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§1. Introduction

In discussing convergence of Feynman path integrals [2], we need a
stationary phase method of oscillatory integrals over a space of large
dimension. More precisely, we have to know how the remainder term
behaves when the dimension of the space goes to oo (cf. [2], [3] and [5]).
The aim of the present note is to give answer to this question under
rather mild assumptions. Application to the Feynman path integrals is
discussed in [3] and [5].

Oscillatory integral of a function f(x), x € R¥, is defined by the equality

j: . f(x)dx = lim ke""’”*f(x)dx.

We consider the following oscillatory integrals

L vi \2 [ ) L-1
It S, 0 x) = 11 () [ eroemmmate, - x) ] da.
(L-1) Jj=

Jj=1 27ftj—
Here each x,, j =0, ---, L, runs in R% » > 1 is a constant and ¢, j = 1,
2, ..., L, are positive constants.
Our assumption for the phase function S(x,, ---, x,) is the following:
(H.1) S(x,, ---, x,) is a real valued function of the form
L
S(xp, Xy -0 %) = Z:l Sj(tiv X xi—l) ’
=
where
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1

S,(t,, %, X;_,) =
I(J J Ji) 2tj

|x; — xj—lF + tja)j(tj7 Xy xj—l): j=1,2---,L.

For any m = 2 there exists a constant &, > 0 independent of j such that

max  sup |3;0jw,(t;, %, )| = K -
2<|al+]8lSm z,yERE

(Since both x and y have d components, both @ and p are multi-indices
with d components.)

We need a little more notations to write down our assumptions
about the amplitude function. If T, =t + ¢ + -+ + ¢, is small enough,
the critical point (x¥_,, x¥_,, - - -, x¥) of the phase is the unique solution
of

ax/SjH(th’ x}k+l7 x;k) + axjsj(tj’ x}"() x?——l) = O) j = 17 2’ ] L - 1 ’

where xf = x, and xf = x, (See §2 for the proof). We use the following
notation

* *
a(xy, x) = a(x,, xF_,, -+, xF, %) .

Similarly, for any pair of integers k, m with & 4+ 1 < m let x¥,,, -- -, x¥_,
be the partial critical point, i.e.,

aZij'l-l(t]-(-l? x;!:“’ x;k) + azjsj(tj’ x;k’ x;!‘—l) = 0 ’

for j=k+1,...,m — 1, where xf = x, and x¥ = x,,. Then we set
k K
a(xLa crty Xy Xy "'9x0) = a(xL, oy Xy oty 0y Xpary X "',xo)-

If m=k 4+ 1, we define
p—
Xy X gy oy Xty Ly w0y Xo) = WXy, v v Byyy Xy -+ 7, Xo) -

Our assumption for the amplitude function a(x,, -- -, x,) is the fol-
lowing:

(H.2) For any positive integer K there exist positive constants A,
and X, with the following properties:

(i) If|e)<Kforj=0,1, ..., L, then

sup

(@L,+++,20) ERL+1

L
(11 azp)ates, - x| < AcXE.
j=0

(ii) For any sequence of positive integers

j0=0<jx—"1<j1<j2_1<"'<js<L’ S=1,"',L——1,
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we have the estimate

pr——

e B
‘aﬁagﬁii s a;ga;ia(xLa xj,’ xj,—b xj,g—.]’ ) xh—l’ xO)l é AI(XSK ’

as far as Iozjl_é_ K, _] = O9j1 - 1,j1’ c "jv L.

Our main result is

THEOREM 1. Under the assumptions (H.1) and (H.2) above there exists
a positive constant § independent of a and L such that if T, =1t + t, +
coo 4+ t, < 8 then

I({tj}’ S’ aa V)(xu xo)

- (2 ‘T )d” exp {—ivS(5,, x} det (T + H- W)~ (a(er, %) + r(xs, %),
TLy

where r(x,, x,) satisfies the estimate: For any K = 0 there exist positive
constants C, and M(K) such that if o), |a.| < K,

|3§33327‘(xu xo)] < AM(K) < I 1+ CKXM(K)I"—ltj) - 1) .

j=1

Constants 8, Cy are independent of a, L, {t;}, (x,, x,) and of v but depend
on the dimensionality d of space R* and {x,}. M(K) depends only on K
and d. H is the d(L — 1) X d(L — 1) matrix

1 1 1
-4+ =, —=, 0, 0,  -oee-- 0
t, + t, t,
e N S 0
H: 2 2 3 3
Oy '“‘]:" —1— + l‘a "'-1—, 0’ 0
A t, L, t,
1 1 1
0) O, — - Ty
t, t, + s

and w is the Hessian matrix of ., t,w/t;, x,, x;_,) at the critical point
(x;lf-h R} x;k)
In case ¢ =1, we can prove a sharper estimate of the remainder
term.
THEOREM 2. We assume that a =1 and (H.1). If T, <45, then for
any K there exists a constant C% such that if |« and |a,| < K,
L

|0209szr (xc,, xp)| < Ul(l + C u,T%) — 1.

j
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The constant é§ is the same as in Theorem 1.

Remark. 1) We can easily see from the proof that the phase function
and amplitude function are not necessarily infinitely differentiable. Both
Theorems 1 and 2 are still valid with obvious modification if both func-
tions are of class C* with sufficiently large k.

2) In the previous work [4], less sharp result was obtained.

The plan of the paper is as follows: Theorems 1 and 2 will be
proved in the case d = 1 in order to avoid excessive complexity of nota-
tions. In §2 we collect basic properties of both the critical point and
the critical value of the phase function. In §3 we prove a key lemma
which plays a fundamental role in this paper. This lemma, Lemma 3.1,
may be of independent interest. In §4 Theorem 1 is proved. Theorem 2
is proved in §5.

Acknowledgements. In the author’s original manuscript the ex-
ponent of 7', on the right hand side of the estimate in Theorem 2 was 1.
The referee kindly pointed out it is in fact 2. The author wishes to ex-
press his sincere gratitude to the referee.

§2. Phase functions

In this section we discuss the followings:
(i) Unique existence of the critical point of S.

(ii) S(x,, %) is of the form 'Lbz_;ﬂ T Tz, %) .
L

(ii1) Some elementary facts related to the Hessian of S.
The critical point x* = (x¥_,, - - -, 2¥) of the phase function is given
by the system of equations

@1) -tl_(x;k )+ —j—(x — %) + tdonlty xF, ) + Loty 2F, %) = 0,
2

1

1 1

-t"(x;k — xF) + —t—(x;k — xF) + t,0h04(ts, xF, xF) + Ldwooty, xF, xF) =0,
3 P

1. 1 * ¥ *

T(xl—l — x) + (xF_y — xF) + 0,108, %1, xF_y)

L L-1

+ tp 100 (Ep, XF 1, xF ) = 0.

Here and hereafter 9, is the abbreviation of 3,, = 3/dx,.
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The Hessian matrix of S is equal to H(L, 1) + W(L, 1; x), where

- ] T 0, O’
t, + t, t,
ST S U S
2.2 H(L,1) = ot &
0, oo
0, c o ve , 1
tooa
and
1,0l0, + tdlw, £,0,0,9, 0, vvvve ,0
(2.3) W(L, 1; x) = | £,0:0,0,, Losw; + E050,, 130,050,
We have
ProrosriTiON 2.1.
T,
(2.4) det H(L,1) = .
Ly - tL

Let G(L, 1) be the inverse of H(L, 1).

(2.5)

xe R,

(2.6)

@.7)

and

(2.8)

Then its (ij) entry is

= (t1+ "'+ti)(tj+1+ "'+t1,)
J ’

i fl=i<j=L -1,
g T, flsisj=
bt d et b pi1gigign -t
L

65

We use two norms ||x|.. = max <, |x| and || x|, = > 42} |x;| for any

The next proposition is clear.
ProrosiTioN 2.2. For any ue R**' we have

| W(L, 1; oull, < 4T ul. ,
T

LY

I1G(IL, Dull. <

I1GL, DWLL; D)l < Tkl vl -

Unique existence of the critical point of S is given by
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ProrosiTioN 2.3. Assume that
2.9 4, T2 < 271,

Then the critical point exists uniquely and satisfies the estimate:

T -1
(2.10) flx* — &, < —2‘14 kZ; [t 410k@p 11 (i s1s X211, X5) + 0,04 (84, X3, x%-l)‘ s

where
by 4+ -0 8 b4 4t .
50 = bn Ly ! i x,, =1, .-.,L —1.
7 TL 0 + TL L ]
Proof. The critical point x* = (x¥_,, - - -, x¥) is the fixed point of the
map (x;_y, -+, %) = X —> O(x) = (y,-y, - - -, ¥;), Where

L-1
(2-11) Yy = '_kZ; gjk{tk+lakwk+l(tk o1y Xrts X)) + Ldewi(Be, Xy, xk—l)}

1 1
+ 8n—% + Ejr1—%L.
tl tL

The norm of the differential map D®(x) = G(L, 1)W(L, 1; x) is less than
£ T3 < 1/8 with respect to the norm | |.. because of (2.8) and (2.9).
Therefore, the map &(x) is a contraction map, which guarantees unique
existence of the fixed point. Usual construction by iteration of the fixed
point gives that

(2.12) ¥ — 2l < 2[0(x") — x°].. .
We have &(x°) — x° = G(L, 1)2(x°), where Q2(x) = (2i(x), - - -, 2,_,(x)) and
Qj(x) = tjajwj(tj: Xjs xj—l) + tj+lajwj+l(tj+l9 Xji1s xj)’ j=1.-,L —1.

