Check for
updates

Forum of Mathematics, Sigma (2024), Vol. 12:¢100 1-54
doi:10.1017/fms.2024.109 CAMBRIDGE

UNIVERSITY PRESS

RESEARCH ARTICLE

The Atiyah class on algebraic stacks

Nikolas Kuhn

University of Oslo, Moltke Moes vei 35, 0851 Oslo, Norway; E-mail: ntkuhn @posteo.net
Current affiliation: Mathematical Institute, University of Oxford, Andrew Wiles Building, Radcliffe Observatory Quarter,
Woodstock Road, Oxford, OX2 6GG; E-mail: kuhnn@maths.ox.ac.uk.

Received: 6 July 2023; Revised: 29 May 2024; Accepted: 27 September 2024
2020 Mathematical Subject Classification: Primary — 14A30; Secondary — 14D20, 14B10

Abstract

We generalize Illusie’s definition of the Atiyah class to complexes with quasi-coherent cohomology on arbitrary
algebraic stacks. We show that this gives a global obstruction theory for moduli stacks of complexes in algebraic
geometry without derived methods. We give a similar generalization of the reduced Atiyah class, and we show
various useful properties for working with Atiyah classes, such as compatibilities between the reduced and ordinary
Atiyah class, and compatibility with tensor products and determinants.

It is a classical fact that the deformation-obstruction theory of a coherent sheaf E on a projective
variety X is governed by the groups Exté( (E,E) fori=1,2[5, Section 7]. The Atiyah class, as defined
in [7] in the algebraic setting, globalizes and generalizes this correspondence — roughly speaking, it
measures how much a family of sheaves varies over a base. When working over a moduli space, these
self-Ext groups often give an important extra structure in the form of an obstruction theory (often with
additional properties), which is the foundational ingredient in enumerative sheaf theories. Examples
are the famous Donaldson—Thomas theory [23], PT-theory [18], [6], moduli spaces of stable sheaves
on surfaces [14] and, more recently, CY4 theory [15]. In each of these cases, the technical tool used to
obtain the obstruction theory is the Atiyah class.

In many cases, particularly for wall-crossing arguments as in [14], [8], [9], it is necessary to consider
moduli stacks that include properly semi-stable objects which may have positive-dimensional stabilizers.
To work with these, one would like an obstruction theory on the stack. This is constructed in [14] for
moduli stacks of objects with a two-term resolution, and in [8] by using derived moduli stacks of perfect
complexes.

The main result of this paper is to generalize Illusie’s construction of the Atiyah class to algebraic
stacks, using Olsson’s definition of the cotangent complex [16]. We also treat some variants, such as
Gillam’s reduced Atiyah class [3], and a version of the Atiyah class for exact sequences. We then show
various compatibility properties for the Atiyah class and its variants.

As a second main result, we show that the Atiyah class indeed gives an obstruction theory for moduli
stacks of perfect complexes (Theorem 1.4). The main new part here is that it captures the infinitesimal
automorphisms. For simplicity, we only treat the absolute case of a proper scheme over a field, although
the relative case follows along the same lines.

Roughly, our construction of the Atiyah class proceeds by presenting a given algebraic stack X" as a
groupoid W =3 X in algebraic spaces.

Then, up to descent, the Atiyah class of a sheaf E on X should morally be obtained by taking
mapping cones of a commutative square involving the Atiyah classes of the pullback of E to X and W,
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2 N. Kuhn

respectively. Since taking mapping cones in the derived category is not functorial, some work is needed
to make this into a definition. For this purpose, in §2.3, we introduce a topos W) associated to the
groupoid W =2 X, whose objects are certain diagrams involving sheaves of W and X. Then the desired
mapping cone operation can be encoded as a functor that takes a complex of sheaves of modules on W),
and yields a complex on W. With this technical tool, the strategy to define the Atiyah class goes through.
(From a higher categorical viewpoint, the use of W allows us to keep track of the necessary coherence
data used in the pushout operation.)

Relation to existing work
Throughout, we build on the constructions and results of [6], [7] and [3], which we generalize to
algebraic stacks. Our construction also recovers the G-equivariant Atiyah class considered by Ricolfi
[20]. Throughout, we use Olsson’s definition of the quasi-coherent derived category and the cotangent
complex for algebraic stacks developed in [16] and [10]; see also the excellent discussion in [4, §1].

