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1. Introduction

The present note continues the discussion, begun in the first paper with
the above title, of classes of spaces s# which are extensions of L?(0, o)
and whose elements, which we call ‘sequence-functions’, exhibit some of the
properties of distributions. The previous paper defined the spaces, and
described how they can be used to extend the domain of definition of Watson
transforms. Further related applications to transform theory are described
in [2] and [3]. In this paper I pursue the analogy between these sequence-
functions and other types of generalized functions further by discussing
their local behaviour, the existence of ordinary and convolution-type prod-
ucts, and of derivatives and integrals.

Ordinary and convolution products are dealt with in §§ 3, 4 and 5.
In each case it proves necessary to introduce new function spaces, to which
at least one factor of a product shall belong, and each of these paragraphs
is devoted in part to a description of the new spaces.

Turning to the definition of derivatives and integrals of sequence-
functions, we find that expressions of the form z*p'®(z) and z—*r*(z)
arise more naturally than r (z) and r~*(z). We therefore first find condi-
tions for the existence of these ‘affixed’ derivatives and integrals, in § 6,
and then attempt in § 7 to detach the factors #** by using the ordinary
product of § 3 to define z—*2*r® (z) and a*x—*rF-*)(z).

This method defines sequence-functions which are interpretable as
derivatives and integrals only over intervals excluding neighbourhoods of
0 and oo, and suggest the necessity of some treatment of the local behaviour
of sequence-functions. Accordingly, a discussion is included of sequence-
functions which belong to L2 on open sets; the paper begins with this.

The reader is assumed to be acquainted with the notation and contents
of the first half of the first paper, [1]; references to equations, theorems etc.
in [1] will be shown by a suffix 1. I must again thank Professor E. R Love
for his interest; some sections of this paper, particularly §§ 2 and 3, were
suggested by his published papers [4],, and unpublished work to which he
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gave me access. The paper contains some modifications suggested by the
referee.

2. Locally numerical sequence-functions

If a sequence-function belongs to L2it has almost everywhere a numeri-
cal representation. A less restricted member of 5#_, may be numerical on a
subset E of (0, o), i.e. may be equivalent to a function of L2(E), without
belonging to L%(0, c0). We show that this property of being ‘locally numeri-
cal’ may be defined precisely, at least when E is an open set.

DEFINITION. A sequence-funciion r of H_, is numerical on E if it
possesses at least one Cauchy sequence which converges in L2(E). The mean
limit in L2(E) of this sequence determines the local value of 7 in E.

That the local value so defined is unique is shown by

THEOREM 1. If 7 of 3#_, is numerical in E, an open set in (0, o), and
A > %, then all Cauchy sequences for F which converge in L2(E) have the same
limat.

We require a preliminary result.

LemMA 1. Let (h,), h, € L2, be a null sequence in 4_,, 1.e.
”h’n”—l g 0:

and suppose that h,(x) = h(x), independent of n, for almost all x in the interval
(@, 8). Then h(z) = 0.

PROOF OF THE LEMMA. Since [|A,]|_, = 0 as # — oo, we have

(2.1) f:

If 2 = 0, it follows immediately that A‘-*)(z) = 0 and hence that A(x) =0
in (a, b). Suppose @ > 0. Consider first the case when 41 is a positive integer,
and write H, (x), H (x) respectively for the two expressions within the modu-
lus signs in (2.1). Clearly H,(z) is a polynomial in ! of degree 4 with zero
constant term, and therefore converges in L2(a, b) to a similar polynomial;
thus H(z) has this form also. Therefore

z—A J‘o" (x—)A -1k, (¢)dt4-2—* J’: (m—t)A-Lh(t)dt 2 s 0.

[ @—01h(t)dt = cot-eyzt -+ ora @

the A-th derivatives of both sides are equal almost everywhere, and so
h(z) = 0. Now suppose that 4 is non-integral, I < 4 < /41 for some integer
l. Then ||h,||_, — O implies ||4,]|_+1) = 0 by Lemma 2,: the previous case
gives b = 0.
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PROOF OF THE THEOREM. Let (f,), (g,) be two equivalent sequences for
P which converge to f, g respectively in L2(a, b). Let (f,) be another sequence
given by

folx) = (=) (@ <z <b), f,(x) (otherwise).
We show first that (f,) ~ (f,,). Now

fa—tallZa = i

m) = [ e—rgo—taope

dx

= [ erogo-no
= I,+1,, say.

