. Clearly, Fixg(T) is a normal subgroup of Stg(7T'). The set Sh,, := {s;, € Q, | s3(x1) =
X1+ A, .., 85.(x,) = X, + Ay} is a subgroup of @,,. Then Sh,, is also a subgroup of E,
where s, (g9;) = s2(g)9; for all elements ¢ € Q, andi=1,...,n.

LEMMA 2.4.

(1) Cg,(D,) = D, and so D, is a maximal abelian Lie subalgebra of E,.
(2) Fixq,(D,) = Fixq,(d1, ..., d,) = Shy,.

(3) Fixg, = (01, ..., 0n, Hy, ..., H,) = {e}.

4) Cg,(Dp+Hy) =0.

Proof.

1. Statement 1 follows from (2): Clearly, D, € Cg,(D,). Letd = >_ a;0; € Cg,(D,)
where g; € Q,,. Then all elements a; € (., kerp,d; = K, by (2), and so 8 € D,,.
So, Cg,(D,) =D, and as a result D, is a maximal abelian Lie subalgebra
of E,.

2. Let o € Fixq,(D,) and J(o) = (J). By (5), 3 = J(0)d, and so, for all i,j =
1,...,n,8;=0;*x; = Jy,1.e J(o) = 1, or equivalently, by (2),

Xp=x14+A, X, =X+ Ay

for some scalars A; € K, and so o € Sh,, (since x; — x; € ﬂf:l kerg,(9;) = K for
i=1,...,n).
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3. Let 0 € Fixgq, =01, ..., 0y, H1,..., Hy). Then o € Fixq,(d1, ..., d,) = Shy,
by statement 2. So, o (x) = x; + A1, ..., 0(x;) = x, + A, where A; € K. Then
x,-E),- = O'(Xiai) = (x,»—i—)»,»)al- for i = 1, (N and so )»1 = :)"n = 0. This
means that o = e. So, Fixg, = 31, ..., 0y, H1, ..., Hy) = {e}.

4. Statement 4 follows from statement 1 and Lemma 2.2.(2).

O

LEMMA 2.5. Let A be a K-algebra, Derk(A) be the Lie algebra of K-derivations of
A and D(A) be the ring of differential operators on A. If the algebra D(A) is simple and
generated by A and Derg(A) then the D(A)-module A is simple.

Proof. Let a be a non-zero D(A4)-submodule of 4. So, a is an ideal of 4 such
that d(a) C a for all 3 € Derg(A). The algebra D := D(A) is generated by 4 and D.
So, Da C aD and aD C Da, i.e. Da = aD is a non-zero ideal of the simple algebra D.
Hence, 1 € Daandso 1 = ), a;d; for some elements d; € D and ¢; € a € D. Then

1:1*1:Zaid[*lea,

hence a = 4, i.e. A is a simple D(A)-module. O

THEOREM 2.6.

(1) E, is a simple Lie algebra.
(2) Z(E,) = {0}.

(3) [E., E;) = E,.

Proof- 1. (1)) n = 1, i.e. E} = K(x)d is a simple Lie algebra: We split the proof into
several steps.

(a) Dy := K[x]d and W, := K[x, x~']d are simple Lie subalgebras of E; (easy).

(b) For all » € K, Wi(A) := K[x, (x — 1)"'] is a simple Lie subalgebra of E|, by
applying the K-automorphism s, : x — x — A of the K-algebra Q) to W1, i.e.
s, (W) = Wi(d).

(c) For any non-empty subset I C K, W\(I) := Wi(I)x := K[x,(x —A)~'|r e1]d
is a simple Lie subalgebra of Ei: Let a be a non-zero ideal of W;(I) and
0 5 ad € a. Then either ad € Dy or 0 # [pd, ad] € D; Na for some p € P;.
Since D; € Wi(x) forall A € I and Wy(A) are simple Lie algebra, a N W1i(X) =
W1(A). Hence a = W (I) since

W) =) W),

rel

i.e. Wi(I) is a simple Lie algebra.