This and (2.7) yield that ||@(x%) — x°||,, < (T/4)||R];- This together with
(2.12) proves the estimate (2.10). Proposition 2.3 has been proved.
Let y and z be points in R*-! such that

(2'13) yj = gjl(tl_1 - tlaoalwl(tb x;.k1 xe)): ] = 1a R} L — 17
(2.14) Z; = gjL—l(tZ1 — tp40,10,0(E -1, Xy XF_)), j=1---,L —1.
Then

(2.15) Yl N2l £ 1+ £T% < g-
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We consider the critical point as a function of (x,, x,). Let X = gx* and
Y =9,.x%; let D,W(L,1;x*) and D,W(L,1; x*) be derivatives at x* of
matrix valued function W(L, 1; x) in the direction X and Y, respectively.

ProposiTioN 2.4. We assume (2.9). Then we have

(2.16) 1005 — ylor [0 — 2]l < 45, T3 < %
and
(2.17) 100 [or 002 [ < 1+ 48,T% < %

For any integers a and B there exists a positive constant C,, such that
(2.18) |1 D5DEW(L, 1; x|y < CppTy|v]. -

And for any a« and B with « + p = 2 we have, with some constant C,,,
(2.19) 11950512 ||l < Cop T

The constants C,, in (2.18) and (2.19) may depend on T, but are bounded
if T, is bounded.

Proof. Since x* is the fixed point of @(x), we have that
(2.20) dox* = (DD(x*))dgx* + y .

Since the norm of D@(x*) is less than «,7% < 1/8, we have
0 = ¥l < 26Tyl S 86T3 < 2.

Therefore we have

132 ]l < 1 + 46,T% < %

Similarly we can prove estimate for 9,x*. (2.16) and (2.17) are proved.

Next we prove (2.18). It follows from (2.16) and (2.17) that for each
pair of indices @ and B there exist RZ-! valued functions a*/(x;, x,),
b*¥(x,, x,) and c**(x., x,) satisfying

(DyDEW(L, 1; x*)),, = 0, for |k —j|>1,
= t,a5°(x,, %), for k=j —1,
= tjb;ﬁ(xu %) + t5..¢58(x ., Xo), for k =j,
= t;,,05%,(%x,, X,), for k=j 4+ 1.
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These functions a**(x;, x,), b*¥(x;, x,) and c**(x;, x,) may depend also on
t, - - -, t; but remain uniformly bounded in the space #(R,, X R,) as far
as (2.9) holds. This proves (2.18).

We shall prove the estimate for 9,0,x*. It satisfies

9.0,x% = DO(x*)9,8,x* + G(L, 1)D, W(L, 1; x*),x* + a,y .
Thus using (2.18), we have

[10.80x* ||, = 2(/G(L, )D, W(L, 1; 2¥)0ex* || + [10.¥ L) -

= CTillox* |l + CT% = CT7.

Here and hereafter we denote simply by C various constants which may
be different from one occasion to another. Other higher derivatives of
x* will be estimated similarly. Proposition is proved.

Since 9,x* satisfies (2.20) and D&(x*) = G(L, 1) W(L, 1; x*),

(2.21) 0ux* = G(L, )Z(x,, x,) + v,

where Z(x,, x) = W(L, 1; x*)o,x*. Using (2.6), we have
(2.22) N Z], = | W(L, 1; x¥)opx* ||y £ 4£,T11|06x* || < 68,7, .
Moreover, the j-th component of Z(x,, x,) is of the form

(2.23) Zj(st xp) = tj&j(xL) Xy) + tjn’?j(xu %), j=1---,L -1,

where {¢,} and {»;} are functions, which may depend on ¢, ---,¢, but
bounded in #(R,, X R,,). It follows from this that

L-1
T:' > Z(x,, x,) remains bounded in 4(R,, X R,).
i=1
. . . . . 1
Next we consider the second derivatives of the critical value S(x;, x,).

ProposiTiON 2.5. We assume (2.9). Then S(x., x,) is of the following

form:
2
(2.24) SCrg, ) = 172~ B0 4 7okxy, x).
2TL
Here o*(x,, x,) is a function, which may depend also on ¢, ---,t, but

remains bounded in Z(R,, X R,,), satisfying the estimate

(2.25) max  sup |9%,05,0%(x,, %) < &,
25 al+|Bl=m 2L, 20
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where k%, is a constant depending only on k;,, 2 < j < m. We can choose
(2.26) Kt = 10«k,.

Proof. Since x* is the critical point of S, we have

e
aos(xu %) = 0,S(Xp, Xpyy -y Xy %) Iu_1=z’2_1,---,zx=x’;

= (0S)(xf, %),

where we abbreviated S,(¢, x,, x,) simply by S\(x,, x,). This implies that

(2.27) 03S(x,,, %) = (FS)(xF, x0) + (3,805 (x5, %0)doxi
We have from (2.21) and (2.13) that

gk — ot o, xy),

T,
where
Mx,, x) = =T, + - - - + t,)00,0,(, xF, %)
+ T?E (o + -+ ) Z(xp, x0)
depends also on ¢, - -, ¢, but we used abbreviation. Since T;lIZ_IZ,(xL, %)

=1
is bounded in Z(R,, X R,,), h(x,, x,) remains bounded in @f]Ru X R,)
uniformly with respect to ¢, ---,¢,. In particular, (2.22) yields that

(2.28) lh(xl,; x| < TZ‘HZHI + £y < Ty .
Hence we have
afvoS(xL, X)) = L + TL\I’(xLa x)
T,
where

ty o~ ,
(X, %) = —h(x,, X)) + —— G, (xfF, %)
L

+ (tl(t2 + Tz + ) + tih(x,, xo)>aaanw1(xi*, %)
L

remains bounded in the space #(R,, X R,). Moreover by definition
|Bhs (x5, x%0)| < &, and |90, 0,(xF, x0)| < k. And (2.28) and (2.9) imply that
8| h(x,, x%,)| < 1. Therefore

H’(xm %) | < 10k, .
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Similar discussions hold for other derivatives of S(écL, x,). Therefore,
we have proved Proposition 2.5.
Finally we discuss Hessian determinant of S.

Proposrition 2.6. Let ¢(x,y) be a real valued C>-function of (x,y)e
R™ x R*. Let y*: R™" > x— y*(x) e R* be a C~-map such that

(2.29) 3,6(x, ¥4(x)) = 0 for any xe R™.

We assume that

(2.30) det Hess, ¢(x, ¥)|,-,#w # 0

and that the map ¢*: R™ 3 x — ¢(x, y4(x)) € R has a critical point x*, i.e.,
(2.31) 0,4%(x*) = 0.

Then (x*,y*) = (x*, y(x*)) is a critical point of ¢(x,y). Moreover we have
the product formula of Hessian determinant:

(2.32)  det Hess ¢ = (det Hess, .¢*) (det Hess, ¢(x, ¥)) |.y) = ooy -
Proof. We have, from (2.29),
(2.33) 9,4(x*, y*¥) = 0.
On the other hand we have, from (2.31), that
0.8(x*, y*) ++ 0,p(x*, y*)o, ¥ (x*) = 9,¢%x*) = 0.

This and (2.33) gives that a,4(x*, y*) = 0. Therefore, (x*, y*) is a critical
point of ¢.
We have

05, 0,0,
Hess s, ¢ = (a g 22;5)
vy Y

(Z,9) = (¥%,y%) *

On the other hand we have

Hess, ¢* = ap(x*, y*) + 9,0,4(x*, y*)a,y (x*)
= 32(x*, ¥*) — 0,0,.4(x*, y*)aip(x*, y*)~10,0,(x*, y¥) ,

because
05p(x, ¥(x))3,y4(x) + 9,0,4(x, ¥ (x)) = 0.

Therefore the next Lemma proves (2.32). Proposition 2.6 is proved.
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LEMMA 2.7. Let A be a (m + n) X (m + n) matrix. We write

B, C
A= (ZC, D)’

where B is an m X m matrix, C is an m X n mairix and D is an n X n
regular matrix. Then we have

det (4) = det(D)det (B — CD-''C).

Proof. Take the determinant of the following matrix identity:

B, C I, 0\ _(B-—CD'C, C
‘¢, D)\—-Dc, 1)~ 0, D)

Let x* be the critical point with respect to x, of Sy(x,, x;) + Si(x;, x,).
We define a function D(S, + S;; x,, x,) from the hessian determinant at
x¥ in the following way:

(2.34) det Hess,.(S, + S)) = E.;:_“D(Sg + Sy; %, %) -
1v2

Let & << m be two positive integers. Then we define (x%_,, .-, x¥.)) as
the partial critical point, i.e.,

aij+1(x>]"<+l) x;k) + a]S(x]*k, x;F—l) = 0’ J = k + 1’ e, M — 1.

Here x* = x,, and x¥ = x,. We denote the critical level by S%, ., .(x., xu),
i.e.,

(2'35) an,kn(xm) xk) = Sm(tm’ Xons xj:r.—-l) + e + Slm-l(tlcq 1y x;‘:ﬂz xlc) .