If >4,
P < [ 1O ~fa01dt || 5 @—ty-raa)?
= [_[: lf(t)“‘fﬂ(t)pdt]*. [f:dt be—“(z—-t)”‘zdx ’l',

and the second factor is finite if 0 < a < b < 0. Thus under these condi-
tions I, — 0; and similarly I, — 0; {f,) defines r. Let (g,) be obtained simi-
larly from (g,), so that

(8) ~ (gn) ~ (fa) ~ (£2)

in #_,. Then %, = j,—g., satisfies the conditions of the lemma, and % =
f—g = 0. Hence the theorem holds when F is a finite interval not having 0
as an endpoint, and the extension to a countable union of open such inter-
vals and so to any open set is immediate.

We note the corollary: A sequence-function is numerical on an open set
if E and only if it has a sequence which repeats on E, as a function of L2(E).

3. Ordinary products

We look for a product r¢ in># which will reduce to the ordinary product
of two functions if r e L2 The evidence of other theories of generalized
functions shows that such a product cannot exist between two arbitrary
sequence-functions; rather, the further removed r is from L2, the greater
the restriction necessary upon ¢. In the present case it turns out that the
restrictions take forms involving the norm

ll#llo =}/ [ 16 (0) 2.

We shall denote by £ the new linear spaces of measurable functions which
this norm determines,
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DerFINITION. 1. P is the space of measurable functions ¢ for which
[{#llo < co.

I1. ¢ belongs to P, if there exists some function ¢ related to ¢ as in
(2.1), (the Lebesgue integral there griven existing for almost all x > 0), and if
AN (E) € Py. We write [|gllx = ([0 )]lo-

II1. ¢ belongs to P_, if the Lebesgue integral (2.2), defining ¢ (z)
exists for almost all x>0, and x~*¢M(zx) e P,. We write ||$||-» =
lle= 40 @)llo.

IV. Spaces P,y and P_,, are defined similarly.

These spaces in their orderings show less symmetry than spaces ¢ and
#. We find (by judicious use of Schwarz’ and Minkowski’s inequalities)
that, if 0 <A <y,

re) @
B S e e 8llen S e Il
and if 0 <4 <y,

l—f—l A+1)
02 Il = por) s s = Tl

From these can be deduced the existence of two broken systems

P,CPy; PpCP,,CP_,
(3.3) 0O< i<y
PwC P C Py PnC Py
We shall prove theorems which determine sufficient conditions for
(f.¢) to be Cauchy when (f,) is Cauchy, and thus allow us to define ré.
The proofs depend upon interated ordinary integration by parts, and we are
obliged to restrict the parameter 4 to take integer values only. There is a
distinction between cases where (f,¢) is to be Cauchy in the same space
%_, as (f,), and where (f,) is restricted to a smaller space than (f,¢). We
begin with a preliminary lemma.

LEmMA 2. (i) If fe L2 then 22 f N (z) = o(x~t) as ¢ - 0, if 1> }.
(ii) If e Py, 0 < a <A—}, then as x — 0,

$(@) = O(y/ log(1/z)), *¢(z) = o(1).
(iil) If ¢ € Py, A> &, then $(z) is bounded,
()] = {2A@A—1)}40@A) 7 - |8l 1y -

The proofs of (i) and (iii) are immediate consequences of Schwarz’
inequality. The proof of the second order relation in (ii) is a slight modifica-
tion of that of [6],, Theorem 4; the first of (ii) follows from the same proof,
by a varied treatment of the term ‘],  there.
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LEMMA 3. Letl, m be integers, 0 <l < m,andlet fe L2 If e Pyn P,
then

(3.4) 1 ll—m = HIfll=s - {A|I¢I|o+B|I¢||l},
where A, B depend only upon I, m.

If instead | = m, ¢ € P, and $(x) is bounded, then
(3.5) [l < Wil - fSUPI(2)I+Cllgln}

where C depends only on m.