(d) If K is an algebraically closed field then E; is a simple Lie algebra since
E\ = Wi(K).
The algebra E) is the union y.p, Wilf~'] of the Lie algebras Wi[f~'] :=
P, s0 where P s is the localization of P at the powers of the element /. Let a be
the ideal of E; generated by a non-zero element a = pg~'d for some pg~' € O,
where p, ¢ € Py. Clearly, a € Wi[(f¢)~"] for all non-zero elements /" € P; and
E, = UO;éfePl Wil(f2)~']. So, to finish the proof of (i) it suffices to show that

all the algebras W [f~!] are simple.
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(e) A := Wi[f~']is a simple Lie algebra for all0 # f € P;:Let K’ := K(vy, ..., vy)
be the subfield of the algebraic closure K of K generated by the roots vy, . .., vy
of the polynomial f and G = Gal(K’/K) be the Galois group of the finite Galois
field extension K'/K (since char(K) = 0). Let K’ = 69?21 Ko, for some elements
0; € K’ and 6; = 1. By (c),

A =Kx, 19 = Wi(v, ..., vx

is a simple Lie K'-algebra. Let a € A\{0}, a and o’ be the ideals in 4 and
A’, respectively, that are generated by the element a. Then o = A’, by (c).
Notice that A’ = Zil 0;4 and for d = Z,il 0:a;, b = Z?:l 0;b; € A where
ai,b; € A, [d,b] = Zfl:l 0,6;la;, bj]. Moreover, every element in 4’ =d’ is a
linear combination of several commutators in 4’ (where ¢ = Zle Okcy € A’
and ¢, € A),

[d,[b,...[c,a]..]= ZG,- - 0i6clai, [b), .. ek, a]l.. ] (6)

The symmetrization map Sym : K' — K, A +— |G|™! deGg(/\), is a surjection such
that Sym(u) = w for all u € K. Clearly, K'(x)/K(x) is a Galois field extension with
the Galois group G where the elements of G act trivially on the element x. So, the
symmetrization map Sym can be extended to the surjection K’(x) — K(x) by the same
rule, and then to the surjection A" — A4, f9 — Sym(f)ad.

Eachelement e € 4 C A’, can be expressed as a finite sum of elements in (6). Then
applying Sym, we see that e is a linear combination of elements (commutators) from
a, i.e. 4 is a simple Lie algebra.

(i) E,, is a simple Lie algebra for n > 2: Let a € E,\{0} and a = (a) be the ideal in
E, generated by the element a = ), a;0; where a; € Q,,.

(a) anN Dy, # 0: If a € D, then there is nothing to prove. Suppose that a ¢ D,,.

(al) Suppose that a; € K(x;) for all i. Then a; ¢ K[x;] for some i (since ¢ & D)), and
)

a3 [H;, al = Hi(a;)9; € K(x;)9;\{0}.

By (1), 9; € an D,,.

(a2) Suppose that a; ¢ K(x;) for some i. Then 9;(a;) # 0 for some j#i. Let
q € P, be the common denominator of the fractions ay, ..., a,, that is
ar =piq~", ..., a, = p,q~" for some elements p; € P,. For alln > 2,

DyNas ("9, al = q"9a)d + Y (-..)0 # 0.
ki

(b) By (a), an D, = D, since D, is a simple Lie algebra, [4].
(¢) a 2 K(x/)9; for i=1,...,n: In view of symmetry it suffices to prove that
a D K(x1)d;. Notice that forallu e Q,andi=2,...,n,

a> [ual, Xlai] = uai — Xlai(u)al.

