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1. It has been shown (1; 2, 136) that if S,, a, &, denote
respectively the symmetric functions Z)\], A, ,... ), and the homo-

geneous product sum of degree r of the latent roots A;, A,, ..., A, of
the matrix X = [z;;], then
QS, =rXr—1, (1)
Qa, =(—1y - HX""'—a, X" "2 4a, X7 3 — ... (=1 "ta, i}, (2)
Qb =X 4+ b X" 24+ 0,X 34+ ...+ h _4, (3)
where Q = [ _a_]

82:]-,-

The symmetric functions known as Schur-functions, or S-functions,
are defined (8, 82) in terms of group characters and are each associated
with a partition of a number. In particular the S-functions denoted
by {17} and {r} are respectively a, and h,. Hence (2) and (3) are par-
ticular cases of & more general expression for Q{A} where {A} is the
S-function corresponding to any partition (A). In this note an
expression for Q {A} is obtained in the form of a polynomial in X with
coefficients which are linear functions of S-functions, and which can
be found without recourse to tables of group characters.
In addition, generalisations of Turnbull’s (4) theorems

thr+1 = (n + 7') Qh’n
and
NRa, ,=—(n—r1)Qa,

are also obtained. It is found that in the general theorems h, ., and
a,,1 have to be replaced by certain linear functions of S-functions,
and the iterative property begins with a higher power of Q.

oSy as; a8,

2, Since = r ZPr

axﬁ DS, 31:,-5
~ Qi

then s =’ S Q8,.
r C‘ 6vr
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Similarly Q828 se--)
CASSNS ) g 2858081008, | st S
T ! oS, + —(—’-—55, (22 Q8+ ..

¢

By definition,
1
A} = 7;—!2 h,,x,,(")Sf Sg .
P

where %, is the order of the class p determined by the partition 1725, .,
of m, and x,™ is the characteristic of the class p in the irreducible

representation of the symmetric group associated with the partition
(A) of m. Hence

o} = a{”‘ Yos, +3 a{A} fas, ...+ g{é\} s,
3{?\} a{/\ } o{A} e
9 L X 2 n—
s, F F 355, X g X
The coefficients of the various powers of X could be found by differen-
tiation and expressed in terms of S-functions if the appropriate tables
of group characters are available. They can, however, be found more

eagily without the use of the tables. Any operator 0/0S, can be
written as

}[X,(?\l) DM 4 xi"‘i) Di.._. + ... X’W)D"j]

where x,) is the characteristic of the class (r) of the symmetric group
of order r! corresponding to the partition (};), and D, is an operator
defined as (5)

1 oge+b+ ..
al bl... a83a8; ...

> XP(Z:')
p

It so happens that the characteristics of the class (r) are {— 1)* -1

for every partition (r — k4 1, 1¥-1), Fk=1,2, ..., 7, and are zero
for all other partitions (6, 134). Hence

6S_D =D, 11+ D, o »—D,_32+ ...+ (— 1) ~1Dyr.
The effect of D, on {A} is (5)

D, {2} = Z g {v}

where g, is the coefficient of {A} in {u} {v}. Hence the coefficients in
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Q {A} can be found from a knowledge of products of S-functions, with-
out using the tables of group characters. For example,
Q{221% = D, {2°1%} + (D; — Dyo) {2213 X + (D — Dy, + D) {22173 X®
+ (Dy— Dyy +Dyyo— Dy3) {2217 X3+ (Ds—Dyy + Dyge— Dyys+ Dy) {2717 X4
=({21° + {2°1}) — ({14 + {23}) X + {2 X° — {1} X~

When the number of parts in a partition exceeds m, the corres-
ponding S-function vanishes identically (3, 91), and the expression
for Q{2} then reduces to & polynomial identity in X, which must of

course contain the characteristic function of X as a factor. Thus in
the above example, if n = 3, then

X — (B X3+ {2 X — {221} =0,
which is equivalent to
(XB— {1 X>+ {13 X — {1%) (1} X + {1*}) = 0.
3. To extend Turnbull’s results
Fipp=m+p—-1)Q{p—-1} (4)
QL1 =—-n—9g+1)Q{127 1 (5)
& stage further, operate twice with {2 on the relation
{p1% + {p + 1, 1?7 1} = {p} {19},
obtaining
QP10+ Q{p+ 1,107 = B} Q19 + (19 Q {p)
and
Q2 {p17} + Q¥ {p + 1, 1971} = 2Q{p} Q {19} + {p} Q* {19} + {19 Q*{p}
=20 {p}Q{1} — (n — g+ N{P Q{1 }+(n+p-1) {13 Q{p—1}. (6)
When ¢ = 1, this becomes
Q{pl} = 2Q{p} + (n +p — N{1}Q{p — 1} — (n + p) Q {p}
= +p—1){JQ{p -1} — (n+p—2) Q).
Again applying Q, we have
QYpl}=(n+p—-1)[Q{p—1}+(n+p—-2){1}Q{p—2}]
—(r+p=2n+p-1Q{p-1}
=(+p—-Dlr+lp-2){BQ{p -2 —(n+p—3)Q{p-1}]
=n+p—-1)Q*{p—1,1}
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Hence (4), which may be written as

Qipl=Mm+p—1)Q ~1{p—1}, p>0,r=2,
has as an extension the theorem that
Qipli=(m+p—1)r-1{p 1,13}, p>1,r=3. (1)

Similarly, by taking p =1 in (6), we have
Q2 U Y =(n—q+2) Q13— (n —g+ {1} Q{177 1}
and
D2, 1Y = —(n—g+2)(n—g+ 1) Q{1
—(n—g+ DY —(n—g+2) (1} Q{173
=—(—q¢g+D[(n—g+3)Q "} —(n—qg+2){1}Q{1773]
=—(n—g+1)Q2{2, 17-3}.