PROOF. Assume ¢ € Z, n &, and write @(f) = ¢(¢)(x—2)™, so that

(3.6) I(m)(f$)—™ (@) = | 1()D(t)d,

and integrate by parts / times, so as to obtain f(~¥(¢) in the integrand. The
integrated terms which arise form a sum of expressions

on & R b (s=01,---,7—1;
(100 G @@ty BTN

Lemma 2 shows that the terms for { = 0 vanish; clearly those for { =«
also vanish if [ <<, but if [ = m there remains one non-zero term
[ (x)p(x). If we write §(¢) for the ordinary 7-th derivative of @ with
respect to £, supposing x fixed, we get from (3.6):

(37)  ($)(e) = Tlm) (—1)! [7 o0 ()8 (t)dt (if < m)
or
(3.8) = =™ (@) (a) + Tlm)~1(— 1) [ fom ()™ (t)ds

(if I = m).

Suppose 0 < I < m; from (3.7),
Lm)lifgllm = ([, |a= [ 100100 @t da}
< [T 1@t {[ 7 1 o0 () 2l

(3.9)
= [[rieerna]} [ e o]
= IAILL(B), say.
Now
o
oN(t) = = {$(t) (x—t)™1}
(3.10)

— (—1)' S 4 (e )1 40(t), say,

r=0
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since (—1)"¢(t) = ¢ () (cf. § 2;). Then

([ oo @pra)t < 3 a, {71600 a—t)m—srrpas)?

1
= 3 b,|¢p" (t)|t-H+-1, say;
r=0

and therefore, in (3.9),
L) = [ (3 i) o)
[Crgoppeaft

Q

=3
(3.11) =
=3%

il

i

< aulglle+HIgll - 3 8.7V00),
by (3.1). The first part of the lemma follows from (3.9) and (3.11).
Suppose now that ! = m. Equation (3.10) is valid again, but now g, =0.
With this modification the work down to (3.11) holds, with b, = 0, and
(3.8) gives the second part of the lemma, (3.5).
Since &, # P, a cognate form of Lemma 3 will provide for multipli-
cation by some functions not covered by that lemma.

LeEMMA 4. Letl, m be integers, 0 <l < m, and let f € L2 If § € Py, then

(3.12) fgll-m = B'lIfll—s * lillesy»

where B’ depends only on 1, m.
The proof follows the general pattern of the previous one, but the
details are considerably more awkward. If / < m, we find in place of (3.4):

W plle—my = gy * {4 llbll o1+ B” b1}

but this time the first term inside the brackets may be incorporated in the
second, by (3.2); and [lfll_y = [lfll_s by (4.4),, while |[f$ll;_p; = [l/$ll-m
by virtue also of Lemma 2 (iii): this gives (3.12). If | = m we get a cognate
form of (3.5), in which again (by Lemma 2 (iii)) the first term may be
incorporated in the second, giving (3.12) in this case also.

Returning to products of sequence-functions, we now frame the

DEFINITION. The product ré of a sequence-function r and a function ¢
exusts if all sequences (f,$) for whick (f,)~F, f, € L2, are Cauchy and equiv-
alent; then F is the sequence-function defined by this class of Cauchy sequences.

https://doi.org/10.1017/51446788700028299 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700028299

{71 Hilbert spaces of generalized functions extending L2, (I1I) 273

Here, the space in which the sequences are to be Cauchy and equivalent
is purposely left unspecified; it is in that space that ré will exist.

It is easily seen that under this definition the distributive and associa-
tive laws are valid, in the sense that

Fl¢+y) = Fé+ry,  (F-te)p = Fd+tcd
F(dy) = (rd)y

hold provided the right-hand side is defined, in each case. If FeL?ie.if r
possesses a repeating sequence (f), fe L2 and if r¢ exists in #_,, then
F¢ is the principal sequence-function f¢, a function of ¥_, (cf. § 6,).

The following theorem is an immediate consequence of Lemmas 3 and 4.

(3.13)

THEOREM 2. Let I be a positive inieger, and suppose F € H_,. Then r¢
exists as a member of H_ ., if ¢ € Py P, or even as a member of H, if
de P, and ¢ is bounded, or if e Py,.