Therefore, a + Q,,0; = E,. The field of rational functions Q,, = Q,(K) can be
seen as the field of rational functions Q,(K) = Q,_1(K’) where K’ = K(x1).
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Then

o1 = Derg(Qu1(K) = €D Q- 1(K)3; = P 0ud

i=2 i=2

By Lemma 2.5, the E, ,-module O, /K = Q,/K(x;) is simple. The Lie
algebra E, | is a Lie subalgebra of E,, and E, can be seen as a left E, ,-
module with respect to the adjoint action. The ideal a of E, is an E|_,-
submodule of E,. The Lie algebra K(x;)d; is simple and a N K(x;)d; is
a non-zero ideal of it (by (b)). Therefore, K(x1)d; € a. The E,_,-module
E,/a=(a+ 0,0))/a ~ 0,0,/aN Q,0; is an epimorphic image of the simple
E, ,-module 0,/K(x) via

¢ 0,/K(x)) = Qno1/anN Q,01, u+ K(x1)+—~ ud, +an Q,0,

with 0 # (P, + K(x1))/K(x1) C ker(¢). Therefore, 0,0, = aN Q,9; < a, and
so E, = a+ 0,0, = a. So, E, is a simple Lie algebra.
2 and 3. Statements 2 and 3 follow from statement 1 (since, for all simple Lie
algebras G, Z(G) = 0 and [G, G] = G).

O

LEMMA 2.7. For all non-zero elements q € Q, andi=1,...,n, Cg,(qP,9;) = {0}.

Proof. Let ¢ € Cg,(qP,9;). Then for all elements p € P,

0 = [c, gpdi] = c(p) - 0 + ple, q0:] = c(p) - 49;.
Then ¢(p) =0 forallp € P,, and so ¢ = 0. 0
ProposITION 2.8. ([4]) Fixg,(d1, ..., 0, Hi, ..., H,) = {e}.

Let di,...,d, be a commuting linear maps acting in a vector space E.
Let Nilg(dy, ..., d,) :={ec E|dle=0 for all i=1,...,n and some j = j(e)}. Let
Nilg, (D) := Nilg, (81, ..., 8,). Clearly, Nilg, (D,) = D, is a Lie subalgebra of E,.

PROPOSITION 2.9.
(1) Fixg, (01, ..., 0y, H1, ..., Hy) = {e}.
(2) Fixg, (91, ..., 8,) = Sh,.

Proof.

1. Let o € F := Fix, (01, ..., 0y, Hy, ..., H,). We have to show that ¢ = e. Then
o~ ! € Fand o*'(Nilg (D,)) € Nilg, (D,), i.e. 0(D,) = D, since Nilg (D,) = D,.
So, o|p, € Fixg, (31, ..., 0, Hi, ..., Hy) = {e} (Proposition 2.8), i.e. 0(3) =3
for all 9 € D,. Let 0# 8 € E,. Then § = ¢~ '9 for some 0 £ g e P, and 3 €
D,. Now, [¢*pd;, 8] = 3’ € D, for all p € P,. Applying o to the equality yields
the equality [¢°pd;, o(8)] = 9'. By taking the difference, we obtain o'(§) — 8§ €
Cg,(¢*P,d;) = {0}, by Lemma 2.7, hence o = e.

2. Clearly, Sh, € F := Fixg, (31, ..., 0,). Let 0 € F and H| :=o(H)), ..., H, :=
o(H,). Applying the automorphism o to the commutation relations [9;, H;] =
8;0; gives the relations [9;, Hﬂ = §;0;. By taking the difference, we see that
[3;, Hj’ — H;] =0 for all i and j. Therefore, H; = H; + d; for some elements
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d; € Cg,(D,) = D, (Lemma 2.4.(1)), and so d; = Z]’.’zl Aj0; for some elements
Lj € K. The elements H7, ..., H, commute, hence

[H}, dj] = [H;, d;] for all i,j,
or equivalently,
Xjo; = A;;9; for all i,j.
This means that A; = 0 for all i # j, i.e.

H! = H; + 7;0; = (x; + Aij)0; = 53, (H;)

where s, € Sh,,, Sy (X)) = x; + A for all i. Then s{la €
Fixg, (01, ..., 0, Hy, ..., H,) = {e} (statement 1), and so o = s, € Sh,,.
]
The automorphism v. Let v be the K-automorphism of Q, given by the rule v(x;) =
x;'fori=1,...,n Then
v(Bi) = —Xl'Hi, V(Hl') = —H,', U(X,'Hi) = —8,-, = 1, Y (B (7)
By (7), theelements X := x1Hy, ..., X, := x,H, commute and the next lemma follows

from Lemma 2.4 and Proposition 2.9 since X, := v(D,) = @, KX..

