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On the F®-Hypercentre of Finite Groups
Juping Tang and Long Miao

Abstract. Let G be a finite group and let Fbe a class of groups. Then Zg 4 (G) is the F®-hypercentre of
G, which is the product of all normal subgroups of G whose non-Frattini G-chief factors are F-central
in G. A subgroup H is called M-supplemented in a finite group G if there exists a subgroup B of G
such that G = HB and H; B is a proper subgroup of G for any maximal subgroup H; of H. The main
purpose of this paper is to prove the following: Let E be a normal subgroup of a group G. Suppose
that every noncyclic Sylow subgroup P of F*(E) has a subgroup D such that 1 < |D| < |P| and every
subgroup H of P with order |H| = |D| is M-supplemented in G, then E < Zy(4(G).

1 Introduction

All the groups in this paper are finite. Most of the notation is standard and can be
found in [3,6,7]. In what follows, U denotes the formation of all supersoluble groups
and N denotes the formation of all nilpotent groups.

Let F be a class of groups and let H/K be a chief factor of a group G. Then H/K
is called Frattini provided H/K < ®(G/K). Moreover, H/K is called F-central if
the semidirect product [H/K](G/Cs(H/K)) € F. The symbol Z5(G) denotes the
JF-hypercentre of a group G, that is, the product of all normal subgroups H of G
whose G-chief factors are F-central. A subgroup H of G is said to be F-hypercentral
in Gif H < Z5(G).

The F-hypercentre essentially influences the structure of a group. Note that if G
has a normal subgroup E such that G/E € F and E < Z5(G), then G € J for any
concrete classes F.

Recently, L. A. Shemetkov and A. N. Skiba in [11] proposed the new concept
of FP-hypercentre of G and investigated the structure of Z54(G) by using weakly
s-permutable primary subgroups. Then Z54(G) denotes the F®-hypercentre of G,
which is the product of all normal subgroups of G whose non-Frattini G-chief fac-
tors are F-central in G. The subgroup Z53(G) is characteristic in G and every non-
Frattini G-chief factor of Z54(G) is F-central in G.

Recall that a subgroup H of G is said to be supplemented in G if there exists a
subgroup K of G such that G = HK. The relationship between the property of pri-
mary subgroups and the supplements of some restricted conditions has been studied
extensively by many scholars. For instance, in 1937 Hall [5] proved that a group G
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is soluble if and only if every Sylow subgroup of G is complemented in G. In 1980,
Srinivasan [14] stated that a group G is supersoluble if every maximal subgroup of
the Sylow subgroups is normal in G. In 2000, A. Ballester-Bolinches, Y. Wang, and
X. Guo ([2, 15]) introduced the concept of a c-supplemented subgroup and proved
that G is soluble if and only if every Sylow subgroup of G is c-supplemented in G.
In 2007, as an interesting application of these generalizations, A. N. Skiba [13] fixed
in every noncyclic Sylow subgroup P of G a group D satisfying 1 < |D| < |P| and
then investigated the structure of G under the assumption that all subgroups H with
|H| = |D| are weakly s-permutable in G. Recently, Miao and Lempken [9] considered
M-supplemented subgroups of finite groups and obtained some new characteriza-
tion of saturated formations containing all supersoluble groups.

As a continuation of this work, we shall investigate extensively the properties of
Z53(G) in which some primary subgroups are M-supplemented.

Definition 1.1 A subgroup H is called M-supplemented in a finite group G, if there
exists a subgroup B of G such that G = HB and H, B is a proper subgroup of G for
any maximal subgroup H; of H.

Recall that a subgroup H is called weakly s-permutable in G [11], if there exists
a subnormal subgroup K of G such that G = HK and H N K < Hg. In fact, the
following example indicates that the M-supplementation of subgroups cannot be
deduced from weakly s-permutable subgroups.

Example 1.2 Let G = S, and let H = ((1234)) be a cyclic subgroup of order 4.
Then G = HA, where A4 is the alternating group of degree 4. Clearly, since Ay < G,
A4 permutes every maximal subgroup of H, and hence H is M-supplemented in G.
On the other hand, we have H,; = 1. To see this, suppose first that H is s-permutable
in G, then H is normal in G, a contradiction. If Hc = ((13)(24)) is s-permutable in
G, then ((13)(24)) is normal in G, which is also a contradiction. Therefore H is not
weakly s-permutable in G.

2 Preliminaries

For the sake of convenience, we first list some results that will be used in the sequel.