As a consequence of Proposition 2.5 we can write

(2.36) S (i ) = ——Fm T E b )b (o, )
. m,k+1 my Vi 2(tk+1+ +tm) k+1 m m,k+1\"Vms Vk/

We define D(x,, x,) by

(237) det (Hess(z,;n 1’“'“Tl,‘;*_l)(‘S'm + ..+ Sk+1)) = A R D(xm’ xk) .

tlc+1’°' m

If m=1 and k=1 then we set S%,(x, x,) = Si(,, x;, x,)-

ProrosiTioN 2.8. We have

L
238 Dl x) = ([1 DS + Stois 21, 20)

(@L—15++,21) = (TF,_g51000s z¥)
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Proof. We prove (2.38) by induction on L. The case L = 2 is clear.

By induction hypothesis the Hessian determinant of S,_, 4+ --- + S,
at the critical point x* = (x%_,(x,_;, xo), - - -, x¥(x,_1, %)) with respect to
Xp_ s + X% equals

L-1
i+ jnqwlw&+shﬁﬂww

tl vt L-1

-70j=1§($1,—h$o):]'=1;"‘,L—?

So Proposition 2.6 gives that

ti_—*:._._'.'+—tLD(xL, X,)

tl" L

= det Hess,x (S, + S%.,)det Hesst | ...6(S; 4+ -+ + S)ls,_ o,

= bt b s, 48
tL(tL—1 + .+ t;) ( L + L-1,15 Xp-15 xo)

PP L-1
t + . 4+t (IzD(S" + 8t 1 xy, xo)>

byw e by k=

X

We have proved (2.38) for L and Proposition is proved.
ProrositioN 2.9. We have
D(S, + S;; %, x5) = 1 + it,8(x,, o) -
Here g(x,, x,) remains bounded in #(R,, X R,).
Proof.

¥ t t t,t ,
Hess,l(bz + 8) = ]:;z 2<1 + : ;_2 L (toiw, + tz%‘”z)) .

This proves Proposition.
ProrosiTioN 2.10. Assume that (2.9) holds. We write

T,

N AR

det Hess_.S(x;, x,) = D(x,, x,) .

Then
(2.39) D(x,, x)) = 1 4+ Tiq(x,, %) ,

where q(x., x,) may depend also on t, ---,t, but remains bounded in the
space #(R X R) uniformly with respect to t,, - - -, t,.

Proof. We have from Proposition 2.8 that
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L
D(x,, x,) = <k_[ D(S, + S‘/'Hm; Xy xo))

=2

(TL—15+++581) = (TG g5+, 2D

We can apply the previous proposition. Then we have

L
D(x,, x,) = ILL 1+ T8, %)) ,

where g.(x;, x,) are bounded in the space Z(R X R). Proposition is
proved.

§3. Key Lemma

The aim of the section is to prove the following Lemma 3.1, which
plays an important role in the proof of the main results. In the present
section assumption (H.2) is not needed. Instead we require the following
assumption about the amplitude function:

(H.3) For any K = 0 there exists a positive constant A, such that

max sup |99t - omalx,, -, x)| < Ak,
a  2L1ycenT1
where max is taken with respect to multi-indices («,, - .-, ;) satisfying

lajléK,j:O’l,...,L.

LEmMmA 3.1. We assume the hypothesis (H.1) for the phase function
and hypothesis (H.3) above for the amplitude function. Then there exists
a positive constant § > 0 such that I({t;}, S, a, v)(x,, x,) can be written as

vi 1/2 . [

I, 8, a0, 30 = (S 20)  exp{— SCs, =)} blxs, ),
27T,

as far as T, =t, + t, +-- -+ t, < 8. For any m =0 there exist constants

C,. and K(m) such that if || < m, |a,|< m,

[agia;:b(xm xo)! é C'{;z m?x sup lagﬁagf.:: ) 'agga(xm Tty xu)l )
x x1

L—1s°*"s

where max is taken with respect to all (B, - - -, y) salisfying By =< aty, . <
and |B;1 £ K(m). Here constants K(m) and C, do not depend on L, v and
a. We can choose K(m) = 4m -+ 17 + 6.

Proof of basic Lemma 3.1 will be given after Lemma 3.6. Before
that, we collect preparatory facts. Most of them are well known but we
will write them down for the convenience of the reader.

From now on we let E = (iv/2r) for the sake of brevity of notation.
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The following Lemma is found in Kumanogo [6],

LEmmA 3.2 (Kumanogo [6]). Let

J (1, ) Pr(x,) = (Ti)LI

R2

. exp{— ip }?; &%y — x,)}
X a(Xp41y Ery -+ 0y &y xi)‘!’(xl) jlljl d&, dxj .

Then there exists a function U(a)(x,,,, &, x;) such that

J(#, a)‘l’(xLu) = (‘éu?) fm eXp{"‘ i#(xz,n - xx)&} U(a)(me &, xx)‘V(xl)dxl d§.

We have
001 U@ (X1 41y &1y %) = U(:Z_: ax,a)(x“,, &, %),
0,U@) (1 6 ) = U( 3] 06,0) 10 61 ).
and

a.mU(a)(xLH, 51, xl) = U(ama)(xl,n, Eb xl) .
Moreover, there exists a constant C, independent of p, L and of a such that
sup | U(@) (X1, &1, %) < Cillalls

where

L
lall, = max sup (Ula;}'agf)a(xlﬁu EpXp, -0, &1 X))

lagl, 1871 <k 7

Proof is found in Kumanogo [6]. A simple corollary is

CorOLLARY 3.3. For any m = 0 there are constants C,, and K,(m) such
that if |a,.l, 1B, o) £ m,

Sup lag‘ii:ag:ag‘: U(a)(xL-H’ Slr xl)] é Cm(L + 1)2m ClL+1”a’”K1(m) M
We can choose K,(m) = 2m + 3.

Let S(t, x, y) = (1/2t)|x — yI + tw(Z, x,y) and let a(x,y) be in the space
AR, X R,), then for any f(y)e Cy(R) we set

0p(, S, 00w = (£)" [ estenm age sy
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We assume as in § 1 that

max  sup |0205w(x, V)| Z &, .
2=|al+18l=m 2,YER

If 8|tfk, < 1 then Op(t, S, a,v) defines a bounded linear operator on LR)
(cf. [1]). Its adjoint Op(, S, a, v)* is of the form

Op(t, S, a, )@ = (£)" [ ewsennaz Hif(e)de
R
LEMMA 3.4. Assume that S(i, x,y) is as above. Then there exists a

positive constant 6, = 6,({x,}) depending only on dimensionality of the space
and {k,}. such that if |t| < 6, then Op(¢, S, 1,v)"! exists and is of the form

Op(t, S,1,v)"' = Op(¢, S, 1 + tp,v)*,

where p(t, x,y) satisfies the estimate: For any multi-indices « and B there
exists a positive constant C,, independent of t, v such that

la;agp(t7 X, y)l g Caﬁ .
Proof is given in [3].

Let S;(t;, x,y) = 1/(2t)|x — y + tiot;, x, y), i =1, 2, be phase functions
and a(x,y, 2) be an amplitude function as in §1. Then we consider

E\Y2/ E\2 )

It} S + S, a,0)(x, y) = (?) (T) J emPStnn D SlntMa(y, 2, y)dz,
1 2 R

here a(x, 2, y) e ZR, X R, xXR,). We employ the notations D(S, + S;; x, y)

of (2.34) in § 2 and denote (¢, £,)/(¢, + t;) by z. Applying the stationary phase

method [1], we easily obtain

LEmMA 3.5. Assume that 8(t, + )k << 1. Then

172 12
(_tE_> (_tE_) I e—iv(Sl(tlyx»Z)*'Sﬂ(tm"fy?./))a(x’ z, y)dz
R
1 2

_ ( E >1/26_ivs§,1D(S + S x, y) " b(x, y)
L+t ’ v o

where b(x,y) is of the following form:

b(x,y) = (a(x, 2%, y) + (%)D(Sz + S, y)-*{é 4,a(%, 2, D)lsunm

i

4 eD(S, + S, 2, 9) iz, y)} + (L—) DS, + S,; %, 9)ryla, y)) ,
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where 4, is the laplacian with respect to z. For each m =0 there exist
K(@m) and C,, such that for any o and B with |a|, |B|< m

|aza5ry(x, y)| + |9:05 i, y)| < C,, max sup |95 ) 37 a(x, 2, y)|,

where max is taken for such o, B/ and ¢ as &’ S, FF B, ¥ £ K(m).
K(m) can be chosen as 2m + 4 + 2.

Proof. We have only to apply stationary phase method (cf. Theorem
4.1 of [1]).

Let Syt,, x;,x,-1), j = 1,2, - - -, L, be the phase functions as in Lemma
3.1. We employ the notation S%¥ ,.,(x,, x,) of (2.35) in §2 if m > k.

