Bull. Aust. Math. Soc. 82 (2010), 3143
doi:10.1017/S0004972710000158

A REMARK ON THE STRONG LAW FOR B-VALUED
ARRAYS OF RANDOM ELEMENTS

TIEN-CHUNG HU, PING YAN CHEN and N. C. WEBER™

(Received 31 August 2009)

Abstract

The conditions in the strong law of large numbers given by Li et al. [‘A strong law for B-valued arrays’,
Proc. Amer. Math. Soc. 123 (1995), 3205-3212] for B-valued arrays are relaxed. Further, the compact
logarithm rate law and the bounded logarithm rate law are discussed for the moving average process based
on an array of random elements.
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1. Introduction and main results

Let (2, F, P) be a probability space and let B denote a real separable Banach space
with norm || - || and topological dual space B*. Let B} denote the unit ball of B*.
A B-valued random element X is defined as a Borel measurable function from (2, F)
into B. The expected value of a B-valued random element X is defined by a Bochner
integral and is denoted by EX. Let H be the reproducing kernel Hilbert space
associated with u = £(X), the law or distribution of X, and K the unit ball of H.
For details of H and K, see Ledoux and Talagrand [4]. The symbol C({Y;, n > 1})
stands for the cluster set of the sequence {Y},, n > 1} of random elements.

Let {X, X,, > 1} be a sequence of independent and identically distributed (i.i.d.)
random variables. Hartman and Wintner [2] established the following law of the
iterated logarithm. If

EX=0 and EX’>=1, (1.1)

then

e "X
lim sup C 2=t Xe o and timinf 2=t X (1.2)

n—oo +/2nloglogn n—oo0  /2n loglogn

Strassen [8] proved that (1.1) is also necessary for (1.2) to hold.

© 2010 Australian Mathematical Publishing Association Inc. 0004-9727/2010 $16.00

31

https://doi.org/10.1017/5S0004972710000158 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710000158

32 T.-C. Hu, P. Y. Chen and N. C. Weber 2]

Now let {X, Xk, | <k <n,n > 1} be an array of i.i.d. random variables. The
almost sure convergence for arrays is quite different. For example, under the
assumptions that EX =0, EX 2 1,and EX 4 < oo, Hu and Weber [3] proved that

. Dkt Xnk D Xk
limsup ===——— =1as. and liminf =——F——— =
n»oop V2nlogn n—>oc  /2nlogn

Hence the classical Hartman—Wintner law of the iterated logarithm does not hold for
arrays. Qi [7] and Li et al. [6] independently proved that

—1 as. (1.3)

X1
—5 - <0
log®(e + | X1)

are necessary and sufficient conditions for (1.3). Li and Huang [5] discussed strong
invariance principles for arrays. For the case of arrays of B-valued random elements,
Li et al. [6] obtained the following theorem.

EX=0, EX?’=1 and

THEOREM 1.1. Let{X, Xuk, | <k <n,n > 1} be an array of i.i.d. random elements.
Suppose that

EX =0,
x|
———— <X,
log(e + (1 X1 (1.4)
n
X
m — 0 in probability.
V2nlogn

Then
P({ >kt Xnk
v2nlogn

ZZ:1 Xnk })
Cli ==, n>1 =K a.s., 1.6
({,/211 logn "= @3 (1.6)

n
X
lim sup 2l Xl _ sup x|l a.s. (1.7)

n—oco /2nlogn xek

Conversely, (1.5) implies (1.4).

,n> 1} is conditionally compact in B) =1, (1.5)

Theorem 1.1 gives the compact logarithm law for arrays under condition (1.4)
which requires convergence in probability. We will relax this condition to require only
that the normed sum is bounded in probability, that is, for every ¢ > 0, there exists a

constant A > O SuCh that
E — Xnk
P(” k=1 ” > 4><g‘

v2nlogn

Furthermore, we will extend Theorem 1.1 to the moving average process for arrays.
We now state the main results.
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THEOREM 1.2. Let{X, Xuk, 1 <k <n,n > 1} be an array of i.i.d. random elements.