Generalizations of the Atiyah class to the theory of algebraic stacks have appeared before in different
contexts: In the setting of derived algebraic geometry of Schiirg, Toén and Vezzosi [21], a perfect
complex E on a derived geometry stack ) with a perfect cotangent complex gives rise to a map from )
to the (derived) moduli stack of perfect complexes. In ([21], Appendix A), they define the Atiyah class
as the induced pullback map on cotangent complexes and argue that it recovers Illusie’s definition in the
case of schemes. Moreover, Lurie has constructed the Atiyah class in the context of spectral algebraic
geometry [12, §19.2.2]. In the purely classical setting, our definition goes beyond these, as we do not
require the perfectness assumptions made in [21], and since the current version of [12] presently only
deals with Deligne—Mumford stacks.!

Finally, the paper [1] shows how to construct virtual cycles from perfect obstruction theories on
algebraic stacks and thus fits in neatly with the viewpoint taken here, that it is often advantageous to
consider fundamental constructions directly on the moduli stack.

Notations and conventions

For a Grothendieck topos 7 and a ring R in T, we let Mod(R) denote the category of R-modules and
D(R) its derived category. We identify Mod(R) with the subcategory of D(R) generated by complexes
concentrated in degree zero.

For any abelian category A, write C(A) for the category of complexes of objects in .A. Write C<(A)
and C[=1-91( A) for the full sub-category of complexes bounded in degrees < 0 and in degrees —1,0,
respectively. When A = Mod(R), we simply write C(R) and C=0(R), CI=1:01(R), respectively.

We will use the following convention regarding shift functors: For any complex E of R-modules, we
have a natural isomorphism

E[1] =Z[1] & E.

If E, F are complexes, then by E @ F[1] we mean (E ® F)[1] rather than E ® (F[1]).

All tensor products, pullbacks and duals of objects in a derived category be in the derived sense. For
modules and complexes, we will consider the underived tensor products and pullbacks but will point
out when these do not necessarily compute the derived operation.

We use the definition of algebraic stacks as in the Stacks project [22, Tag 026N].

1. Statements of results

In this section, we introduce the Atiyah class on an algebraic stack and several variants, and we state
their basic properties and mutual relations. The proofs will be given in the following sections.

1We thank the referee for explaining these results in derived geometry.
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1.1. The Atiyah class

The Atiyah class of a vector bundle E on a smooth scheme X is a linear map that turns a vector field v on
Xintoaclass a, € Ext! (E, E) that measures how E varies in the directions of v and is compatible with
any pullbacks of schemes. Via the cup product, it also gives rise to a map H'(Tx) — Ext?(E, E) — here,
the source is naturally identified with the collection of infinitesimal deformations of X via the Kodaira—
Spencer map. This provides an obstruction class to extending E over infinitesimal deformations X’ of
X: One can extend E to a vector bundle on X" if and only if the class in Ext?(E, E) obtained from X’ is
zero. An appropriate way to write the Atiyah class that generalizes beyond the case of smooth schemes
is as a map

E — Ly ® E[1]

in the derived category of X, where Lx denotes the cotangent complex of X as defined by Illusie [7].2 If
one further replaces X by an algebraic stack X', one would like that the Atiyah class also captures how
the (infinitesimal) stabilizer groups of X" act on E. This is where we pick up.

Let f : X — ) be a morphism of algebraic stacks and let E € D;wh(X). In §4.1, we define the
Atiyah class of E over ), which is a natural map

atp 1 E — Lx/y®E[l].

Here, L,y denotes Olsson’s generalization of the relative cotangent complex to algebraic stacks [16],
which we review in §2.1. We also use the notation atg_x /3 when we want to emphasize the dependence
on f. If E is dualizable in the derived category (equivalently, a perfect complex; see [4, Lemma 4.3]),
then the data of atg is equivalent to that of a map

at}i E® Ev[—]] — L/y/y,

which we also call the Atiyah class.
We now list a series of fundamental properties of the Atiyah class. The proofs will be given in §5:
Let F, E be objects of D;wh(X).

Functoriality
Givenamap F — Ein D_ . (X), the induced diagram
qco

F 2% Lyjy®F[1]

| l

E i} Lx;y® E[1]
commutes.

Pullback
Given another morphism f’ : X’ — )’ together with maps A : X’ — X and B : )V’ — ), and a
2-isomorphism B o f’ = f o A, the induced diagram

AE 225 Ac Ly © AE[1]

algs g

A'E Z2Ey Loy ® AE[1].

2If X is smooth, this is just the dual of the tangent bundle (i.e., the sheaf of differentials on X). In general, it is a somewhat
complicated object in the derived category of X that retains the good properties of differentials from the smooth case (e.g., the
exact sequence of relative differentials).
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commutes. If E is perfect, then equivalently, the diagram

A* at)
AE® A'EV[-1] 255 A*Ly )y

! l
m

Ly

commutes.