LEmMMA 3.6. There exists a positive constant §, = dx({k,}) such that if
T.=t + by + -+ + 8, < 4y, then

(:E)x/2e~i"‘9k(“"xk'mk_]) — (£>1/2( — E‘)1/2
t,c Tk Tk -1

st ok
X J e~ 8k, (T0 Vi-1) Sk_,,l(rk—l.yk—l))bk(xk’ Vi -1 xk‘l)dyk—l .
R

Here the function b,(x, Y1, Xx-1) Satisfies the following estimate: For any
a, B and 7, there is a constant C,; such that

105,05, 0%, O(Xs Yicors X )| £ Copr -

Proof. Let 8, be so small that 83k, < 1, 8djcf < 1, 5, < 6,({¢,}) and
0, < 8,({f})). Assume T,<§,. Then 8(T,_,+t.)x, <1 and 8(T,_, +¢,) ki< 1.
So we apply Lemma 3.5 to the kernel function of the operator

Op(tkv Sln 17 y)Op(Tk—u Sial,l’ 19 V) .
We obtain
Op(tk’ Sm 1, V)Op(Tk—u Si_l,n 1, v) = Op(Tm Si,u 1+ zupy, V) s

where 7, = £, T, _(t, + T%_)"' and p, = pu(x,, x) € Z(R X R). Since T, <
o,({%}), we can apply Lemma 3.4 to Op(T..., Si_i1, 1,v). Therefore, we
have

Op(2, Sk, 1,v) = Op(T%, S?c,l? 14 7,04, v) Op(T 4, S)*c—J,ls 1Lv)!
= Op(T,, Si,l, 1+ 2.0k, V) Op(T -y, Sli‘l,ly 1+ T.oiqx, v)*.

This means that
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(_E)l/ze*ivsk(tkyfhlk—l) — <£)U2< - E)]/2
Ly Tk Tk-l

X j e!iu(s}t‘l(%yk_l)_sg'l"(xk—hyk*l))bk(xk’ YVie-ts X5 -1) BYi
R
with
bi(%i, Yio1s Xo—) = (L 4 70Xy YDA + Ty @i -1y Yie-1)
Lemma 3.6 is proved.

We can now prove Lemma 3.1. The proof is a modification of the
discussion in [6], [7], [8] and [4]. Let 6 be so small that ¢ < §,({«,}) and
0 < 6,({k,}) and 84k, < 1. Assume that T, << 5. Using the function
It} S, @, v)(x,, x,), we define integral transform

Op({t}, S, a, »)f(x,) = L Ity S, a, v) (o, %) f(x0) doxy -
Since 87% %, < 1, Op({t;}, S, a,v) is a bounded operator on L¥R). (cf. [1]).

Since T, < §,({«,}), we can apply Lemma 3.6 to e-"S:2u-1 for any
k=23 --.,L. Thus

L E 1/2 P L-1
Op(ftsh S, a,)f(x) = [T (£) [ eromsnsmmsmage,, -, af) 1] dx,
RL j=0

=1 \ {,

12 L 172 172
= (.‘E) II ( E ) ( - E) I e~ WO ILYL-1,TL—1++* Y1, 1, %o)
tl j=2 Tj T R2L—-1+1

ji-1

L L-1
X a(x,, -, x) n2 bj(xj’ Vi1 xj—x)f(xo)dxo kﬂl dxj dyj s
i= =
where the phase function @ equals

O(Xp, Yooty Xrty *+ 0 Vi Xy Xo)

L
= Z){S§,1(xj,yj—1) - S‘;‘«l,l(xj—ls y]—l)} + Sit, x4, xo)

J=4a

L-1
= S“L,l(xLy Y1) + ]4\;2 {Si},l(xj’ yj-l) - Sﬁ,l(x,, yf)}
+ Si(ty, x4, x0) — Sity, x4, 3)

We next employ Kuranishi’s technique. We rewrite

Sl},l(xjy yj»]) — Sﬁu(xj, yj) = -Xj—_‘T——yj &,

J
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where
1
&= T, 9,S%ux, 59,0 + (1 = )y)ds
1
= —x; + %(3’;—1 + yj) + Tj L 0y w‘_;‘,l(xja S8Y;1 + a - S)yj)dS .

Therefore, the jacobian of the correspondence x; — &, is

KT

— I+ T,p(y,, xjyyj—l) ’
0x,

where
1
Py X5 ¥520) = jﬂ 04,0, @%,1(%5, 8Y,.1 + (1 — 8)y,))ds

satisfies the estimate: For any «, § and 7, with |«|, |3] and |7| < m,

‘821651821_1[)(3/1’ xj; yj—l)l g E¥n+2 .

Since 8T%xf <1, we have |9§,/ox,| < 27'. The correspondence Rex; —
§;,eR is one to one and onto. We may consider x, as a function
xj(yj’ & yj—1)~

This diffeomorphism has the following property: Let f(y,, x;, y,-,) be
an arbitrary function in Z(R X R X R). Then for any multi-indices «,
and y there exists a positive constant C,; such that

la;jagja;j—lf(yj7 x5 &pn Yi-, Y-l < Capr max sup la;l]ag;azrllf_lf(yj’ X5 yj—-l)l ,

where maximum is taken with respect to those multi-indices '/ < &, f' < B
and ' < 7.

Let 5, = T;'&)(y;, 5, ¥;-1). Then for any «, 8 and y there exists a
constant C,, independent of {¢;}; such that

05,0%,0%,_.f (53, /(Y5 Ty ¥5-1), ¥5-0)|
<G TV max sup | 0,080y f(¥5 %5 ¥5-0| s

where max is taken with respect to multi-indices with ¢’ < @, f/ < p and
=7
Similarly, we make change of variables from x, to 7,.

Si(ty, x,, x0) — Si(t, %, 1) = ﬁl(xo — ),
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here

-1
2

h = ((xl - é‘(xo + yl)) + Jo 0, 0:(t, %y, 8205 + (1 — s)yl)ds .

After these change of variables the phase function becomes

L1
P = S‘Z,l(xLy Yio1) + Zz ?j(yj—l - yj) + 771(xo -,
=

where y, = x; and y, = x,. Therefore we have

1/2 .
(D Op({t. S, a,f(r) = () [ e b2 (F) (v, 3oy,
L
where
y \E-1 s
TNy = (L) [, (= o(Z 00— 3,00
T R2(L—1) i=1
-1
X a(Yr, Y- Ne-1** s Y15 Doy Yo f (30 Hl dyj-l d77j
j=
with
(Yo Y1, Nr-15 ** "5 Y15 N1y ¥o)
L -1
(3.2 = a(x,, - -, %) 11 by (Xk, Yir Xi-1) n 0% l
k=2 j=1 6&1

We consider y, as a parameter and apply Lemma 3.2 to J(f)(y., ¥.-1).
Then we obtain

(3 IOy = (L) [ eV @) 50 Yo 3y

For any multi-indices «,, a;_,, @, and g with |a,|, |a,.|, (@, |fI < m,, we
have the following estimate:

laﬁaﬁ:iaﬁ o U(a) (¥, Y1 s ¥o)

L-1 ’ ’ ’ ’
< C,Cy ' max sup | 9;2a;%7! LUz (054202981050 (Y 1y V-1 Pz-1s * + > Vo) |+

Here C, and C, are positive constants depending on m,, max is taken
with respect to multi-indices with |a, |, |, |8l < K(m,) < 2m, 4+ 3 and
sup is taken with respect to y; e R, 5, e R, j=1,.--,L — 1. Since
relationship a,(x;, - - -, x,) with a(x,, -- -, x,) is given by (3.2), we have
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(3-4) lazia;‘f:iaﬁ 353 U(a]) (Y1 Vi1 7, yo)[
< C,Cf*max sup |0Losizr - -0alx,, 2,y - o, W),

TL—1oem1
where C, is another constant and max is taken with respect to multi-
indices satisfying (a7, |a/_1), -+, &I £ 2m, + 3.

We replace J(f)(y., v.-1) in (3.1) by the right hand side of (3.3). Then
we have the expression

(35) Op({t), S, a, v)f(x,) = (%)1/2(%7,:)

X J e~ (SLAEn VL0 + (WLma- Vo)) U(a)(%2; Y11, 9, Y (¥0) dyedpdy, ., .
RS

Using stationary phase method with respect to y,., and », we can find
b(x;, x,) such that

Op(it}), S, a, Vf(x,) = (;3—)’ j emthaCn b (x, x)f(v) dx

This means that

(3.6) I({t}, S, a, ) (2, %) = (?4)/ oS CLb (x, X))

L
Here b satisfies the following estimate: For any m >0 there exists a
positive constant C(m) such that if |a.), |a] < m

(3.7 lagﬁaiﬁb(xu %,)| £ C(m) max sup |3§%9§%:}35'6§2U(dx)(xL, Yi-1, 1 yo)' ’

YL~157
where max is taken with respect to multi-indices satisfying «f < .,
o < ap and )4, |B'] < 2m + 10. Combining (3.7) with (3.4), we have

(3.8) |a:zanb(x,, x)| < C,CE'max sup |8:2asi-t. . 0%a(xy, Xpoy - - -5 %),

TL—

,,,,,

where C,, C; are positive constants depending on m and max is taken
with respect to multi-indices satisfying |af|, |af_il, - - -, o] £ 2(@m + 10)
4+ 3 = 4m 4 23. This together with (3.6) above proves Lemma 3.1 with

K(m) = 4m + 23.