Suppose that
EX =0,
x|
———— <,
log”(e + 11X (1.8)
n
—1 Xn
M is bounded in probability.
V2nlogn
Then 5
. 1> k=1 Xnkll
max{c, B} <limsup — <a + a.s., (1.9)
ﬂ n—)oop ,/Zn 10gl’l ’3
where
E "X
a= \/sup{Efz(X) :feBf} and B =Ilimsup M
n—oo V2n log n
Conversely,
n
1 X
lim sup Wit Xutll (1.10)

n—oo +/2nlogn

implies that (1.8) holds.

REMARK 1.3. Theorem 1.2 gives the bounded logarithm law for arrays. Note that
o =sup,cx ||lx|| and it is easy to show that ) ;_, Xk /+/2n log n — 0 in probability
implies B =0. Hence, we can deduce that (1.4) implies (1.7) as an application of
Theorem 1.2.

We will now present an example of an array where (1.8) holds but (1.4) does not.

EXAMPLE 1.4. We will adapt the construction in [4, Example 7.11]. Let {&} be
independent random variables with distribution

P =1)= P& =—1)=35(1 — P(& =0)) = 1/(log(k + 1)).

Define gy =1, k=1,2,3 and B =./(logn)/n whenever 2" <k < 2"t k>4,
Define the random element X in cg, the separable Banach space of all real sequences
tending to 0, equipped with the sup norm. X has coordinates (B;&x) for k > 1. X is
symmetric, a.s. bounded and has mean O.

Denote by {&;} independent copies of (§). Let

n
Ep=[|{&i=1} and A,= ] Eu,

i=l1 k<2n
P(Eux) = [log(k + D]™",
1
P(A)=1-— PE)=1— [
( ) kl;[n ( k) kl;[n( [log(k + 1)]n)
so that P(A,) — 1.
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Let {X,x} be an array of i.i.d. random elements with the same distribution as X. Let
S, = 2221 X,k and let (ex) be the canonical basis for cg. Use the superscript (n) to

denote the terms in the nth row of the array, for example A,(f') and Er(l';(), constructed as

above. Thus
Sn (n)>
J/nlogn \/n logn ;(ZS Pret

On A",
CAISall

1
Jnlogn k<%§ Jnlogn

so that, for every ¢ € (0, 1),

Bin =1,

Il Snll
vnlogn

so condition (1.4) of Theorem 1.1 does not hold.

Next consider P (|| S, || A/n log n > C) for some constant C. Let Ty = i, 5(”)/\/_
Note that the T, are independent, zero mean random variables with Var(7,;) =
2/(log(k + 1)). Then

limian< > 8) > liminf P(A(M) =1,

p(% >c) _ p(supﬁ }% >c)
=1- P(Sl;pﬁlenkl < C@)
=1- ];[ P(Be|Tui| < Cy/log )
=1- ];[[1 — P(Be|Tuk| > Cy/logm)].

Applying Bernstein’s inequality,

P(Bi|Tuk| > Cy/logn) < P(|Tyk| > Cy/logn) as0 < x <1,
C2log(k + 1)1
526xp<— og(k + 1) log(n) ): nk

44 Clogk+1)\/(logn)/n

say. Thus

P<M>c) <1—]_[(1—a,,k). (1.11)
vnlogn - X

Now a,;r = O((k + 1)_%(32 logny 5o for fixed C and n large enough, a, is summable.
Moreover, we can make the right-hand side of (1.11) arbitrarily small by selecting n
large enough. Hence (1.8) holds.
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The following theorem extends Theorems 1.1 and 1.2 to the moving average process
for arrays.