4. Resultant products

Here we consider a product of the form

(@1 (f.g)(x)=£°f(xt)% ( )dt f f(t; (ﬁ)

Such products arise naturally in work with Watson transforms, where they
are perhaps more appropriate than the usual convolution product of two
functions, to which this resultant reduces after simple changes of variables.
We say, at first, that f - g exists if the integral is absolutely convergent for
almost all positive z. Clearly f - g exists if both f and g belong to L2.

In order to be able to discuss the existence of the resultant in 5#_,,
we find it necessary to introduce new spaces & and #, derived from the
norm

(42) o= [, \iey1e-ae

in the same way as ¢ and 5 spaces are derived from the norm || - ||, and
& spaces from the norm ||-||,.

DEFINITION. 1. M 1is the space of measurable functions f for which
[flo < 0.

IL. f belongs to oZ,(A > 0) if there exists some function fX) related to f
as in (2.1),(the Lebesgue integral existing for almost all x > 0), for which
Ay eM; and oy = M. We write |fly = [* P (¢)]o-

II1. f belongs to o _,(A > 0) whenever [~ (x) exists almost everywhere (as
a Lebesgue integral, defined by (2.2),), and 22 fV(@)e M; A = y=M
We write |fl_y = o f= @),
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IV. Spaces oLy, S (_, are defined analogously.

V. B_y, B_xy are the spaces oA _y, S_,, respectively, completed by the
adjunction of limits in the respective norms (cf. § 6,).

It will be seen that Z; is related to M as % (= L%) is to L. Before ap-
plying these spaces to the discussion of the resultant, we list in summary
form some of their properties.

1°, The spaces L? and M are distinct, and their intersection is dense in
each of them.

2°. For felL? 0 <A < u, we have (cf. Lemma 2,)

F A
(«3) = Fod Ve Wn S et
Also, if 0 £ A < pu—3%,
where

F(2l—{—-1)]’(2/1,—21—1))§.

1
K0 = (5 T

The same inequalities hold for norms associated with [ ] forms. {The proofs
use Schwarz’ and Minkowski’s inequalities. To prove the second of (4.4)
for example, we write

$(@,t) = a~#(@—)s A1) (0<t<a), O(>a)
so that, by (3.1),,
Ul = {J‘wlx—ﬂ(ﬂ Ny "‘"‘”(x)lzdx}
= -2 ([T deo bz, t)dtl &
< Pla—2) [Zat ([T 1, OPda)t = K(4, w)lfl-a]
3°. We deduce from the inequalities of 2° that

(4.5) A, CHy,CMCA_,CsH_, 0O<i<p)
and
(4.6) AL, CY, A,CY_, 0=i<p—P.

[The examples ¢, d of (5.3), show that the inclusions are proper.] On the
other hand, no % space is wholly contained in any & space. [It can be
verified that if

HfAO() = t-H(log )1 (1 < 14+ < ¢), 0 (otherwise),
then fe &, but f¢ o/, for all pu.]
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4°. The formula (5.4), for fractional integration by parts holds if
A> 1 and either fel? geof, or feM, ge %,.

5°. The spaces &/_,(1 > 0) are incomplete, so that &_, CH_, Co#_,
if 0 < 4 < u—13. [The sequence (1), where #,(z, &) = n (§ <z < £&+1/n), 0
(otherwise), is Cauchy in &7_,, with no limit in the space.]

6°. M is dense in #_, [This follows from 1°, 5°, and the fact that L2is
dense in J#_, (Theorem 3;).]

We return now to the resultant (4.1). The linear space M with this form
of product becomes a commutative Banach algebra, without identity (since
M does not contain a delta function). Thus

7°. 1f f,geM, then f-ge M and

(4.7) If-glo = |f|o “lglo-
We also have

8°. If feL?and ge M, then f-ge L? and
(4.8) 1f - glle = liftlo Iglo'

9°. If f, g e L?, then (f-g)(z) exists for all z > 0.
It will be convenient to introduce the operator #, defined by

1 1
Fz) = z / (;) .
Real M is an algebra with involution #. The operation also maps L2 onto
L2, %, onto ¥,,, ¥, onto ,,.
We seek to extend the definition of - to the sequence-function spaces 3¢
and %, and to this end we first construct inequalities for norms of the

product. These are set out in Lemma 6 below, and the existence of the
extended product is then described in Theorem 3. As a preliminary, we prove

LEMMA 5. The formula

(4.9) M f - g) N (@) = (&7 N (=) - ¢
1s valid for all positive x in each of the following cases:
(@) felL? gel? A>0,
(b) fel? geM, i>1%,
() feM, gelL? A>3
and for almost all positive x if A > 0 in (b) or (c), or if
d) feM, geM, 2> 0.