Lemma 2.1 ([9, Lemmas 2.1 and 2.2]) Let G be a finite group. Then the following
hold:

(i) IfH <M < Gand H is M-supplemented in G, then H is also M-supplemented
in M.

(i) Let N < Gand N < H < G. If H is M-supplemented in G, then H/N is
M-supplemented in G/N.

(iii) Let K be a normal ’-subgroup and H be a w-subgroup of G for a set 7 of primes.
Then H is M-supplemented in G if and only if HK /K is M-supplemented in G/K.

(iv) If Pis a p-subgroup of G where p € w(G) and P is M-supplemented in G, then
there exists a subgroup B of G such that PN B = Py N B = ®(P) N B and
|G:P\B| = p for any maximal subgroup P, of P.
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Lemma 2.2 ([4, Theorem 1.8.17]) Let N be a nontrivial soluble normal subgroup of
a group G. If N N ®(G) = 1, then the Fitting subgroup F(N) of N is the direct product
of minimal normal subgroups of G that are contained in N.

Lemma 2.3 ([11, Lemma2.3]) LetZ = Z55(G) and N and T be normal subgroups
of G.

(i)  Every non-Frattini G-chief factor of Z is F-central in G.

(i) ZN/N < Z54(G/N).

(ili) IfTN/N < Z5¢(G/N) and (|T|,|N|) =1, then T < Z.

Lemma 2.4 ([1,Lemma 3.5]) Let P be a normal p-subgroup of G where p is a prime
divisor of |G|. If every subgroup of P of order p is complemented in G, then P < Zy((G).

Lemma 2.5 ([16, Lemma 2.8]) Let M be a maximal subgroup of G and let P be a
normal p-subgroup of G such that G = PM where p is a prime of |G|.

(i) PN M isanormal subgroup of G.
(ii) If p > 2 and all minimal subgroups of P are normal in G, then M has index p in
G.

Lemma 2.6 ([12, Theorem 9.15]) Let J be one of the classes N or U. Then

G/C¢(Z5(G)) € F.

Lemma 2.7 ([8, Lemma 2.7]) Let P be an elementary abelian p-group of order p?,
d > 2, let p be a prime, and let My(P) = {M, ..., My}.

i) X;= ﬂ#j M; is cyclic of order p.

(i) P=(Xy,...,Xa)

Lemma 2.8 ([7]) Let G be a group and N a subgroup of G. The generalized Fitting
subgroup F*(G) of G is the unique maximal normal quasinilpotent subgroup of G.

(i) IfNisnormalin G, then FIN) = N N F(G) and F*(N) = N N F*(G).
(i) F*(G) # 1if G # 1; in fact, F*(G) /F(G) = Soc(F(G)C¢(F(G)))/F(G).
(iii) F*(F*(G)) = F*(G) > F(G); if F*(G) is soluble, then F*(G) = F(G).
(iv) Cge(F*(G)) < F(G).

(v) LetP < Gand P < O,(G). Then F*(G/®(P)) = F*(G)/®(P).

(vi) IfK is a subgroup of G contained in Z(G), then F*(G/K) = F*(G)/K.

Lemma 2.9 ([9, Lemma 2.7]) Let H and L be normal subgroups of G and let p €
w(G). Then the following hold:

@) @H) < (G);

(i) ifL < ®(G), then F(G/L) = F(G)/L;

(iii) ifL < HN ®(G), then F(H/L) = F(H)/L;

(iv) ifHisa p-group and L < ®(H), then F*(H/L) = F*(H)/L.
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Lemma 2.10 ([9, Lemma 2.12]) Let p be the smallest prime divisor of |G| and let
P e Sylp(G). Then G is p-nilpotent if and only if P has a nontrivial proper subgroup
D such that every subgroup E of P with |E| = |D| has a p-nilpotent supplement or an
M-supplement in G.

Lemma 2.11 ([9, Theorem 3.2]) Let F be a saturated formation containing U and
let G be a group with a normal subgroup H such that G/H € F. Suppose that every
noncyclic Sylow subgroup P of H has a nontrivial proper subgroup D such that every
subgroup E < P of order |D| has a supersoluble supplement or an M-supplement in G.
Then G € J.

Lemma 2.12 ([9, Theorem 3.6]) Let F be a saturated formation containing U and
let G be a group with a normal subgroup H such that G/H € F. Suppose that every
noncyclic Sylow subgroup P of F* (H) has a nontrivial proper subgroup D such that every
subgroup E < P of order |D| has a supersoluble supplement or an M-supplement in G.
Then G € J.