THEOREM 1.5. Let {X, Xp;j, —00 <i <oo,n > 1} be an array of i.id. random

elements and let {a;, —0o <i < oo} be a sequence of real constants with
YR o lail <oo. Seta=Y 72 ai

i=—00 i=—o0 “I*

(i) Condition (1.4) implies that

p <: ZZ:] Z?i—oo ai
V2nlogn
(1.12)

n_ 03 .X -
C({ D k=1 Qim—oco i Xnk Ln> 1}) =lalK a.s., (1.13)
Janlogn

v P a; Xy k—i
lim sup 12 kot 2im oo @iXniill sup x|l a.s. (1.14)

n—00 V2n logn xeK

(i) Condition (1.8) implies that

Xn,k—i . .. .
, n > 1¢ is conditionally compact in B ) =1,

e 22 o @i X k—i
la| max{a, B} < lim sup 12 k=1 20i= o0 @ X k=il

n—o00 w/2}’1 10gl’l

In the rest of this paper we let ¢ denote a generic positive constant which may differ
from one occurrence to the next.

<lal(e¢+ B) a.s.
(1.15)

2. Proofs

We begin with two lemmas needed in the proofs. The first lemma is a version of
Theorem 3.1 in Einmahl and Li [1].

LEMMA 2.1. Let Zy, Z», ..., Z, be independent random elements with mean zero
such that for some s > 2, E||Z||®* <oo, 1 <k <n. Then, for0<n<1, § >0 and
anyt > 0,

>(1+nE

7

i Zi i Zi|| + t)
k=1 k=1

2 n

t
< - s E||Ze|*,
_GXP( 2(1+3)An>+6 kE:I | Zk ||

where

An =sup{Ef2<Xn: zk> i fe B;“}

k=1

and c is a positive constant depending on 1, § and. s.
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LEMMA 2.2. Let {X, Xuk, | <k <n,n > 1} be an array of i.i.d. random elements.
Then (1.8) implies that

[pay ank”)
Elsup —/——— ) < o0.
(n>2 v2nlogn

PROOF. Let a? =sup{Ef?(X): f € BT} and

EIY" X
ﬂ:limsup—” 2=t Xoill

n—o00 ,/2)’1 log n

It is easy to show that o + B < co. We have

X o X
E sup ||Zk 1 nk || / p (Su ||Zk 1 nk |l x) dx
nzz 2nlogn 0 n>2 +/2nlogn

o n
X
P( (D3 nkll

sup —————
nzg V2nlogn

n

Z Xk

52(a+/3)+/

2(a+p)

52(0{+ﬂ)+/ > X anogn)

2(a+p)

2

Letx =2(a + B)y/+/2n log n. Then

Dysp.en
E Dek=1 710
;Sigz V2nlogn
<2(a+ﬂ)+«/_(a+ﬂ)z\/m/21 ( nk >2(a+ﬂ)y)dy
nogn k=1
<2<a+ﬁ>+f<a+ﬂ)sz21 nP(|IX] > y) dy
nogn
+ «/—(oz+,3)2

,/nlogn

D X (Xl < ) | > 20 + ﬁ)y> dy

k=1

X /OO P(
/2nlogn
=2(a + B) + V2@ + B)(I) + I).

https://doi.org/10.1017/5S0004972710000158 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710000158

[7] Strong law for B-valued arrays 37

For 1,

o0

I =/ [ PUIX] > ) dy
/ log
4log2 N/ 2n logn<y

°° y?
c PUXI > y)dy
/. /aTog2 log? y

x4
log?(e + I X))
For I, since EX = 0, note that

A

n
sup DT EXu (1X okl < 3) ”
y>4/2nlogn k=1
< sup Yy EIX|I(IX]I>y)
>./2nlogn

J_Enxnuuxu > \/2n log n)
EIXIPI(I1X| > v/2nlogn)

\/2n log n \/2n log n
_EIx|?
~ 2logn

— 0,

limsup  sup )F1 E

n—0o0 y>4/2nlogn

Z(Xnkl(”Xnk” =y) = EXul (| Xnkll = y))H
k=1

n

Xnk
k=1

1
<limsup ——F

n—00 4/ 2n log n

=p
and

sup{Ef2 (Z(xnu(uxnkn <¥) = EXud (1 Xkl < y))) [ f € Br} < na?.

