BULL. AUSTRAL. MATH. SOC. 53C45
VOL. 23 (1981), 249-253.

CHARACTERIZATIONS OF THE SPHERE
BY THE MEAN II-CURVATURE

GEORGE STAMOU

The notion of "mean II-curvature" of a Ch—surface (without
parabolic points) in the three-dimensional Euclidean space has
been introduced by Ekkehart Gldssner, The aim of this note is to
give some global characterizations of the sphere related to the

above notion.

In the three-dimensional Euclidean space E3 we consider a
sufficiently smooth ovaloid S (closed convex surface) with
Gaussian curvature K > 0 . The ovaloid S possesses a positive
definite second fundamental form II , if appropriately oriented.
During the last years several authors have been concerned with
the problem of characterizations of the sphere by the curvature
of the second fundamental form of S . In this paper we give
some characterizations of the sphere using the coricept of the

mean II-curvature Hi, {of S ), defined by Ekkehart Gl&ssner,

Let H be the mean curvature of S and let AII denote the second

Beltrami operator with respect to II . Then, by definition [!, p. 194],

we have

(1) HII = H + !EAII 1nVK .

We shall prove the following
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THEOREM 1. On an ovaloid S either Hq - H changes sign or S 1is
a sphere.
Proof. Let doII denote the area element of S with respect to

II . Then, integrating over all of S , we deduce, from (1),
(2) J Hpodop; = J Hdol  + % I Ars 1nvk dor; -

The second integral in the right-hand side of (2) is equal to zero, since

S is closed. Hence, the equalty (2) yields

(3) I (4 -H)dor, = 0 .
Therefore, it suffices to show that HII =H is true only if S is a
sphere. In that case we obtain, from (1),
AII VK = 0 .
This means that the function 1nVX is harmonic. Note that a harmonic

function defined on the .compact surface S must be constant. Thus we have

K = const. and so S 1is a sphere.

LEMMA. Let S be an ovaloid in ES and Py (respectively P ) be

a point on S where K attains its maximum (respectively minimum). Then
H1(Py) = H(P)) (respectively H  (P)) = a(p) ).
Proof. We shall prove the first inequality of the lemma. The proof
of the second one is essentially the same. Let (ul, u2) be local
coordinates and let ng(II) and VII denote the Christoffel symbols of

the second kind and covariant differentiation with respect to the second

fundamental form II of S , respectively. If bij are the tensor
components of II and b*  are the components of the inverse tensor of

bij , then we have ([3])
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A 1aVE = § i3 g1} 3(1nVE)
11 , & J 1
1,J=1 u
2 . ij|o%Vk) 2 3(1VE)
(L) 4 = 2 b']—.i—- Z I{Z(II)—”I
i,5=1 e du m=1 o
S I € -4 N KT P Ter-Y/4 1
| i,3=1 wat i, m= i "

We observe that the right-hand side of (L4) is a second-order, linear

partial differential expression of elliptic type, since

aet(®*?) > 0 ana B >0 .
We assume that

(5) - 1n\/K(Po) >0 .

Then, because of the continuity of the function AII 1nvK , there is a

neighbourhood 7T of Po such that

A 1nVK(P) > 0

II

for every P € T . On the other hand the function 1nVK attains its
maximum at the point P0 € T . Then, using a result by Hopf [2, p. 1471,

we conclude that 1nVK = const. in T , from which we obtain that

AII 1VK(P) = 0
for each P € T , This is a contradiction to our assumption (5). Hence we

have

AII aniT?S]'S o,
and from (1) it follows that

B (P)) = &(P) .
Next, using the above results, we can prove

THEOREM 2. Let S be an ovaloid in ES . Then each of the
assumptions

(i) H = Bf(K) ,
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(i) Hyp = H+ flx) ,

where f 18 an increasing function, implies that S is a sphere.
Proof. (i) We have

i (B) = HEYFK(E,)) < 8(,)

from which we obtain that

£lP) = 5(x(ey)) <1
for every P € S . Then we get
H . (P) = H(P)f(k(P)) = H(P)

for every P € S . Hence, by Theorem 1, S 1is a sphere.
The case (i7) can be proved in & similar way.
Finally, we prove the following

3

THEOREM 3. Let S be an ovaloid in E° and let KII denote the

curvature of the second fundamental form of S . If on the ovaloid S we

have identically Hip =K then S 1is a sphere.

I1°

Proof. If we denote by do the area element of S with respect to
the first fundamental form I , it is obvious that do ., = VK do , since K

equals the quotient of the determinants of II and I . Then by the
Gauss-Bonnet Theorem (applied to the Riemannian spaces (S, I) and

(5, II) ) we have

hm = J Kdo = J KIIdoII ’

from which we obtain that

(6) [ (k VR o, = 0 .

Thus from (3) and (6) it follows that

(7 J (g~ )dop; = I (A-VE)do__ .

If Hp = K.; , and because H 2 VK , from (7) we have H = VK . This
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means that the ovaloid S consists entirely of umbilic points and S must

be a sphere.
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