Lemma 2.13 ([10, Corollary 2.1])  Suppose that G is a group and

m(G) ={p1.p2 =P, p3-- s Pu}s P1<p2=p<ps<-:<pn
If a Sylow p-subgroup is M-supplemented in G, then G is p-supersoluble.

3 Main Results

Theorem 3.1 Let E be a normal subgroup of G and let P be a Sylow p-subgroup of E
where p is the smallest prime dividing |E|. Suppose that P has a subgroup D such that
1 < |D| < |P| and every subgroup H of P with order |D| = |H| having no p-nilpotent
supplement in G is M-supplemented in G. Then E/ O (E) < Zyg(G/Op (E)).

Proof Suppose that this theorem is false and consider a counterexample (G, E) for
which |G||E| is minimal.
(1) Oy (E) = 1:

Suppose that O,/(E) # 1. By Lemma 2.1(iii) the hypothesis also holds for
(G/O,(E),E/O, (E)) and hence for (G, E), a contradiction.

(2) E=P:

If E = G, by Lemma 2.10, G is p-nilpotent and hence E < Zy(G), a contradic-
tion. Suppose that E # G. By Lemma 2.1(i), the hypothesis is still true for (E, E), so
Eis p-nilpotent by Lemma 2.10. Since O/ (E) = 1, we have E = P.

(3) D] > p:
Suppose that |[D| = p. Then every minimal subgroup of P having no p-nilpotent

supplement is M-supplemented in G. Indeed, every minimal subgroup of P is com-
plemented in G, by Lemma 2.4, E < Zy((G) < Zys(G), a contradiction.

(4) Suppose that |[P:D| > p. Then every subgroup H of P with |D| = |H| has a
p-nilpotent supplement in G:
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Otherwise, if there exists a subgroup H with |D| = |H| that is M-supplemented
in G, then there exists a subgroup B such that G = HB and H,B < G for every
maximal subgroup H; of H. By Lemma 2.1(iv), |G:H,B| = p and G = P(H,B).
Clearly, PNH;B < G by Lemma 2.5, so the hypothesis holds for (G, PN H;B). Hence
PN HB < Z14(G). On the other hand, it follows from |P/P N H;B| = p that the
chief factor P/P N H;B is U-central in G. Hence the theorem is true for (G, E), a
contradiction.

(5) |N| < |D| for any minimal normal subgroup N of G contained in P:

Assume that |D| < |[N|. If some subgroup H of N with order |D| = |H| has a
p-nilpotent supplement T in G, then G = HT = NT. Clearly, NN T = 1, otherwise,
G = T is p-nilpotent, a contradiction. So H = N, also is a contradiction. Hence
H is M-supplemented in G, there exists a subgroup B of G such that G = HB and
HB < G for every maximal subgroup H; of H. Clearly, G = HB = NB, and
NNB<G. IfNNB=N,then G = B, a contradiction. f NN B = 1, then H = N,
also is a contradiction. Thus we prove (5).

(6) If N is a minimal normal subgroup of G contained in E, then the hypothesis is
still true for (G/N, E/N):

If |[P:D| = p, by (5), [IN|] < |D|. If D] = |NJ|, then |P/N| = p and hence
P/N < Zys(G/N). If IN| < |D|, then by Lemma 2.1(ii), the theorem is true for
(G/N,E/N).

So we may assume |P:D| > p. By (4), every subgroup H of P with |D| = |H|
has a p-nilpotent supplement in G. If [N| < |D|, then every subgroup H/N of
P/N has a p-nilpotent supplement in G/N. It follows that the hypothesis is still true
for (G/N,E/N). If |D| = |N|, then we consider every subgroup M/N of P/N with
|[M/N| = p. Clearly, M is noncyclic. Otherwise, [N| = p; this contradicts (3). Hence
there exists a subgroup H of M such that |[H| = |[N| = |D| and M = HN. By (4), H
has a p-nilpotent supplement in G. Hence M/N also has a p-nilpotent supplement
in G/N. It follows that the hypothesis is still true for (G/N, E/N).

(7) The final contradiction:

Let N be any minimal normal subgroup of G contained in P. Then by (6), the hy-
pothesis holds for (G/N, E/N). Hence E/N < Zys(G/N), N £ ®(G),and |[N| > p.
Therefore, ®(G) N E = 1. Then by Lemma 2.2, P is the direct product of some
minimal normal subgroups of G. In view of (5), N < P. Hence for some mini-
mal normal subgroup R of G contained in P, R # N. Then by [3, Lemma A.9.11],
NR/N £ ®(G/N). Therefore |[R| = [NR/N| = p, which implies that the theorem is
true for (G, E), a contradiction.