§4. Proof of Theorem 1

For any k> j, we denote ¢, + --- + ¢, by T(k,j). Let § be as in
Lemma 3.1. We have to treat the oscillatory integral
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(4.1) It} S, a, v)(xy, x0)

L E 1/2 . L L-1
= _Hl< ) L exp{— v >, Sy(ty, x5, xj_,)}a(xL, <oy %) [ dx;y
J= (L-v 7=1 Jj=1

Tj
when T, < 4.

First we perform integration over x, space. Using stationary phase
method, we have

(4.2 /2 '
<%>1 2(.?_>1/2I e..iu(Sz(Lz,.Tg,JA)+S|(l1,l‘1,$o))a(xL, cee xo)dx1
9 1 R
E V2
- (m) e~ w1 W(Sa) (X, - - -, Xy %) + (Ri@) (%, - - -, Xz, X))

The amplitude of the main term of the right hand side equals

(4.3) (Sia)(xy, - - -, %gy X)) = a(xy, - - -, Xy, X)D(S; + Sy %, x0)7',

and Ria(x;, - - -, X, x;) 1s the remainder term.
Similarly, integrating S,a over x, space and applying the stationary
phase method, we obtain

E\2 E 172 o ] "
-~ e—lv(bs(lm-ts,w)+~52’1(Ia'xo))sla(xu cee, Xgy X )dx2
t,/) \T@2,1)/ Jr ’

1/2 . )
- (%Y) e—“bg'l(“’ZO)(SZS!a(xb cry Xy xo) + stla(xl,’ cry Xy xo)) ’

where S,S,a is the main term and R,S,a is the remainder term. We have
4.4) S Sa(x,, -+, x) = D(S, + Sg,l; Xg, X%0)H(S@) (xp, - - -, X5, X5, %)

where x¥ is the critical point of S; + S%, with respect to x,.
When we integrate the term including S,Sa(x,, -- -, x;, x,) over x;
space, we use the stationary phase method:

1/2 172
(%) ( T(g 1 > IR on St s 5, G0 8, a (g, - -, X, %) A
4 y

- <_7—1(%)1/2e_iusg’l(%IO)(SE!SzSﬂ(xL, cee X X)) + RySiSia(xy, -, x4, X))

S;S,S,a is the main term and R,S,S,a is the remainder.
Repeating this process L — 1 times, finally we obtain, among other
terms,
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(%)1/2 e-#sh GnwG S .. <Si(a)(xy, xp) .
2

Since we have
L
SpaSie - Sa(xy, k) = kU2D(Sk + St_i15 %, xo)_l/za(x)lz;_l,---x; ’
Proposition 2.8 yields that
pr—
SpSp-ze - Sia(x,, %) = D(xy, x0)*a(x,, Xo) -

Here D(x,, x,) = (¢, - -t,)(t, + - - -+ t,)) det Hess,. (S, +---+S) as in
§ 2. Therefore,

1/2
“9 <T£) e” iysi"(mL'IO)SL—l‘SLq' -+ Sy(a)(xz, %)
L
1/2 =
- (%) e #SLan 0 D(x,, %) a Xy, %) -
L

This is nothing but the main term of Theorem 1. The remainder term
consists of others.

Now we treat the remainder term. Since (R,a)(x;, - - -, X;, X,) has com-
plicated structure as a function of x,, we postpone integration over x,
space of the term including (R,a)(x,, ---, %, x,) until later stage of the
proof. We do perform integration over x, space beforehand, because the
structure of Ra(x,, - -, X, X,, ) as a function of x, is much simpler.
The stationary phase method gives

1/2 1/2 172
_-E_ __E’_ E /! e—iy(&(u,rura)+Sa(ts,2mzz)+S§,1(Iz,~to))Rla(xL’ Cee, X, xo)dxs
t, t, T2,1) R

_ ( E )1/2< E )1/2 e_i,,(sf'x(u,zzwSg,l(zg,zo))
T(4,3) T2, 1)

X (SsRya(xy, - -+, Xy, Xy, %) + ByRia(xy, - - -, Xy %3 X))

Again S,Ria(xy, - - -, Xy %y %) = (Re@) (&g, -« -, %y 2o, %)D(S, + Sy; 7, 2)7 i
the main term and R,R,a(x;, - -, X,, X, X,) is the remainder.
We skip integration over x, space of the term including R,S;a(x,,
-+, X4, X;), because this is complicated as a function of x,. By virtue of
the stationary phase method,
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(B ) et
t t T@,1)

X J; e-”(«?s(ts,rs,m)+S4(t4»£4,xa))RZSla(xL’ ce Xy X, xo)dx4

_ ( E )1/2( E )1/2 e-iv(Sg.s(“*“) + 8% (23,300
T(5, 4) T3, 1)

X (SR, S a(x,, - -, X5 X5, %) + Ry Ry Sia(xy, - - -, X5, X3y X)) -

Here
SR Sa(xy, - - -, X X5, %) = (R S,0)(xy, < - -, Xy, X, 2)D(S; + S.; %5, x5)7*

is the main term and R,R,S,c¢ is the remainder.

Similarly, we perform integration over x, space of the term including
S;R,a. But we skip integration over x, space of the term including
R;R,a.

We continue this process; the rule is that if R, appears we skip
integration over x,,, space. Then, finally, we get the expression

(4.6) I({tj}7 S, a, v)(xL, x,) = Ay(xy, X)) + Z’ Ajsjs_,js_zmjl(xl,, Xo)

Here the main term is

1/2
4.7 Ay, x,) = (_f_g_) e—usi,l(n,msll_lshz. - Sia(x,, x,)
L
E 1/2 Lok )
= (B erston oDy, 5 a5
L

>/ stands for the summation with respect to sequence of integers (j,, j,_,,
-+, Ji) with the property

0=jo<j1‘1<j1<j2_1<j2<j3”‘1<"'<js—1<js_1<js
§L~1<js+1=L-

The summand is

(4 8) A ( ) s ( E 1/2
s e y Xo) = 7 ]
Jsdg—12J1 xL 0 ml;ll T‘(J-mh]’m"1 + 1) )

X J;z: eXp{—— iysi‘:ia—l-"jl(xfz’ Kjgr =09 Xy xO)}

§
X by, gy gy Xy w0y g0 Xo) ﬂldxju .
ae
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The amplitude function of this is

(4'9) bj&j,‘.l"'jl(xll’ xj;; xjs..p ) xjp xo)
=(Qr1 QL - 'Qxa)<x1,a Xjor vy Xjpy %) 5
Where szld’ ifj=js’j.9—1) ""jl;
=Rj’ ifj':ja"l:js—l—'l’"':jl_]-;
= S;,  otherwise.

The phase function is
. s+1 '
(4‘10) Sjajs—v'-j:(xl» Lig * 005 Xy xO) = kZ_Ika»jk—-x+l(x!k’ xlk—l) .

We can apply Lemma 3.1 to A,,;,_,...;,, and obtain

£
T,

1

1/2
(4'11) Afals-!.'"h(xln xO) = ( ) e_iusi'l(zbIO)ajsjs-y--jx(xLy xO) .
For any m >0 Lemma 3.1 gives positive constants C, and K(m) such
that if || and |a| < m

(4.12)  |8202ay, 5,y 1(X0s Xo)]
é Cin max Suplaﬁ’ia‘iﬁ ot ag‘ﬁ aﬁg bfsjs-—l"‘fl(xL’ xjs’ ) x]l’ xﬂ)l .

Tju
Here max is taken over those indices f’s which satisfy 8, < «,, |Bl < m,

|B;) < K(m) for k =1,2,---,s and sup is taken with respect to x; e R,
uw=1,-.--,5. This implies that

(413)  I({t}, S, a, v) (2, %)

E N\ 8 P
- (“T—) e S ra@na(D(x,, %) Halxy, %) + 1%, X))
L
(4.14) r(xg, %) = D(xz, X0)"* 37 @y, 5,y s(XLs %) -

Therefore, we have only to obtain estimate of >a,, - --,(x., x,) for the
proof of Theorem 1.

In order to prove the estimate of a,,;,_,...; (¥, %) We can use estimate
of b,,;,_,...;,, because (4.12) holds.

LEmmA 4.1. Assume (H.1) for the phase function and (H.2) for the
amplitude function. Let  be as in Lemma 3.1. Then for any m =0 there
exist a constant C,, and an integer M(m) such that for any ay, a, «,
0 ks, with |a,|Em, |a | m, |l Em,
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s
(4.15) a;ia;g knl a;ikbjsj’_l...jl(xln xjs’ xja—l’ ft Ty le, xo)
S
= ‘:n,l(klhllu— t;,,>||a||M<m>,uu1 ’
where

@m0 = Max sup

: Bir B
a a\ 7, -
axfazg Icl-ll ax;:azjv:_:a(xL xjs)y Xjs_1s xjg._l’ ) le-u xo) ’

where Max is taken over indices satisfying |B;.), |85,-1] < M(m) and sup is
taken for x;, ,eR, u=1,--.,5. We can choose M(m) = 2m + 4 + 2.