Proor. Equation (4.9) in cases (a) to (c) is a consequence of Tonelli’s
and Fubini’s theorems, by which
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(410)  T@)z(f- ) M) = 2= [ " g (w)du [ (x—t) -2 {(ut)at

the repeated integral is shown to be absolutely convergent by judicious use
of Schwarz’ and Minkowski’s inequalities appropriate to each case; we omit
the details. Case (d) is slightly more involved: to show that the repeated
integral (4.10) converges absolutely, suppose f and g non-negative, and
consider the integral of (4.10),

(4.11) I(3) j;” abda [ g (u) (@u) i) (@) du.
Invert the order of integration; the repeated integral

= [Z g w)du [~ z-2-tu-2dg [™ xu—tv"‘ll‘ t)dt
ls ) [ty

= [t udu |y by [ (g~ f()at (u = y)
=lglo- . ft)at ft y by —tp-tdy
= lelo* o~ [, o tw—1)""1dw (y = wi).

Since this is finite, applications of Tonelli’s and Fubini’s theorems justify
the inversions of order of integration used, and show that (4.11) converges;
Tonelli’s theorem shows that, in the general case (d), the integral in (4.10)
converges absolutely for almost all positive z; finally, both theorems then
justify the inversion involved in (4.10).

Cases (b) and (c) for 2 > 0 are proved similarly. For example, to show
the convergence of (4.10) in case (b), we note that, if 0 <a < b < o,

[Paz [ 168 @)lduten) A [ @u—t 2 (t) e
= fo"" |g* () |du f:dx fol (1—v)A1|f (zuw)|dv
([2reae) ([ ([ @—or-sipen) o) az)’
------ Jo t—op=rao ([ fauo) )t
[l @lurtdu - v/ @—a) - [} 1—op-to-tan - ([ 11w)i2ay)?,

which is finite if g e M, fe L2, 1> 0; the argument proceeds as before.

A IIA

IA

Lemma 6. (i) If feL? geM, =20 and o =0, then

(4.12) I - gll-ttar = Gllfll-a - L6l
() If f,geM, 2 =0 and « = 0, then
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(4.13) If - gl-osar = Calfl-a * lgl-a-

Here ¢, and c, are constants depending only on A and a.

PRrOOF. By two successive applications of Lemma 5, first for the case
(c) and then for the case (b), we get

e @2 (f - )P @)} = 2 f - (gt (=) )}
= (2P ()) - (+77g(2))-

This is valid for almost all # > 0 under the conditions in (i) (we use 3°
above). Then by (4.8),

lle=e(f - &) @) -a = HAl-a -l

From 8° above we have f - g € L?; an application of Lemma 7 (ii), from § 6
below, gives (4.12).

In the same way, Lemma 5 (d) and Lemma 7 (iii) lead to (4.13).

The criterion for the existence of r-g will be the same as for r¢;
that is, for the definition of r - g we repeat exactly the definition of F$in § 3,
with only the formal changes from r¢ to F- g and (f,¢) to (f, - g). Then
the remarks that follow that definition will also apply for the resultant,
with the same kinds of amendments.

But now we shall more generally define also the resultant of two
sequence-functions: 7 ¢ will be said to exist if (f, - g,) is Cauchy for any
pair of sequences (f,) ~ F, (g,) ~ ¢ and if all such sequences are equivalent,
and then 7 . ¢ is the equivalence class so determined. Here the r, ¢ may be
limits in either & or & spaces, and the sequences are from L2 or M, as the
case may be. (Here we invoke § 4, 6°). We have:

THEOREM 3. Let A =20, « = 0. If resf_, and ¢ceZ_,, then F.¢
exists as an element of H_ o . If tnstead FeB_, and ¢ € B_,, then r.c
exists as an element of B_(3.a).