If {2, 19— 1} is written as {171} in order to bring the form of the result
into correspondence with (7), then (5), written as

Q1Y = —(n-—q+1)Q—-1{10-1} ¢g>0,r=2,
has as an extension the theorem that
Q' =—(n—q+1)Q —-1{17-11}, g>1,r=3. (8)

Taking ¢ =2 and p =2 in (6) does not lead to corresponding
expressions for Q7 {p12} and Q7 {1212}, but the simple recursive property
shown in (4), (5), (7), (8) appears again in the results of the next
section, in which a new type of operand is considered.

4. Consider the expressions defined as

(p, 0) ={p}, p >0,

(p, 1) ={p1}, p>1,

(p,2)={p2}+{p1%, P>2,

(p, 3) ={p 3} + 2 {p 21} + {p13}, p>3,

(p, ) ={p4}+3{p 31} +2{p2%+3{p21% 4 {p 14}, p>4,

in which the coefficient of {p A, A, A,...} in (p, m) is the characteristic
of the class (1) in the irreducible representation of the symmetric
group of order m! corresponding to the partition (A; A, 2;...) of m.
The set of coefficients can be written down at once from the character
table, as they constitute the first column of the table as usually
presented (3).
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These expressions are such that
{}(p, m) = (p, m + 1)+ (p + 1, m).
Hence _
Q(p, m + 1) = (p, m) + {1} Q (p, m) — Q(p + 1, m),
Q(p, m + 1) = 2Q (p, m) + {1} Q* (p, m) — Q*(p + 1, m),
Q2 (p, m + 1) =3 Q* (p, m) + {1} Q* (p, m) — Q*(p + 1, m),

Qr(p, m + 1) =rQ -1 (p, m) + {1} Q" (p, m) — Q" (p +1, m).
From (4), Q2 (p, 0)=(n+p—1)Q(p — 1, 0), and so for m = 0
Qp.)=m+p—-1){1}Q(p—1,0)—(n+p—2)Q(p, 0),
Q¥ (p,1) = (n +p—1) [(n+p—2) {1} Q (p—2, 0)—(n+p—3) Q(p—1, 0)]
=n+p—1)Q*(p—11),
which is (7). Form =1,
Qi (p, 2) =43 (p, 1)+ {1} Q% (p, 1) — Q' (p + 1, 1)
= 3Q% (p, 1)+ (n+p—1) {1} Q*(p—1,1) —(n+p) Q* (p, 1)+ Q3 (p, 1)
=Mn+p~-1[8Q2(p—1,1)+{1}Q%(p — 1,1) — Q2 (p, 1)]
=n+p—1)Q(p—1, 2).
The generalisation is now evident and the proof follows by induction.
If Q(p, m=n+p—1)Q 1 (p—1, m) for r = m + 2, then
Q(p,m+1)=(r—1Q ~(p,m)+ {1} Q" (p, m) — QO (p +1, m)
. -+ Qr—1 (p’ m)
=(n+p—1)[(r—1) Q=2 (p—1, m)+{1} Q=1 (p—1, m)— Q" -1 (p, m)]
forr—1=m 4+ 2,
=Mn+p—-—1Q "1 (p—1m+1), forr = m -+ 3.

5. A corresponding result can be obtained for the conjugate
partitions. For convenience in notation write the conjugate of
{g Ay 2p. ..} a8 {1%;, p,. ..}, where {u; u,...} and {A; A,...} are conjugates,
Then the expressions

(17, 0) = {17}, g>0,

(19, 1) = {171}, g>1,

(19, 2) = {172} 4 {1712}, q>2,

(19, 3) = {173} + 2{17 21}, + {1913}, q>3,

{19, 4) = {194} + 3{1931} + 2{1922} + 3{1721%} + {1914}, q>4,

........................
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are such that
(13 (19, m) = (1%, m 4 1) 4 (12+1, m).

Hence

Q(19, m 4- 1) =r Q=1 (19, m) + {1} Q7 (19, m) — Qr(12+1, m).
Assume

Q (17, m)=—(n—g'+1)Q ~1(12-1, m) forr = m + 2.
Then

Q (19, m 4+ 1) = (r — 1) Q7 - 1(19, m) 4 {1} Q" (12, m)
— Q7 (19%+ 1 m) + QF ~1(19, m)
=—n—q+N(r—1)Q 212~ m) {1} Q~1 (191, m)

— Qr—1(19, m)] forr—1=m+ 2
=—(n—q¢+1)Q-1(17-1,m+41), ° forr =z m 4 3.
Since m = 0 gives
Qr(17,0)=—(n—qg+ 1)Q ~1(12-1, 0) forr = 2,
which is known to be true by (5), then the result is proved by
induction,
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