k=1
Hence there exists 1, 0 < n < 1, such that

n
D X (1 Xkl < 3)

k=1

/\/T P( > 2(x + ﬁ)y) dy
nlogn

n
D XL (1 Xkl < 9) = EXuid (| X ]| <
k=1

o)
—
2nlogn

(1+nE

> K] (1 Xkl <3)—~ E X (| X i sy>>”+(1+n>ay) d
k=1
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when 7 is large enough. So by Lemma 2.1 for s > 4,

=S 1 00 1 2.,2.2
IZEZ / exp(—( +n)oty2>
= ynlogn J /2nlogn 2(1 + nna

o0 n /oo
te) ——— YUEIXIPIAIX < y) dy
;wnlogn /2nlogn

=13+ 1.
For I3, substituting y = ¢/2n log n,
S > (1+my?
0 S WSS P

,;,/nlogn A/2nlogn 2n

NS 1 2n log n)t?
=ﬁ2/ exp(_( +n)(2n log n) )d[

) 1 2n

oo o 2
VG I PRI
|-}
00

2
56/ 27" dt < o0.
1
For 14, standard computation gives

h=eX [T Expax = ay

o ynlogn J /2nlogn B
x|

log>(e + 1 X1)

which completes the proof.

PROOF OF THEOREM 1.2. First we establish the upper bound, that is,

n
X
limsup”Zk_—lnk|| <a+p as.

n—o0o ,/Zn 10gn

By the Borel-Cantelli lemma, it is enough to prove that for every ¢ > 0,

Z P( Z Xk || > (1 +&)(a + B)+/2n log n) < 00.
k=1

n=2

Note that

n

o0
()
n=2 k=1
o0
<> nP(|X| > /nlogn)
n=2

> (14 ¢&)(ax+ B)+/2nlog n)
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oo n
+ Z P( wied (1 Xl < /n Tog )
n=2 k=1

> (1 4+¢&)(o+ B)yv/2nlog n>

=1L+ b.
It is easy to show that E(||X||4/log2(e + | X)) < oo implies 11 < co. For I, note
that
Z EXuid (IX k| < /n log n)
,/Zn logn
<— _EIXII(IX]| > Vnlogn)
v2nlogn
2 EXe
- \/_logn ’
lim su <./nlogn)
n—>oop V2nl ogn &
— EXpy I (| Xnkll < /nlogn))|| < B,
and

SUP{Ef (Z(Xnkl(”Xnk” <nlogn) — EXuid (| Xnill < /1 log n)))} < na’

Hence there exists 1, 0 < n < ¢, when n is large enough, such that

P( kL (| Xkl < /nlogn)| > (1 +¢&)(a + B)y/2n logn)
k=1

- n
<
k=1

> (1 +nE

akd (| X el < Vvn IOg n) — EXppd (| Xk |l < 2L IOg n))H
nkd (| Xk |l < /n log n)
— EXpi I (| Xk |l < +/nlogn)) ‘ + (1 +n)ay/2n log n)

So by Lemma 2.1 for s > 4,

o 1 202 . 2n1
IZSZCXP (I +n)a”-2nlogn
= 2(1 + nna?

o0
+c ) (nlogn)PnE|X|FI(|1X]| < /nlogn)

n=2
=13+ 1.
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For I3,
o0 (o)
;= Z exp{—(1 +n) logn} = Z n= I < o0,
n=2 n=2
For 14,

o0
Iy=c) (nlogn) " nE|X|"I(|X| < /nlogn)

n=1
x4
log?(e + | X|)

So (2.2) follows, and hence (2.1) holds.
To obtain the lower bound it is enough to show that

. 12 %=1 Xkl
limsup ———— >a«a a.s. 2.3)
n—>oop V2n IOg n
and ;
X
lim sup W ima Xuill g (2.4)

n—»00 V2n logn

For every f € BY, {f(X), f(Xur), 1 <k <n,n>1} is an array of ii.d. random
variables with Ef(X) =0 and E(f4(X)/log2(e + | f(X)])) < oco. From Qi [7] or Li

et al. [6],
. 1> i fXu)l
lim sup kz;—logn = EfZ(X) a.s.