The final contradiction completes our proof. ]

Corollary 3.2  Let E be a normal subgroup of G and let P be a Sylow p-subgroup of E,
where p is the smallest prime dividing |G|. Suppose that P has a subgroup |D| such that
1 < |D| < |P| and every subgroup H of P with order |D| = |H| having no p-nilpotent
supplement in G is M-supplemented in G. Then E/O,y (E) < Zs(G/O,; (E)).
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Theorem 3.3 Let E be a p-soluble normal subgroup of G and let P be a Sylow p-
subgroup of E where p is a prime dividing |E|. Suppose that P has a subgroup D such
that 1 < |D| < |P| and every subgroup H of P with order |D| = |H| is M-supplemented
in G. Then E/Op/ (E) < Z;;@(G/OP/ (E)), where F is the class of all p-supersoluble

groups.

Proof Suppose that this theorem is false and consider a counterexample (G, E) for
which |G||E| is minimal.

(1) OP/ (E)=1:

Suppose that O,/ (E) # 1. By Lemma 2.1(iii) the hypothesis also holds for
(G/Op/ (E), E/Op/ (E)), and hence for (G, E), a contradiction.

(2) Oy(E) # 1:
Since E is p-soluble and O,/ (E) = 1, we have that the minimal normal subgroup
of G contained in E is an elementary abelian p-group, and hence O, (E) # 1.

(3) O,(E)N®(G) = 1:

Otherwise, if O,(E)N®(G) # 1, then we may choose a minimal normal subgroup
Lof Gwith L < O,(E)N®(G). If |D| < |L|, then we may choose S < Lwith [S| = |D].
By hypothesis, S is M-supplemented in G. Thus there exists a subgroup B of G such
that G = SB and S;B < G for any maximal subgroup S; of S. Since § < L < ®(G),
we get G = SB = B, a contradiction.

Assume that |D| > |L| and fix a subgroup H of P with L < H and |H| = |D|. If
H is M-supplemented in G, then Lemma 2.1(ii) shows that H/L is M-supplemented
in G/L. Now we easily verify that (G/L, E/L) satisfies the hypothesis of the theorem
and E/L < Zg(G/L) by the induction. It follows from L < O,(E) N ®(G) that
E < Z54(G), a contradiction. So we may assume that O,(E) N ®(G) = 1.

(4) The final contradiction:

By Lemma 2.2 and (3), O,(E) = R; X - -+ X R, with minimal normal subgroups
Ry,...,R; of G. Let L be any minimal normal subgroup of G contained in O,(E).
Assume that [D| < |L| for some L € {Ry,...,R;} andlet H < L with |[H| = |D|.
By hypothesis, H is M-supplemented in G, i.e., there exists a subgroup B of G such
that G = HB and H;B < G for any maximal subgroup H; of H. Now we have
G = HB = LBand thus 1 # LN B < G. Since L is minimal normal in G, we get
L < Band hence G = LB = B, a contradiction.

Now let L < H < P with |H| = |D|. Assume that H is M-supplemented in G;
i.e., there exists B < G such that G = HB and H;B < G for any maximal subgroup
H; of H. Since |G:H;B| = p by Lemma 2.1(iv) and O,(E) N ®(G) = 1, there exists
maximal subgroup H; of H with L ﬁ H; and hence H = LH; aswellas G = HB =
LH;Band L N H;B < G. As L is minimal normal in G, we get L & H;B and thus
|L| = |G:H;B| = p; otherwise, if L < H;B, then H;B = LH;B = HB = G, a
contradiction.

Thus O, (E) is the direct product of some minimal normal subgroup of order p of
G. Since Cg(O,(E)) = O,(E) and O,(E) < Z(P), we have O,(E) = P. Therefore,
E < Z54(G), a final contradiction. [ |
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Corollary 3.4 Let E be a normal subgroup of G where

T(E)={p1,p2=DP,P3s- s PisP1 < P2=p < p3<--- < pp}

and P be a Sylow p-subgroup of E. Suppose that P has a subgroup D such that 1 <
|D| < |P| and every subgroup H of P with order |H| = |D| is M-supplemented in G.
Then E/O, (E) < Z55(G/ O, (E)), where J is the class of all p-supersoluble groups.