Tensor products
Identify E® Lx/y[1]®F ~ Lxy[1]®E ® F using the standard symmetry isomorphism of the derived
tensor product. Then, up to this identification, we have an equality

atper = atg QF + E ® atp.

As a special case of this, if £ and F are perfect and atr is trivial (e.g., if F' is pulled back from ), then
the following diagram commutes:

[/
EQE'[-1] —E 3 Ly

l .

alpgr,

EQFQ®E'YQ®F'[-1] — Lx/y.

Here, the left vertical map is induced by the diagonal map Ox — F®F " and the symmetry isomorphisms
of the tensor product.

Determinants

Suppose that E is perfect and consider the natural trace map tr : Hom(E,Ly,y[l] ® E) —
Hom(Ox, Lx;y[1]). Then we have atye(g) = tr(atg) ®det(E) as morphisms det E — Ly/y®det E[1],
at least when E has a global finite length resolution by locally free sheaves. In particular, if the latter
condition holds, the following diagram commutes

Ox[-1]

’
\L \al)detE

E®EY[-1] L Lx/y,
where the left vertical map is induced by the natural diagonal map Ox — E ® E".

Pushforward
Consider a cartesian diagram

X/ } yl

'

X —Y

and suppose that X’ — X is concentrated [4, Definition 2.4]. Let E € D;wh(X "). Then we have a
commutative diagram
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atr p+E

Rp.E —"% 5 Lx/y[1] ® Rp.E

l l (1.1

Rp.(atg)

Rp.E —————— Rp.(Lx//y[1] ® E).
Suppose that, moreover, the diagram is Cartesian and that the morphisms X — ) and )’ — X are Tor-
independent, and that E is a perfect complex. Then the right vertical morphismin (1.1) is an isomorphism,

and this gives a natural identification Rp. (atg) = atgp, g as morphisms Rp.E — Ly;y[1] ® Rp.E.If,
moreover, Rp.E is perfect, this can be restated as commutativity of the following diagram:

Rp.E ® (Rp.E)"[~1]

!

(Rp(E®EY))'[-1] —> Lx/y.

1.2. The reduced Atiyah class
Let f : X — Y be a map of algebraic stacks and let E € D;w n (V). Let
« +1
F—- f'E—-G—
be an exact triangle in D;coh(X ) such that R Hom™! (F, G) = 0. For example, this applies if E is a
sheaf and G is a quotient of the ordinary pullback of E as a quasi-coherent sheaf.
Then the reduced Atiyah class associated to this data is a natural map
aE’X/y,G F > Lxyy®G.
If G is dualizable, this corresponds to a map
a;:’x/y’G N F ® GV i LX/y.
We also write atz and aty, if the rest of the data is understood.

Proposition 1.1. Assume that E, F and G are dualizable. We have the following compatibility between
the reduced Atiyah class and the ordinary Atiyah class of f*E: The diagram

F®G' — f*E® f*EY

l l

Lx)y —— f"Ly[1]
anti-commutes.

1.3. Atiyah class of an exact sequence

Let X — ) be a map of algebraic stacks and let
E=[0->F—>E—>G-—Q0]

be an exact sequence of bounded above complexes of Oy modules with quasi-coherent cohomology
sheaves. Assume that the images of F, E,G in D;CO , (X) are perfect complexes and that their duals
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lie again in D;co 5 (X) (the latter is automatic if, for example, X is quasi-compact). Then there is a
canonical way to complete the natural map F ® G¥ — E ® EV in D;w , (X) to a triangle

FeG' »E®E' - E®E'/FoG’ 5. (1.2)
Moreover, there exists a natural mophism

E®EY

atg | ——
£ FeGY

[-1] = Lxy,

which we call the Atiyah class of the exact sequence E.

Proposition 1.2. We have a natural commutative diagram

F®F'[-1] — £8&[-1]

atg
atg -

Lxyy

where the horizontal map is the shift of the morphism

F®EY E®EY

F®F'W ~ — .
FeGY F®GY

Proposition 1.3. Let X L Y — Z be maps of algebraic stacks with fflat and let E be a bounded above
complex of Oy-modules with quasi-coherent cohomology. Let E x := f*E and suppose we are given an
exact sequence E ,, of the form

0—->F—>FEx —>G—0.
Then we have a natural morphism of distinguished triangles

Ex @ EY[-1] — 220 1] — FoGY —

| ! |

S*Ly)z > Lx)z > Lx )y > .

Here, the morphisms in the upper row are shifts of the ones in (1.2), except for the last one which is
minus the map F ® GV — Ex ® Ey, provided there.’

1.4. Deformation theoretic properties

‘We present two important examples of how the Atiyah class can be used to construct obstruction theories.
For simplicity, we work over a base field k£ and let X be a smooth and proper scheme of dimension d
over k.