Proor. For the first part, let (f,) ~ F in ##_, and (g,) ~ ¢ in #_;.
Then by (4.12),

”fn : gn_fm y gm”—-(l+a) —S— cl{”fn—fm”—A ‘ Ignl—a,"l_Him”—A - Ign—gm|—¢}’

and hence (f,-g,) is Cauchy in #_g,,. The non-dependence upon the
particular sequences follows likewise from (4.12). The second part of the
theorem is proved similarly.

The theorem shows that the & spaces are perhaps more appropriate
vehicles for the resultant product than the 5 spaces: no sufficient condition
for F. ¢ €3 _, in terms of 5 spaces alone seems to exist. We have from 5°
that #_, Co#_, if A < u—}, but no reverse inclusion is possible.
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278
5. Convolution products

A theory like that of § 4 can be constructed for the product
(f +8) (@) = [ HO)glz—t)dt.

The auxiliary spaces are ¢, X (say), derived from the norm |'], of L =
L(0, o), so that, for example, we write fe £_, if |fl_x = [t=2 2 ()], < o,
and X _, is the space #_,, completed. These spaces form a broken system:

f,ucf)«CL; f—/\cf—p (0<A<”)'

In place of (4.9) we can first show that (f *g) 2 (z) = (f #g"V)(x) if

f, g€ L¥0, ) and 2 > 0; and then we can use the inequality
(x =0,4 = 0)

=42 (&) (@) llo < Ky(4, @)llz B (@)l|o - k()]

to deduce that
I *gll—a+mr = K1(4, a)lIflla - lg)-a-

Thus F x ¢ exists ino#_,,,)if FeX_,,ceX_,

6. Affixed integrals and derivatives

We have already in § 7, defined 7-», when r € 5 _,, indirectly as the
coefficient of z—* in the L2 function z—*r(-2) (z). We now consider the existence
of expressions of the form z—*r(-* (z) for general « > 0, which we shall call

‘affixed integrals’.

LeMMA 7. If fel? A =0, a =0, then
(i) x-’—a(z—/\f(-l) (x))(—a) = x—/\(x—af(-a) (x))‘—");
(ii) there exist constants ¢y, c, depending only on A, o such that

—a f(—a)
0<e < Jla== f==) (@)]]_» << o
[l —ata

If instead feM, A =0, a =0, then
(iii) the inequalities of (ii) hold with |- | in place of || - || (and possibly

with different comstants, c,, c, say).
Proor. To prove (i) it is sufficient to observe that either side of the

equation has Mellin transform
rq—s) I'(1—s)

8C) Fari—s) Tetizs)’

by (4.3);. Likewise for (ii) we have
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F(s)[(1—s)I'(1—s)
I'A4+1—s)I"(e+1—s)

(s)r(1—s) 2
W dt = c3)If11® asey »

2

at (s = L+it)

et = o |7
=N

i S|P —s)F(A+a-t+1—s)[T(A+1—s)M(at-1—s)| < c,

Il/\

since

when R(s) = }, for some positive constants ¢,, ¢,. The other inequality is
proved similarly.

Mellin transform theory is no longer adequate for the proof of (iii),
for which we work differently. By (3.1),,

[ee]
lf'—(/\+a) = f
0

Let ¢* in the integrand be expanded as a power series in {(z—!?)/x,

#=r 2 () e (5

term-by-term integration is permissible because the series terminates or is
at least boundedly convergent. We get

o0
I/I—(A+a) = f
0

_2

x—4dx.

if%f : (@—8)A-1t= f==) (¢)t*dt

I'::Z,) 120( ) (D)= —(A+r) f: (x—t)/\-{»r—lt—af(—a)(t)dt z-ddz

(r) FY: (1+)r [z~ @) _asn
CIF

I'(A+r)r(A+3)
T r@A+r+3)

by (4.3). The series converges; thus for a positive constant ¢;, say, we have

M-t = 6572 (@),

which is one of the inequalities of (iii). The other can be proved in a similar
fashion. (Similar methods can be used to prove (ii) also.)