Proof By Theorem 3.3, we only need to show that E is p-soluble. Now we induct on
the order of E. Since every subgroup H of P with order |H| = |D| is M-supplemented
in G, by Lemma 2.1(i), H is M-supplemented in E. Let T be a subgroup of P with
|T| = |D|. By hypothesis, there exists a subgroup B of E such that E = TB and
T;B < E for every maximal subgroup T; of T. According to Lemma 2.1(iv), we get
that |E: T;B| = p and hence E/(T;B) is isomorphic to a subgroup of the symmetric
group S, of degree p. Obviously, E/(T;B)g is p-supersoluble. If (T;B)g = 1, then E
is p-soluble. So we may assume that (T;B)p # 1 and then T;B # 1. Let L be a Sylow
p-subgroup of T;B. Actually, L is a maximal subgroup of P. If |L| = |D|, then T;B
is p-supersoluble by Lemma 2.13 and hence E is p-soluble. So we may assert that
|L| > |D|. Therefore, T;B is also p-soluble and then E is p-soluble. [ |

Corollary 3.5 Let E be a normal subgroup of a group G. Suppose that every noncyclic
Sylow subgroup P of E has a subgroup D such that 1 < |D| < |P| and every subgroup H
of P with order |H| = |D| is M-supplemented in G, then E < Zys(G).

Proof By Theorem 3.1, E is soluble. Assume that H/K is a non-Frattini G-chief
factor of E. Then for some p € w(E), HO, (E)/KO, (E) = H/K and by The-
orem 3.3, E/Op/ (E) < qu>(G/Op/ (E)), where F is the class of all p-supersoluble
groups. Clearly, H/K is complemented in G/K. There exists a maximal subgroup
M of G such that G/K = (H/K)(M/K) and (H/K) N (M/K) = 1. So |G:M]| is
p-number and Oy (E) < M. G/KOP/ (E) = HO, (E)/(KOP/ (E))(M/KOP/ (E). If
G+# O, (E)(H), then HO, (E)/KOP/ (E) is complemented in G/KOP/ (E) and hence
HO, (E)/KOPr (E) is F-central in G. Therefore, \HOPI (E)/KOP/ (E)] = p. On the
other hand, if G = Oy (E)H, then M = KO, (E) 4 Gand |G/M| = p. This
completes our proof. ]

Theorem 3.6 Let E be a normal subgroup of a group G. Suppose that every noncyclic
Sylow subgroup P of F*(E) has a subgroup D such that 1 < |D| < |P| and every
subgroup H of P with order |H| = |D| is M-supplemented in G. Then E < Zy(G).

Proof Suppose that in this case the theorem is false and let (G, E) be a counterex-
ample with |G||E| minimal. Let F = F(E) and F* = F*(E). We use p to denote the
smallest prime divisor of |F| and let P be a Sylow p-subgroup of F.

(1) F*=F+E:

By hypothesis and Lemma 2.11, F* is supersoluble, and hence F* = F # E by
Lemma 2.8(iii) and Corollary 3.5.

(2) P S Zuq)(G) and E/P ﬁ Zu@(G/P)Z
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Since PcharF = F*charE < G, P < G. Hence by hypothesis, P < Zy(G).
Therefore, E/P £ Zyo(G/P). Otherwise, E < Zy4(G) , which is a contradiction.

(3) If E # G, then E is supersoluble by Lemma 2.12.

(4) |D| > p and P is noncyclic:

Suppose |D| = p. We show that every minimal subgroup L of P is normal in G.
But we first claim that ®(P) = 1. If not, we pick a subgroup S of ®(P) with order p.
By the hypothesis S is M-supplemented in G, then S is complemented in G. That is,
there exits a subgroup K of G such that G = SK and SN K = 1. Since § < ®(P),
G = SK = K, a contradiction. Therefore ®(P) = 1, and hence P is an elementary
abelian normal subgroup of G.

