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On a method for obtaining the differential equation to an
Algebraical Curve.

By Professor CHRYSTAL.
1. Consider the conic represented by the general equation
g+ b + by 4 ¢ + ey et =0, ... e (D
Differentiating three times with respect to a we get
b(y)s+ co(y)s + er(xy); =0 ... RO )
where (y), stands for ((ZE )x(y).
Again, from (2) by successive differentiation we derive
bly)a+ (v’ )+ eley)=0 ... ... . 3)
bi(y)s + es(¥)s+ ex{ey)s =0 ... v @
From (2) (3) (4), eliminating the remaining constants, we have

@k s (@) [=0 .. . . (6)
(?/)4 (?/2)4 (W)A
®@)s (&) (zy)s

which is one form of the differential equation to the conic (1).
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Since (2y)s=2(y);+ 3(y)y
(xy)e=2(y)s + 4(y)s
(zy)s =2(y)s + 5(y)
we have rejecting redundant columns, and dropping brackets where
they are no longer necessary
Ys 312 (¥)s
Yo 4y ()
Ys 5Ys (¥
From which it already appears that the differential equation to the
conic (1) does not contain the independent variable explicitly, and
that it contains the highest differential coefficient y; in the first power
only.
We may simplify (7) still further, for

=0 et (D)

Ys 3y (V)5 | =] ¥2 3%, 2yys+ 631y =2,y 3y, 0 [=0.
¥s 4y (¥ ¥s 495 29y + By + 6y, Ys 4ys 3%
Yo 5Ys (¥ | | s By 2yys+ 10y1y, + 201y, Ys 54 10y,

Whence we get immediately »

y.2ys — 45y + 40y =0 ... v (8)
The result and the process by which it has been obtained may be
compared with Halphen’s method (Jordan Cours d'Analyse de
U'Ecole Polytechnique, t. 1., § 53).

2. The method above applied to the general equation of the second
degree, and some of the results are of a general character. This will
perhaps be best seen by considering the general cubic, whose equation,
for present convenience, I write as follows—

@+ O + 627 + a0 + byy + byy® + by + ey + e’y + dyyt=0 ... (9)
From (9) we derive at once
bi(y)u+ Bu)s + B )i + erlzy)s + eozy) +di(wy?) =0 ... (10)
From (10) by five successive differentiations we obtain five more
equations, and using these along with (10), we eliminate the six con-
stants, and obtain

V(s G (s ()5 (&) (2,
() () () (e () (e

=0 .. .. (11

L) () () () (2y)s (2%)s
Now, obscrving that, if (1), (n,2), (n,3), &c., denote the binomial

coeflicients of the »' power, we have
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AT+ (o =m) (AT + B g (1D + M=) (AT(1'9) + (Ao =)
AT+ F)e="(fAx)  YA) 15 (g9 +(Beg(19) + (B ="(Fz)  “(A)1(19)+ ' (A)w="(fz)

TVol,3
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an equation of the }n(n+ 3)* order, linear in the highest differen-
tial coefficient, and not explicitly containing the independent variable.

4. Adhering still to the supposition that all the coefficients of the
primitive equation are independent, it is interesting to notice that the
independent variable will not appear in the differential equation even
if terms be omitted, provided that in those retained the powers of
which multiply the respective powers of y all occur in order without
intermediate omissions. This is obvious on looking at § (2) and ob-
serving the reason for the disappearance of the redundant columns.

For example, let us take the cubic

o+ g + ayx® + (by + by + bty = 0.

The resulting differential equation is

W) (zy)s (='y)s I= 0,

@) (@) (&y)

@) @) (@Y)s
which reduces successively to

)5 3(y). 3.2.2(y)+ 3.2.(y) |=0,| s 3y, 3y, [=0...(14)
@) 4(y)s 4.2.2(y)s+ 6.2.(y) Ys dys 6y,
(¥)s B(y)s 5.2.2(y),+ 10.2.(y)s yy by, 10y,

1t is interesting to observe that (14) is a differential equation
whose complete primitive is a quadratic rational fraction of the most
general kind.