LeEMmMA 2.10.

(1) Cg,(X,) = X, is a maximal abelian Lie subalgebra of E,.
(2) Fixq,(X1, ..., X») = Fixg, (X1, ..., X,) = Sh,.
(3) Fixq,(X1, ..., Xu, H1, ..., Hy) = Fixg (X1, ..., X, Hy, ..., Hy)) = {e}.

The following lemma is well known and easy to prove.

LEMMA 2.11. Let 9 be a locally nilpotent derivation of a commutative K-algebra A
such that 3(x) = 1 for some element x € A. Then A = A?[x] is a polynomial algebra over
the ring A? := ker(d) of constants of the derivation d in the variable x.

The next lemma is the core of the proof of Theorem 1.2.

LEMMA 2.12. Let o € E,, 3] :=0(d1), ..., 0, := 0(3,) and 8] := ad(d)), ..., §, ==
ad(d;). Then

(1) 9], ..., d) are commuting derivations of Q, such that (,_, kerg,(3}) = K.

(2) E, = Dy 0ud;.

(3) Foreachi=1,...,n, o(x;0;) = x;d; for some elements x; € Q,. The elements
X}, ..., X, are algebraically independent and 9/(x}) = &; fori,j =1,....n.

(4) Nilp, (91, ..., 0,) = P, where P, := K[x, ..., X,].

(5) Nilg, (8], ..., 8,) =D, P,d|.

(6) o(x*3;) = x9] foralla e N" andi=1, ..., n.

7N o": 00— Onxi>x),i=1,...,nisaK-algebra homomorphism (statement
3) such that o'(ad;) = o'(a)o (9;).

(8) The K-algebra homomorphism o’ is an automorphism.
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Proof.

1. The elements 9y, ..., 9, are commuting derivations, hence so are 9, ..., 9. Let
X € (i, kerg,(d)). Then

2] € Cp(d],...,8) = 0(Cr (31, ...,0)) = o(Cg, (D) = o(Dy)

= a(é'B Kd) = @ K.,
i=1 i=1

since Cg,(D,) = D,, Lemma 2.4.(1). Then A € K since otherwise the infinite
dimensional space @0,., KA'd; would be a subspace of the finite dimensional
space a(D,).

2. It suffices to show that the elements 91, .. ., 9, of the n-dimensional (left) vector
space E, over the field Q, are Q,-linearly independent (the key reason for
that is statement 1). Let V' =", 0,9/. Suppose that m := dimg, (V) < n, we
seek a contradiction. Up to order, let 31, ..., d,, be a O,-basis of V. Then
Iy = 2imy @id] for some elements @; € Q,. By applying §; (j=1,...,n),

=0

m+1

we see that 0 =37, 9/(a)d;, and so a; € [_ 1kerQn(E)!f) = K, by statement
1. This means that the elements 9;,...,d, are K-linearly dependent, a
contradiction.

3. Let H] :=o(x;9;) for i =1,...,n. By statement 2, H; =}, a;9; for some
elements a; € Q,. Applying the automorphism o to the relations §;0; = [9;, ]
yields the relations

850] = Y 0j(au)d.
i=1

Let X} := a;. Then aj’(xj) = §;; and Bf(aik) =0 for all k #i. By statement 1,
ajx € K for all i # k. Now,

= X0 —I—Zala/

J#i

The elements Hf, ..., H, commute, hence for all i # j, 0 = [H}, H]] = —a;;9; +
a;0;, and so a; = 0. Therefore H; = xd].