If -2 r~*)(z) is defined as the equivalence class of sequences (z~*f5 (z))
where (f,) ~ F, [, € L?, the lemma gives

_Z

=== ()]

THEOREM 4. Every sequence-function r of 3 _, has affized integrals of all
positive orders, and z—*F'~* (x) belongs to H#__, if « = A
If in fact re L2 so that (f) ~ r for some fe L2, then z—*F~*(x) so
defined is equal to #—* multiplied by the fractional integral f(~*)(x). Moreover,
if res_, and « < k < 4, then (2z~*f5%(z)) defines the same sequence-
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function in both 5#_,_,, and #_,_,,, so that the definition is consistent
within the class of spaces 7.
It is easily seen that the statements of the above lemma and theorem
remain valid if everywhere the [ ] forms are read in place of the () forms.
Affixed derivatives can be defined in an analogous manner.

LemMa 8. If fe %,, 2= 0, « = 0, then
(@) =) = x—“(x“f(a)(x))[~a];

(i) there exist constants ¢y, c, depending only on A, a such that

| 1) () [ -
Hlle-n

0<c < Wl < ¢ < o0.

The identity in (i) is implicit in the formula defining f=* and in the
definitions of § 2,. Inequalities (ii) can be proved by using Mellin transform
theory as in Lemma 7, (ii). We note that, by (4.4),, the norms appearing
in the lemma may be replaced by the equivalent norms without square
brackets.

Define 2*r®(x) when r e #_, as the class of sequences (#*f®(z))
where (f,) is any sequence of ¢, functions for r (recalling that %, is dense
in 5#_,). We have

THEOREM 5. Every sequence-function f of L® has an affized derivative
x> f@) () in H_,, if o > 0. More generally, if F e #_,, the affixed derivative
x*F)(x) 15 defined in H_ o, if 120, a = 0.

As in the previous case, the definition of 2*#® () is an extension of its
usual meaning for the case F e ¢,, and is consistent within the class of
spaces .

Lemma 8 (i) may be interpreted as a statement on the integrability
of derivatives. More generally, if 7 €e#_,, so that z*r@®(z) belongs to
H# _a+w and z%(z*r@(z))™*) belongs to #_ =H#_,, Lemma 8 (i)
shows that z*(2*r@ (z))"* equals r. Likewise x*(x—*rl"9(z))® = r.

As an example on the use of these derivatives, one may prove the
formula

(1.1) ];” g@)ar® @)z = [~ a7g™) () (z)dz,

valid if ge %, Fe#_(_,, 0 < a < 4, and where the integrals have the
meaning given in § 8,. (The proof uses Lemma 5;.) The particular case
F=4; (§10;) and A—a = 1 gives

(7.2) [ e@)a® 2 (@)dw = £2g19)(8).
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7. Local integrals and derivatives

Powers ¢(f) = ¢/ as they stand do not satisfy the requirements on ¢ of
Theorem 2. However, functions which behave like them on subsets of (0, o)
are easily constructed. Thus, for positive integral / and positive numbers
B, A, let ¢ be determined by

V() =0 (0<t<d), r+H)r@)y1-+ (> A).
It is easily shown that ¢ is then the continuous function
o ‘ a polynomial in  of degree [—1 o=z=<4),
ool ™ a8 (@ = A4),
and this belongs to &, and is bounded.
Again, let y be determined by
() = TEHHDI(B+1)18 (0<t < A), 0(t>A),
so that y is the continuous function
z# 0=2<4),
a polynomial in -1 of degree /, with zero constant term  (x = 4);
and this belongs to Z;;.
We can use these functions to detach the factors z** in the affixed

integrals and derivatives of § 6, on subsets of (0, ). Thus, let F e #_(;,_,,
so that by Theorems 4 and 2, the sequence-function

Y _
Tig,4) = {

F® (x)(A.oo) = x(_f,oo)xal"(a)(x)

exists in #_,. If in fact re &, (a integral), then °7'®) (z) e L2 and F**)(z), 4,00
is a function also in L2 which equals (—1)%(d/dz)°F (x) for almost all x > 4,
in the sense of § 2. Again, let F e#_(;,,, so that a—*r—*(x) € £ _;; the
sequence-function

F=) ()9, 4) = Z(o, 4 F ()

exists in #_,; and it equals the a-order integral of r for almost all = in
0 < & < A in the sense of § 2 if, for example, re Z_,.
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