A similar equation could of course be obtained for a rational frac-
tion of the most general kind, whose numerator and denominator are
of the m*™ and »** degrees.

5. If the condition in § 4 be not fulfilled the differential equation
may contain x.

For example,

@+ a2 + by + eyt =0

@) (@yh (h |=0,
(@) () (V)
s (®y)s (¥)s
i 22 i+ y 2y
1

gives

= O,
2 xya+ 2y 2y, + 2y
0 xys+ 3y 2yys+6y,y,
whence (v* - 2xyy, + 2°y,)y; + 3a(y - @y )y =0,
or throwing out the factor y — xy,
(y-=p)ys+3xy?=0.... ... .. (15)
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6. When the constants involved in the primitive integral equa-
tion are not independent, but subject to particular relations, the above
method must of course be modified.

For example, in the case of the circle &+ bx + ey + d(2* + 3*) = 0,
the differential equation is

Yo (P+¥"), | =0; whence | %, 2+(s), | =0;
Y5 (@ +3)s Ys ¥
which gives -2y, + Ye 2yya+ 2y’ l =0;
Y 29y + 6y,
that is Ys—%| % wn | =0;
Ys 3Y.
that is (1 +v0ys - 3yyr=0 ... ... (16)
Again, taking the case of the parabola, a + bx + cy + (dx + ey)* =0,
we derive {(ax+by)}, v, , =0,
{(ax+by)'}: s
whence 2(ax + by)by, + 2(a + by Ya+by,) v, | =0;
2(ax + by)bys + 6(a + by )by, ¥s
that is throwing out redundant rows and factors,
I a+by, vy, l =0.
3bys ys
This last may be written
ays+b %y, | =0.
3y s
Hence the differential equation to the parabola is
i Y2 I =0;
Ys 3Ya Ys
Ya Ys l + Y1 Y. !
Yo 3% s 3ys ¥,
whence 3| ¥ ¥ l 9] n | -ul %o l =0;
2y, 0 3Ys Yu 3y, ys
that is 3y.'ys — Bygys’ =0,
or Syy, — by t=0.... - (17

6. When owing to the omission of certain terms in the general
equation, or to particular relations between the constants a differen-
tial equation of lower order than that corresponding to the general
case is obtained, this differential equation must of course involve the
truth of the more general one.
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For example, in the case of the parabola we have
Bysys— bys’ =0 O ¢ 15!

whence by differentiation 3yays — Tysy,=0.

This may be written 9y,%y; ~ 21y,y,=0;
or 92"y — 45Y5Y5ys + 24yy3y, =0 ;
that is using (18)

992y — 45y.yays + 40ys" = 0

which is the general differential equation to a conic section.

Note on the Integration of z™(a 4 bx")rdz.
By TroMas Muig, LL.D.

The integration of differentials of the form z™(a + bx")*dx seems
to me to be susceptible of a more methodical mode of treatment than
that commonly employed. In the ordinary way of presenting the
matter there is little choice left to the student, when such an integra-
tion is required of him, between a haphazard, tentative process, and
the consultation of a text-book, in which lists of ¢ formulae of reduc-
tion ” are given.

In beginning the subject with a learner, I should first state that
the integration can be made dependent on any one of six different
integrals, viz :—

1) J a™(a + ba")?d,
@) J-x"+"(a+bz")"dz,
) Jz”'(a+bz")”"dx,
0 jxm(a+bz-)»+ldx,
(5) J'xm—n(a+bx")r+ldx,

(6) J’mﬂ-+ﬂ(a+ bary*idz ;

that ia to say, the integral can be expressed in terms of a like integral
in which the index of the monomial factor is greater or less by = ; in
terms of a like integral in which the index of the binomial factor is
greater or less by 1; in terms of a like integral in which the index of
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