Therefore, every minimal subgroup of P is M-supplemented in G, and is also
complemented in G. Let L be a subgroup of P with order p. By hypothesis, L is
complemented in G and there exists a subgroup K such that G = LK and LNK = 1.
By Lemma 2.5, PNK < G. Since P = L(PNK), we have every maximal subgroup of P
isnormal in G. Then by Lemma 2.7, every minimal subgroup of P is normal in G, and
hence P < Z(F). Next we show that the hypothesis is still true for (G/P, Cc(P)NE/P).
Indeed, F* = F < F*(Cg(P) N E), and by Lemma 2.8(iii), F*(Cs(P) N E) < F*.
Hence F*(Cg(P) N E) = F*, and so by Lemma 2.8(i), F*(Cg(P) N E/P) = F*/P,
since P < Z(Cg(P)). Now by Lemma 2.1(iii) and Lemma 2.8(vi), we know that
(G/P,Cs(P)NE/P) satisfies the condition of the theorem, and hence (C(P)NE) /P <
Zua(G/P), by the choice of (G, E). On the other hand, by Lemma 2.6, G/Cg(P) is
supersoluble, and every G-chief factor between E and E N Cg(P) has prime order.
Hence E < Zy6(G), a contradiction.

(5) If L is a minimal normal subgroup of G contained in P, then |L| > p:

Assume that |L| = p. Let C = Cg(L). Then the hypothesis is true for (G/L,C/L).
Indeed, since F = F* < C and L < Z(F), we have F*(C/L) = F*/L by Lemma
2.8(vi). On the other hand, if H/L is a subgroup of G/L such that [H| = |D|, we
have 1 < |H/L| < |P/L| by (4). Besides, H/L is M-supplemented in G/L by Lemma
2.1(ii). Now by Lemmas 2.1(iii) and 2.8(vi), the hypothesis still holds for (G/L,C/L).
Hence C/L < Zy4(G/L), which implies that E < Zy4(G), a contradiction.

(6) ®(G)NP #1:

If ®(G)NP = 1, then P is the direct product of some minimal normal subgroups of
G contained in P by Lemma 2.2. Let S be a subgroup of P with |D| = |S|. By hypoth-
esis, S is M-supplemented in G, and then there exists a subgroup B such that G = SB
and $1B < G for every maximal subgroup S; of S. By Lemma 2.1(iv), |G:$,B| = p.
Clearly, there exists at least a minimal normal subgroup L of G contained in P such
that L & S;B. Therefore |L| = p, contrary to (5).

(7) E = Gisnot soluble:

First, we show that ®(P) = 1. If not, there exists a minimal normal subgroup N
of G contained in ®(P). If |D| < |N|, then we choose a subgroup S of N with order
|D|. By the hypothesis, S is M-supplemented in G. So there exists a subgroup K of
G such that G = SK and and $,K < G for every maximal subgroup S, of S. Clearly,
since § < ®(P) < &(G), G = K, a contradiction. So we may assume that |D| > |N]|.

https://doi.org/10.4153/CMB-2014-021-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2014-021-9

656 J. Tang and L. Miao

Then the hypothesis still holds for (G/N, E/N). Hence E/N < Zy4(G/N), which
implies that E < Zy4(G), a contradiction. Therefore ®(P) = 1 and hence P is an
elementary abelian p-group.

Next we will prove E = G. By (3), Eis soluble if E < G. Let L be a minimal normal
subgroup of G contained in ®(G) N P. By Lemma 2.9(ii), F/L = F(E/L) = F*(E/L).
Hence by (1), F*(E/L) = F(E/L) = F*/L. On the other hand, if |D| < |L|, then we
may choose a subgroup S of L with |D| = |S|. By hypothesis, S is M-supplemented
in G, so there exists a subgroup B such that G = SB and S;B < G for every maximal
subgroup S; of S. Clearly, since S < ®(G), G = B, a contradiction. If |D| = |L|,
then let L; be a maximal subgroup of L, and then P = L X (x;) X -+ X (x). Let
T = Li(x;), where L, is the maximal subgroup of L. Clearly, L # T. By hypothesis, T
is M-supplemented in G. There exists a subgroup B such that G = TBand T;B < G.
Let Ty = (x;)L, where L, is the maximal subgroup of L;. Clearly, |G: T)B| = p and
L < T)B. It follows that T} B = LT B = G, a contradiction. So we have |D| > |L| and
the hypothesis still holds for (G/L, E/L). Hence E/L < Zyg(G/L), which implies
that E < Zy¢(G), a contradiction.

(8) The final contradiction:

By (7), F* = F = F*(G), G is supersoluble by Lemma 2.12. This contradiction
completes our proof. ]

Corollary 3.7 Let E be a soluble normal subgroup of a group G. Suppose that every
noncyclic Sylow subgroup P of F(E) has a subgroup D such that 1 < |D| < |P| and every
subgroup H of P with order |H| = |D| is M-supplemented in G. Then E < Zys(G).
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