We assume Lemma 4.1 for the time being. Then we can prove
Theorem 1. In fact, combining (4.7) and Lemma 4.1, we have

Iaglia;gaj,j,_l...jl(xm xo)‘ _é_ Cfn 78n',1<]—_11 V~ltjr>||a”M(m’),{ju} ’
where m’ = K(m). On the other hand (H.2) implies that
lallamy, i = Anmny Xy -

Therefore, we obtain from (4.14) that
416)  (o0mrGe | = (2 ChChni X [1678) | Ay
L
= [ﬂl(l + CoCrt Xog(mny v 'ty) — 1]AM(m’) .
e

We have proved our Theorem 1 up to the proof of Lemma 4.1. (Since we
can choose m’ = K(m)=10m + 10 + 20, we choose M(m’) =50(m + 1+ 1)).
Lemma 4.1 follows immediately from the next

LEmmA 4.2. We assume (H.1) for the phase function. Let a(xg, x,_,,
ce, X, %) be a function of L 4+ 1 variables satisfying assumption (H.2).
Then for any sequence of integers 0=1Fhk, <k —1<hk <k -—-1<...

<k, — 1<k, <k,,, =L we introduce the function

(4‘17) pkrkr_l---kl(xL’ Xp-1y * 0y xk,«-n’ xk,-a xkr_n tt xhla xo)

= (riQk,—-l ceeQua)(xg, -, Xipsts Lo Xigp_pp * * "5 Xiyy %)
Where Qj = Id for j = kr, kr—l; Yy kl’

=Rj for.j=kr_1akr-l_l,"'ykl_]-,

=S, otherwise.
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This function enjoys the following estimate: For any m =90, there exist
constants C,,, and M(m) such that if |«.l, || and |, | < m, (j = 1,2, ---, 1),

, I
(4.18) I (n a;:;)pkrkr.d-ukl(xL’ Xy Xiy_reres Xieps x)
7

7 e tT(k_]-ak—1+1)>
< Cm ( kj J J
= Cna vI(k, kyy + 1)

=1

P——
X max sup a(xL7 xkﬂ xk,-—l, xkr_u ] xkl—ly xo) ’

ossats( 1 oot

fr— fe—
N omen)
where max is taken over those indices 8, < ay, |Bi, 1| < M(m), j = 0,1, -+, r
and sup is taken with respect to x,,.,€ R, j =1, ---,r. Moreover, for any
integers I, -+, 1, with k<L -1<L<[L—-1<...<[,£L -1, for
arbitrary multi-indices a,,, o, (1 < u < q) and for multi-indices a,, with
lag,l=m 0L j<r+ 1), we have

(4.19)

q
o0 [1 (@xzozte=d) 11 02

X pk,-k,,ln-kl(xL, xlq’ xlq-l’ sy Xy xk,’ xk,._v Tty xo)

m i uT(ku, Ry + 1)

X max sup

05508 T_I Ogru0zinz)) ﬂ (085 952

— p— — p—
X a(xL’ xlqy xlq—b xlq_la ) xll—la xk,«y D) xk;—la xo) )

where max is taken over those indices which satisfy, pi, < ;.. | B, 1] < M(m),
(=12 ---,7r) and B, < a; sup is taken with respect to x,,_,e€ R, u=1,

--,r. Constants C, , and M(m) depend only on m. We can choose
M(m) = 2m + 4 + 2.

Proof. We prove by induction on r. The case of r=1. We abbre-
viate k, as k.
If k=3, then pu(xy, - -, Xeysy Xy X)) = B Siay -+ -, S1a(xy, -+, 2, %),

If £ =2, then p,(x;, - - -, Xys1 Xi, X)) = Bia(xy, - -, Xy, %),
We set

(420) q(xL’ sy Xy Xpo1y xo) = Sk—Za Tty Sla(xL’ sy Xy Xy xo), 1f k 2- 3 )
=a(xL7""x2’x1,xo), 1fk=2.

Let S%.(x,, %) = S,(¢, %1, %,). Then p, is defined by the equality:
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<£)l/2<__i_____>1/2j‘ e..iu(Sk(llm«Z‘k‘Ik_l)i—Sg_l’l(zk_b:co))
tk T(k - 1, 1) R

X q(xp, -+« Xgy Xyoyy X9)AX 4

— ( E )1/2 e—ivsi,l(zkwo)
Tk, 1)

[r——
X (D (%, %) 2q (%, « 5 Xy %) 4 Pul®py -+ o) Xy Xy %0)] -

Therefore,
(421) (E)1/2<i,,._ E ~)1/2 f e~ v (Sklt 2, Ji/c—x)+S;§_1,1($k—1,J:o))
ty Tk —1,1) R

p—
X q(%p, Xy, Xy o1y Xo) A%y

E 12 _ e | et
= <m) e_wsz‘l(“'“)(D(xka x0)~ P q (%L, Xy Xo) + DXL, Xi Xo))

Similarly, if k<, — 1<, <[, —-1<...<[, £L — 1, then

(422) (_E_)1/2< E‘ )1/2 j: e~ 1 (Sk(th Tk Tp—1) +S,§_,,1(Ik_1,ro))
t, Tk —1,1) R

pr— p— e
X q(xy, Xigp Xig-15 Xig_gs = * 5y Xiyo15 Xpgy Xgp -1, %) dx;_,

— ( E )1/2 e—ius,f.l(zk,xu)
Tk, 1)

p— p— —_——
X (D(xi, %)~ *q (%, Xigp Xig-15 Xig_py =075 Xyyo1s Xy x)

rm— pr— r——
+ pi(xy, Xipp Xig-1s Xypyy =00y Xiy—15 Xpy X))

We prove (4.18) for r = 1. Differentiating both sides of (4.21) with
respect to x, and applying the stationary phase method Lemma 3.5 to
(4.21), we obtain the estimate for p,: For any m there exists C, , such
that if |a,], |a,| < m and «, is arbitrary,

t.T(k —1,1)

4.23 02202920 p (X1, Xyy X)) < C,,
( ) | z oplc(L o X) | = ,0 T(k 1)y

[rm—
X max sup |0;205:05:710% q (%, Xy, X1, Xo)|
Tk—1
here max is taken over those indices for which B, < ay, |fi1| < 2m + 4 + 2
and B, < a, Since (4.20) implies
rm—— .
(4.24) q(xp, -+, %y Xy sy Xo) = D(x,_y, X)Xy, vy Xy Xpoy, x) if k =3

=a(xlﬁ"',x2’xl7x0) ifk=2.
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Leibnitz’ rule gives

—
|02 05k 3§2pk(xu Xy %o)|

Tk —1,1)
wiCos B )
< CnioCns vT(k, 1)

Here C, ; = 2°"***» max is taken for 8, < a,, |Biil < 2m + 4+ 2 and
B < o. Choose M(m) and C,; so that

Bx N8 8
a k—
max SUp |az€axlyzax;—i akga'(xL’ xlc’ xk-l) xo)l .

Tr—1

(4.25) M@m)=2m+4+2 and C,,=C,.C.;.
Then this proves estimate (4.18) for r = 1.

We prove (4.19) for r = 1. Using the stationary phase method to
(4.22) and using (4.24) again, we obtain the following estimate: For any
m =0 if |a, |ay| < m and «,, @, ,, (W =1, ---,q), a, are arbitrary multi-
indices,

q P (— pr—
a:ia;:a;g H (a:i:a;;z::)pk(x[,, xlq’ xlq—h xlq_p ) xll-l, Xy xﬁ)
u=1

< m,O(M) max sup

q
azzafzon=ial |] asioz

vT'(k, 1) T w=1
—_— —— Py
X q(xL; xlq7 xlq—la xlq_p tt xh-l; Xy Xy -1y xo)
L, Tk —1,1) , '
< CpoCo ("——*’—) max su 63‘?65"65"182”( 0;lua;tu—;>
= o e vT'(k, 1) xk—rl) S uul bu "B

X a(st xlq) xlq—ly xlq_u tey Xiyo1y Xgy X oy xo)

Max is taken for B8, < @, < @ and (81| < 2m + 4 + 2 in the middle
term. In the last term max is taken for B, < a, fi< « and |Br| <
2m + 4 + 2. We choose M(m) and C,, as in (4.25). Then (4.19) of the
case r = 1 is proved.

Now assuming Lemma 4.2 for r, we prove (4.18) for r 4 1.

Let k,., be any integer such that L > k,,, — 1>k, and we let

(4'26) pk,+1k,--~kl(x1,’ Tt xk,«+1+17 ka,p Xips *° % xlcp xo)
= Rk,+1—1' Ry, - 'Rkl-l' cea(xg, -, Xiryr+1s Xiprpy Xy * 0y Xpys x) .
Set

(4.27) q(xL, 5 Xy Xy iamts Kieys %5 Ky o)

= Skr+1—2' : ’Skr‘rlpkr'"kl(xb’ ] xkr+1’ xkr+1~1’ xk,) R xlcp xo) .
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Then py,,,«,...r, 18 defined by the equality

1

E 1/2 E 1/2
129 ( ( )
( ) tkr ) T(kr+1 - 1’ kr + 1)

+1

. #
X I e~ W Skr 1By g1 Thy 1 Thp g 1= )+ Sk =1,k 41 (Thp g1~ 1, Thy)
R

X Q(xm c oty Xy Xpgr=19 Xipy Xip_ys 0 0y Xy xﬂ)dxkr+1—l

172
— < E ) e‘“’SZ,H.k,H("kHL”kr)
T(kr+l) kr + 1)

e
X (D(xk,“, xkr)—‘/z(I(st oty Xy Xy Xpys = %)

F Py s Xty Bepps Kips By iy =+ s Xy o))

Therefore,

@9 () (o )

kr+1

#
X j e~ v Skr 1 Chyy 0Ty 4 10Ty 4 1-D 8k, 1,k 41 @k g1~ 1 Tp))
R

o
X q(%xy, Xipsrs Xippr-19 Xips * 9 Xieyy xo)dxmﬂ—x

1/2
= ( T(k 'Ek 1)) e—i"slgr+l.k,,+1(xkr+l’xkr
r+1y vy +

1/2
X (D(xkr_H» xkr) / Q(xL9 xkr.H’ xkrs xk,-,) M) xkly xo)
fr—
+ pkr+1kr~--k1(xL1 xk7+1’ xkr’ xk,_ly Tty xkla xo)) .