Hence (2.3) holds. By the upper bound and the Kolmogorov 0-1 law,

n
X
lim sup —”Zk_l nkl
n—o00 1/27’[ 10g n

is a constant in [0, & + B] almost surely, and by Lemma 2.2 and Fatou’s lemma,

E lim sup 12 oy Xkl > lim sup Bl =t Xnel _
n—oo /2nlogn n—oo  /2nlogn

Hence (2.4) holds.

It is obvious that (1.10) implies that (3 ;_; X,k)/y/2nlogn is bounded in
probability. And by the same argument as in Li ef al. [6], (1.10) implies the moment
conditions in (1.8). The proof is complete. O

PROOF OF THEOREM 1.5. By Theorems 1.1 and 1.2, it is enough to prove that

o ISt 2o @i Xk = X o @i Yoy Xukll _

n—>00 v2nlogn

0 a.s. (2.5
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Given m > 0, set

nm—z Z a;i Xp k—i,

k=1i=—m

m
am =0, Eizg aj, i=0,....,m—1,

j=it1

dm=0, @Gi= )Y a; i=-m+1,-m+2,...,0,

j=—-m
~ m ~ 0. _
Xnkzzalxnk—lv Xk = Z Zitxnk—t
i=0 i=—m
Then
m n _ - ~ ~
Yim = ( Z ai) ank+(XnO_Xnn+Xn,n+1 — Xn1) (26)
i=—m k=1
and

00
Z ai Xnk—i = nm+zzat nk—i- 2.7

=1 li|>m

For every i, E(||X||4/log (e + X)) < oo implies, for all € > 0,

o
> P{IXpnill > £y/2nlogn) < co.
n=1

Hence, by the Borel-Cantelli lemma,

lim M:o a.s.
neoo\/m
So "
lim M:0 a.s.
n%oo\/m
and ~
im AXnnttl o
n—)oo\/m
Furthermore, N
lim IISZ—"0”= lim ||52—’””:0 a.s.
neoo\/m n—)oo\/m
Hence

~

”XnO - Xnn + Xn,n+l - an ”

m
n—00 V2nlogn

=0 as. (2.8)
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By (2.6)—(2.8) and Theorem 1.2,

lim sup ”ZZ:I Z’?i—oo ai Xnk—i — Z?i—oo a; ZZ:1 Xkl
noo J2nlogn
= lim sup ”Z|”>m ai 3 g1 Xk + Z\i|>m ai D j—y Xnk—il
no V2nlogn
< lim sup 12 jiom @l k=1 Xkl

n—o0 ,/271 logn

Z|,‘|>m |a; | ||ZZ:1 X k—ill
p

+ lim su
n—00 V2nlogn
12 k=1 X k—ill
<> aill@+ B+ Y lai| sup ~=A=L0 (2.9)
ji[=m iSn =1 /2nlogn
By the stationarity of {X,;, —00 <i < 00, n > 1} and Lemma 2.2,
0 n o0 n
I k=1 Xnk—ill I ket X k=il
E la;| sup —=—"——"—— < la;| E sup ==L~
i;oo l nzll) \/m i;oo l n;]) v2nlogn
o0 n
1 X
_ Z \a;|E sup ||Zk_1 nkll
e T antogn
< 0.
Hence o
1> i1 Xnk—ill
la;| sup —————=—"— <00 as.
i;oo l nle) V2nlogn
Letting m — oo in (2.9),
lim sup ”Zz:l Z?i—oo aan’k_i - Z?i—oo ai ZZ:I Xnk” —0 as
it J2nlogn S
which completes the proof. O
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