The equalities 0/ (xj) = Jj 1mply that the elements x|,...,x, € Q, are
algebraically independent over K: Suppose that f(x}, ..., x,,) = 0 for some non-
zero polynomial f(xy, ..., x,) € K[xy, ..., x,]. We can assume that the (total)

degree deg(f) is the least possrble Clearly, féK, hence 7é 0 for some i and

deg(8 -) < deg(f) and so 0 75 (xl, X)) =3(f(x), ..., X)) =0/(0)=0,a
contradiction.
4. Let D, = Y i, Ko/ and N = Nilp, (D). By statement 3 and Lemma 2.11,

N=NP[x,,....,¥]=K[x|,...,x]

since K € NP C OF" = K (by statement 1).
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5.Letd =) a9 € N:=Nilg(8,...,8,) where a; € Q, (statement 2). For all
ae N,

n

8(0) = ) 9" (an)d;
i=1

where 8 :=[]_,8*, 8 =ad(d)) and 9 :=]][_,9*. So, §%(a;) =0 iff

i=1% > i=1"i
9“(a;))=0 for i=1,...,n (statement 2). Now, statement 5 follows from
statement 4.

6. By statement 3,
3;(x)) =38; and o(H;) = o(x;9;) = x;9; := H,.

We prove statement 6 by induction on |«|. The initial cases when |o| = 0, 1 are
obvious (statement 3). So, let || > 2 and we assume that statement 6 holds for
all o’ with |&’| < |a|. Then

[0/, o (x"8;) — X"*9]] = o ([3), x*3]) — e;x"* 78] = o (;x*"99;) — a;x"*"99;

oy Ja—eial L a—ejal __
=X 90, — x99, = 0.

Hence, o(x*9;) — x'*93; € Cg,(D,) = D,, Lemma 2.4.(1). Therefore, o(x*9;) =
X9+ Aj0; for somescalars A; = Aj(«r) € K. We have toshow thatallA; = 0.
Applying the automorphism o to the equalities (o; — §;)x*9; = [H}, x*9;] we
have (notice that x*9; ## H; since |«| > 2)

n
(@ — 8)(x™0] + Y haxdp) = o (o — 85)x*9y)
k=1

n
= O'([I{j, )Caai]) = [1—1]/, x/aal{ + Z)\j}cal/(]
k=1

= (a] — (Sij)x/aalf — )\./3]/,

and so (a; — §; + 1)A; = 0 and (oj — 8)Ap = O for all k # j.
If n =1 then o > 2 and the first equation (a; — §; + 1)A; = 0 takes the form
(¢ — 1+ DAy =0,and so A1 = 0. Wecan assume thatn > 2. Foralli # j, the
first equation (e; — 8; + 1)A; = O yields A; = 0. Fix an index j such that o; > 1.
Then, for i = j the first equation («; — 87 + 1)A; = 0 yields A; = 0. Finally for
all i = k # j, the second equation («j — 8;)Ay = 0 yields A; = 0. This means
that all A, = 0.

7. By statement 3, o’ is a K-algebra homomorphism such that im(c’) = 0, :=
K(x}, ..., x}). By statement 3, for all elements a € Q,,

d/o'(a) = o' di(a)

since 9; acts as % on Q).
Let a = pg~! # 0 where p, g € P,. Then, for all r € ¢>P,, [ad;, rd;] = (ad;i(r) —
9;(a)r)d; € P,9;. By applying o and using statement 6, we have the equality

[o(ad;), o' (r)3]] = o'(adi(r) — d:(a)r)d;.
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On the other hand,

[0/ (@)d, o'(r)3]] = (¢'(@)d.c'(r) — 3]0 (a)a'(r))d;
= (o' (@)’ 3;(r) — o' d(a)o’(r))d;
= o'(ad,(r) — d:(a)r)d;.

Hence,

o(ad;) — 0'(a)d] € Cr,(0'(¢*P)d)) = C, (o (q* Psd)))
= 0 (Ck,(¢*Pud;)) = 0(0) = 0,

by Lemma 2.7. Therefore, o (ad;) = o'(a)o (9;).

8. Since 0(Q,9,) =0'(Q,)d] for all i=1,...,n (statement 7), we must have
o'(0,) = 0,, by statement 2, and so ¢’ € Q,,.

O

Proof of Theorem 1.2. Let o € [E,. By Lemma 2.12.(8), we have the automorphism
o' € Q, such that, by Lemma 2.12.(3,6), o'~'o € Fixg, (91, ..., 3, Hi, ..., H,) = {e}
(Proposition 2.9). Therefore, o = o’ and so [, = Q,,. O
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