89

Apply the stationary phase method Lemma 3.5 to (4.28). Then for
any m =0 if |, | and |«,,,,| £ m, we have with the same C, , as in (4.23)

(4.30)

r=1 ey
a;zaak7+la;'l’z:a;3 <ITlag‘::)pkr+1"-k1(xL’ xkr+1’ xkr’ ] xkl’ xO)
o=

Tkr 41

t.. T(k, —LM+D>
< Cm ( Kr+1 +1
! l"T(k'rH’ kr + 1)

r-1
AL ABky 1. )Bkr+1—1 Bk N0 l‘[ LI
a‘”l: azkr+1 a“'”/fr+1*1 a"‘kr Zo wel az”m

X max sup

Ly 41—1

e
X q(xLa xk,+1’ xlcr+1-b xkr’ Tty xkp xo) ’

max is taken for B, ., < ay,.,,, B < @,

ey, o, (W=1,2, ..., r —1) and «, are arbitrary multi-indices.
On the other hand, by definition (4.27) we have
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(4'31) q(xL, ) xk,-.,.p xk,».,.]—n xkra tt Yy xkls xo)
[r——

~1/2
= -D(ka,—n xm) ! pkr-nkl(xL’ oty Xipprr Xhppr =19 Xigps * 0 05 Xy x)

Therefore,

]
(432) q(st Xipirrs Lippr~19 Xips =7 9 Xiyy xo)

i . '
= D(xk,ﬂ-n xk,) / pk,—-ukl(xL) Xy 19 Xpp1-15 Xy ° 05 Xiys %) -

And we have

1

(4.33)

Tkr+1

r— p—
3226”'“8;,’;322 ( ]1 a;::)l)kr-n---kx(xu Xiprrs Xips 05 Xiyy X)
u=

l T(kr+ - 1’ kr + 1))
£ Cayy G fres e
= T VTR, ke + 1)

r=1

az 3Bk ﬁ’_ﬁ’anak
axLa r+10Pkrt1 laz’;:azg az;,:

Tkr41 ~ Thri1—1

X max sup

Thr41—1

| 1
X DXLy Leytr Xiparoty Bepy ** *5 Xy Xo) |+

Here max is taken for multi-indices |B;,,,,| < 2m + 4 + 2, and §;, < Bs,
Now we restrict to the case |a,,|<m, j=1, ---,r. We can apply induction
hypothesis (4.19) for r with ¢ =1, I, = k.5, o;, = B,,, and a,,_; = B,
to (4.33) and we get a majorization for the right hand side of (4.33).

Consequently, if |a|, |ay,l, |@] < m, we have

r—1 ™ 1 r 1
a;fa;::ﬂa;::a;:(nl ;:::)pkr+1“'k1(xL7 Xiprrs Xippr-1s Xy = 0y Xy xe)
te... T(k —1k+1)>’<t Tk —1k_+1))
S Cm Cm C;z ( kr+1 7+1 sy vy Ky U ) Yy ~1
=T S e ke 1) VT (ks ks + 1)

’ 7 ’ ’
a;_lljaﬁkr-{-l 0fkr+1-1 agg ﬂ ag:u 08ku—1
u=1 “

Thr41 " Chpt1—1 Thy~1

=1

X max sup

' ' ' . ey
X a(xm Xipsrs Xhppr-15 Xps =0y Xiym1y xo)

Here max is taken for ) < ay, i ys S Xppprs |Brrsr1l < 2m + 4d + 2, B, < ay,,
|Brual<2m+ 442, (u=1,---,r) and sup is taken with respect to
%,1€R, u=1,.--,r+ 1. We may choose M(m) and C,, as in (4.25).
We have proved (4.18) for r + 1.

We next prove (4.19) for r + 1. Let I,1, ---,1, be a sequence of
integers with the property k, <k,,, — 1<k, <l —1<,<...<[ —1
<I[,£L —1. Then we have, from (4.28),
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1/2 E 1/2
> <T(k1+1 - 17 kr + 1)>

=05 (Skp 1 Py 1 Dhr g 19Tp g 1=+ 5 1k 13 @y g1~ 15 Ty))
e 41 r
R

(4.34) ( E

kr+1

— o N
X (%, Xigy Xig-15 Xigys = Xiyts Xipins Xeppr-15 * 75 Xigyy xo)dxk,“—x

1/2
= ( E e‘i”5£r+,,k,+1<xkr+’xkr)
T(er, kr + 1)

[r— [r—
-1/2
X (D(x, 5 %i,)" 2 q (%4, Xigp Xig-1s Xiggp ="
P
Xty Xgrr Xiegr ** 5 Xiys Xo)

+ pkr+1---k1(|xln -7514, 3'Czq—1y -';Cz,,_p Xiy-15 Xy 1> Xegs * * *» Xy Xo)) -
We apply the stationary phase method Lemma 3.5 to (4.34). For any
m =0 let «,, and «,,,, be two multi-indices with || |&,,,|< m; let «,
w=12---,r—1), a, , and «,, (¥=1,2,---,q) be arbitrary multi-
indices. Then with the same constant C, , as in (4.23) and (4.30), we have
q r+1
35) |azzam (1 aseamm) 11 o
u=1 u=1

——— I ] —
X pk7+1---k1(x1n xlq’ xlq—h xlq_p tt Yy xll—ly xkr+1, xk,) D) xh’ xo)

C (tkr+1T(kr+1 - 11 kr + ]—))
o e VT(k'rH’ k'r + ]-)

IA

q r—1

ar, Nao APk, Bly41—1 Bk, n @y AALy— n a

X max Sup axLazoawk:iiazk:ii_;amk: axtzaxlz_: az‘kz
Ly -1 u=1 wu=1

o [ R —
X q(xL7 xlqy xlq—l, xlq~1’ Ty xll—l: xkr.Hy xk,«.,.;-—l, xlcr, Tty xlcp x(!) .

We use the relationship (4.31) between g and p,,...,,, The right hand side

1

of this inequality is majorized by

(4.36) C, ,C (tka(k,+1 — 1,k + 1))
my0 Umy3 vT'(k,,\, k, + 1)

q

r=1
arz Aao APk Biyy1—1 bR ‘n ALy NAly—1 ['[ ag,
anaxoaxk:::afk:ii—lawk:u laxzzaxt:—l lawrc:
= u=

X max sup

Tkr4+1—1

| fr— F 1 f 1
X pkr---kl(xLy xlqv xlq—l’ xlq_p C s Xiymts Xigpyrs Xipgr=10 Xigps * 0 05 Xiys xo) l .

Here max is taken for 8,,,, < ay,,, 1Bt/ < 2m + 4 4+ 2 and B;, < «,.
Now we assume that o, |<m, j=1, . --,r+ 1, and |a], |a;|< m as
in Lemma 4.2 but that «,, u=1,...,q, are arbitrary. Then we use
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the induction hypothesis (4.19) for r where ¢ is replaced by ¢ 4+ 1 and
(L, - -+, 1) is replaced by (k,., I, - - -, 1) to majorize (4.36). Then we have

(4.37)

q r
oz (|1 swosect) 11, o5
u= U=

— p— ey
X pkr-(-v"kx(xl,! Xigs Xig-15 Xgys =9 Xiym1y Xpyps Xy * 0 75 Xy %)

bt TRy — 1, Ry + 1))
< CpoCrsCh ( AG :
= Gt o G L\ 2 1 1)

u=1

q r-1
az, ABo Bk Biep 4 1~1 )Bir ABEr—1 I‘[ @ty ALy ~1 n at,
03700571 0y 1121 0y 0y 11 Ozvdziamy T1 o

X max sup

— — " ) " ) —
X a(xg, Xigy Xig-15 Xigvs " "5 Xiyoty Xiyy1s Xieypr-15 Xy 75 Xy %)

max is taken for B, ., < .., 1Bl <2m+4d + 2, Bl < ap, |Bral <
2m + 4+ 2, By < «, and sup is taken with respect to x,,, e R, u=1,2,
-++,r+ 1. We can choose M(m) and C, , as in (4.25). Then the above

inequality proves (4.19) for r + 1. We have completed proof of Lemma
4.2.

Proof of Theorem 1 has been completed.

§5. Proof of Theorem 2

We can proceed just as in the proof of Theorem 1. And we have

(5'1) I({tj}y Sy 1; V)(xL’ xo) = Al\(xL) xo) + Z/ Aj,j,_l...jl(xL? xo) .
Here

E \'~ "
(5.2) Ay(x,, %) = (T) e PSR Dy, x,)" "

is the main term; >’ is the same as in §4 and

(5.3 ( ) s+1( >m
D Ao = [ (o
Jsds—122+] 0 k=1 T(jk,]k-x 1)

-~ tus? .
X Im C ,xjpzobfs'--.h(xu Xior =05 X xo) kn dxjk ’
=1

where

s+1
(5.4) Sg'sjs—v-'jx(xlﬁ xjxv tt Yy xjp xo) = ’?;1 S_xilmjk—1+1(xjk7 x!lc—l)
and
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<5'5) bjsfx—l"']l(xla’ x]s’ ] xjn xO)
= (Qp-1Qr-s - -+, I)(xy, Xjor Xgaps = * "5 Xgp» x) ,
Where QJ = Id lf-] =js9j.s-l$ °t "jl’
:Rj ifj:js—]"js-l—]-’"'7.]'1-13

= S, otherwise.

Applying Lemma 3.1 to A; g.(xz, %), we have

sds—1-+

E N\ st om0
— - ZTLs
A%, ) = (T) e T C IR A

L

Thus setting, just as in (4.14),

(5.6) r(x,, %)) = D(xp, x)"*(37 ay,...;,(%1, %)) ,
we have

E

6.7 I{t} S 1) = (7)1/26-“Si"(“””"’D(xL, %)~ (1 + r(xy, %)) .

L

93

We have only to obtain estimate of r(x,, x,) to prove Theorem 2.
By virtue of Lemma 3.1, we get estimates of a;,...,(x;, %,): For any m =0

there exists C,, and K(m) such that if |a,|, (el < m

(5.8) 85205 ay,... (%1, X))

s
< C;, max sup (95205 nl 08 by gn(Xpy Xy g,y o ey Xy, Xo)
,

Zjp

max is taken over B, < @, and |8,,| < K(m).
We wish to obtain estimate of b,,...,,.

1

meters and set

(5-9) bj,j‘,_l---jl(xL’ oy X1 Xjgy Xyg_ys * 0 0y Xypy %)

= (Qj,Qj;-—l’ ) Qll)(xu sty Xgyats Xges Xgg_1s =t s Xy xo) )

Where leld ifj:jnjs-l’ "'9j13
=RJ ifj:jx—]-’js—l—l,“"jl_‘19
= S, otherwise.

The next Lemma gives estimate of b,,...,,.

LemMA 5.1. Let § be as in Theorem 1 and T, <65. Then b,,,, ...

independent of x,, - - -, x;,,,. It is of the form
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(5.10) bjgjx—l“'jl(xL’ B xh.}l, xjsy xjsﬂl’ Tty xjn xﬁ)

= 1 TG, = Lo+ DR 2,

where p,;(x,, x,,_,) satisfies the estimates
(5.11) 103,05, P (%5, %;,_ )| < C,y for any a and B.
Here constant C,, depends only on « and p.

We assume Lemma 5.1 for the moment and continue proof of Theorem
2. Since b,,,,_,..; = S;18s-2++S;,410,,5, 1.5 We can apply Lemma 5.1 to
(5.5) and obtain

by gemree Xy Xy -+ 0 Xy, %)

= D(x,, 1) ] (i;L)To, L+ D, %, -

r=1

Combining this with (5.8), we have

|022020 ay,...5,(% 1, %) < Cf, max sup

o308 [1 88 Dy, 2,)
X 1 (B TG = Ljpes + Dpa(i 2,0
Therefore, for any m =0 we can find a constant C,, such that
103050041, 2| £ Cin 11 678, TG — 1,y + 1)

as far as |a;| and |@| < m. This and (5.6) imply

(Js*++j1

[95Ea5s (22, x| < ZI’) 1 UIV”tj,T(J} —1,j,. + 1)
L
<A+ Cov't,T2) — 1.
=1

We have proved Theorem 2 upto the proof of Lemma 5.1.

Proof of Lemma 5.1. We prove Lemma by induction on s. The case
s = 1. We abbreviate j, = j. dJust as in the proof of Lemma 4.2, we let

(5.12) BJ(xL, Ce Xy Xy Xo) = R, 1S, 5,(1) .

Then this is defined by the equality
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E\2 E 1/2 [ s N
(5.13) (7) <—T(] 1 1) > j‘R e v(S5( /,xj.zj_l)i-S,_Ll(z/_l,xo))D(xj_“ xo)-— 1/2dxj_‘
J )

E 1/2 -
= ( ) e_hsi"(z”m(D(xj, X))+ bj(xL7 sy Xy Xy %))

TG, 1)
This means that Bj(xL, e, Xy, Xy %) 18 indepenent of x,, .-, x,,,. We
can write, 5,(xL, Cee Xy, X5, Xp) DY 5j(x,, x,). Furthermore we wish to show

that we can write
(5.14) b(x), %) = v't,T(j — 1, 1p(x, ) .

To show (5.14), we need a closer look at the amplitude function of
(5.13). By virtue of Proposition 2.10, there exists a function q,(x,_,, x,) €
Z(R x R) such that we have

D(xj—n x) =14 TG — 1, 1)2qj—l(xj—1’ X) .
This means that
(5.15) az‘j_1D(xj—1) x) V=T — 1, 1)2azjhlcb—1(xj—1, x,) -

We apply Lemma 3.5 to (5.13). For any m there exists a constant
C, such that if |, |@;] < m we have

(5.16) |80 b,(x,, )] < C7n(M>max sup |38 98(D(x, -1, %))

vT(j, 1) 2j-1
t,T(j —1 1)”)
< C,,L(_’——'-‘—’——— max sup |88-108 q, _(x; 1, x5)| .
= )JT(], 1) 11—12‘ 7 qj 1( j-1 0)|

Here max is taken over g, and g, with 1 <|8,41<2m + 4 4 2, |B| < m.
This proves (5.14). Lemma 5.1 for s = 1 is true.

Assuming Lemma 5.1 for s, we prove it for s + 1. By induction
hypothesis the function 5,,,3_1‘,.11 Xz« v vy Xygpins Xy Xyy_yy o +5 Xy %) doES noOL
depend on x, ---, x,,,;. So we may denote it by

bfth—l"'h(xh’ Xjgrr * 00 Xy xo) .

Let j,,, be an arbitrary integer such that j, + 1 <j,,, < L. Then we
have by definition (5.9).

= o _ -~
(.17 bjpsriesn = RyiaSiner Sy 04,50 g -

We see that
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(56.18) Sieri-2 Spr1by gyieendD Xy oy By ay Xyy = 05 Xy %)
— ~12
= D(%g 4100 £3,) P05 gy e si(Egps Kgyps - 05 Xy %)

Here we set D(x;,,,1, %;) =1 1if j,.,;, —1=j, + 1. Thus (5.17) and (5.18)
imply that the function

b1:+1js“-!1(xL’ ) xh+1+1’ xj,+la xh: tt xjp xo)
is defined by the equality:

(5.19) (tE )"2( TG, . —E;, i+ 1D )"2

Js+1

X J‘ e‘i"(shn(‘!sn’xh+v”‘!c+1—l)*S},H—l.:f,ﬂ (TJs41=11545))
R

—12 %
X D%y, 0ot 1) 205, gy g3 (Egs Xy o 5 X)Xy,

1/2
= (—E—__> e"“sgxﬂi:ﬂ(”’fuvzh)
T(Js+1y]s + 1)

X AD(%g, 455 %5)7 by, gy _pegs(Xgps Xy =+ 7 %0)
A Dppgen s s gyt Xgppn Xgpp * 00y Xgyp X)) -
The left hand side of this equals

B o) (zo=570)
---,xﬁx._ly""x . 3
e e = N ! \ TG = L+ D

4
—1u(S, ¢ ) T z -1 +8 —1.7 Ty -1/2
X I e~ 811 Cis 1 Tis 41 Bis 1~ D+ 87, 1,5 +1(@ 5111 j’))D(xj;.;-l—l’ xj,) / dxh“_, .

The last integral was treated earlier in (5.13). Using discussions there,
we can prove that (5.19) equals

(.__E_.—._..—)l/ze—iysg 1 +1($j‘+1,.tj‘)l; (x . x)
T(jx+1 j,q '+' 1) FEIRRFPANGS FY y Xg
XDy, 2%, 4+ vy, TG — LJ + 104,005,000 %1.)

with some p;, .. (x;,.,, x;) € Z(R X R). It follows from this that

(5.20) bjx+1!s-~'h(xL’ T Xgaaaats Xggun Xy 0 Xy %o)

— <tjg+1T(j$+1 _ 1,].3 + 1)2
v

>pjx+1(xjs+17 xh) bj:"'/l(xf.s’ Tt le’ xO) M
We can use induction hypothesis for b,,...;(x;,, - - -, x;,, %), 1.e., replace

5,8,,,j,(xj‘, « e, Xy, %) in (5.20) by the right hand side of (5.10). Consequently,
we obtain
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bj‘+1...j1(xL’ tt ity xj,+1+1a xj,.,.p xj,, tt ity lea xo)

. g 2\ s . )
—_ (tjs+1T(]s+l Li,+1 ) Hl (i’LT(J, —1,j,.+ 1)2)
r=1\ y

v

$
X pl:+l(xjs+1’ x.l:) Tl;[lph(xfr’ xjr—l) .

This proves (5.10) for s + 1. Lemma 5.1 has been proved.
We have completed proof of Theorem 2.
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