Obstruction theory on moduli spaces of sheaves

Let M be a stack over Spec k and let E € Dy on (X x M) be perfect. Consider the Atiyah class map of
E relative to X:

3In the usual conventions (e.g., [22, Tag 0145]), the upper row is obtained by rotating (1.2) to the right twice and then flipping
all signs.
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atg 1 E — Lyxxpmyx ® E[1] = 'y Ly @ E[1].
Since E is dualizable, and by the projection formula, this data is equivalent to a map
Opm — R (m Ly ® (E®EY))[1] =~ Ly ® R (E ® EV)[1].
Using dualizability again, we obtain a morphism
Atp : Rmp(E® EY)Y[-1] — L. (1.3)

Theorem 1.4. Suppose that M is an open substack of the moduli stack of coherent sheaves on X. Then
Atg is an obstruction theory. More generally, this holds when M is an open substack of a moduli space
of universally gluable perfect complexes on X.

This is proven in §§6.3-6.5 for moduli of sheaves. The statement for complexes is addressed in
Remark 6.16. Recall that an obstruction theory on an algebraic stack ) consists of amap g : E — Ly
in D4con(Y), so that i (g) is an isomorphism for i > 0, and so that h~'(g) is surjective [ 14, Definition
2.4.1].

Obstruction theory on Quot-schemes
Let ) be an algebraic stack and let E be a Y-flat coherent sheaf on X X V. Let f : Q@ — ) be an open
substack of the relative Quot-scheme of E over ) and let

0-F—>Eog—>G—0

be the universal exact sequence on X X Q. We consider the associated reduced Atiyah class
atg = atg yxx/vxy,c as amap atg : F — 7%, Lx/y ® G in the derived category. As before, this
data is equivalent to a morphism

Atg : Rf(G®FY)Y — Lg)y.

Proposition 1.5. The map Atg is a relative obstruction theory for f : Q — V.

2. Preliminaries
2.1. Derived category and cotangent complex of an algebraic stack

Let X be an algebraic stack and let Oy denote its structure sheaf in the lisse-étale topos on X'. Given
a smooth cover X — X, where X is an algebraic space, one can form the strictly simplicial algebraic
space X, = X, o, Which we consider as a strictly simplicial topos with respect to the étale topology on
every component. We write X, jis-¢; for the strictly simplicial topos obtained by taking the corresponding
lisse-étale topos in place of each X,. It is shown in [16, 4.6] that we have flat morphisms of topoi

€ P
Xo et — Xo lis-et = Xlis-et-

Moreover, the functor €, is exact and preserves flatness. We define 77, to be the composition €. o 7™ :
Mod(Ox) — Mod(Oy,). It defines a functor on the categories of chain complexes and due to exactness
also on the derived categories, both of which we also denote by 7% Let nx, := Rm. o €* : D(Ox,) —
D(Ox). By ([10], Example 2.2.5), the functors 7}, and 17y, restrict to mutually inverse equivalences on
the derived categories with quasi-coherent cohomology sheaves

nﬁ( : chnh(OX) - chuh(OX.)’ (21)

NXx - choh(OX.) - choh(OX)- (2.2)
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Given a smooth surjective map of algebraic spaces g : W — X over X, let W, be the induced
hypercover for the map W — X and let g, : W, — X, be the map induced by g. Then there is a
canonical natural isomorphism between the functors g*n} and nj, on the levels of sheaves, which
induces isomorphisms between the induced functors on complexes and derived categories, respectively.
We recall the notion of the cotangent complex of algebraic stacks as given in [16, §8]: Given a morphism
of algebraic stacks f : X — ), choose a 2-commutative diagram

(2.3)

<~
— =

—
—

<

[l

where X, Y are algebraic spaces and where the maps Y — Y and X — Xy =Y Xy A are smooth and
surjective. Let X, and Y, be the strictly simplicial algebraic spaces associated to X — X and Y — ),
respectively. One defines a complex L,y x ;v on X, whose restriction to X, is given by the complex

Lx, /v, = x,/xy,

where Qy, /x,, is placed in degree one, and the map is induced from the natural map of differentials

W (Lx,y,) = Qx, v, — Qx,, /xy, - It is shown in [16] that this defines an element of chl-uh (Xe)
<1

and that the element n.Lx;y x)y € D . ,(X) is independent of the choice of diagram (2.3) up
to canonical isomorphisms. This is used to define Ly,y, so that one has a canonical isomorphism
n*Lx/y = Lx;y x v for any choice of diagram (2.3).

Remark 2.1. Define Qx,/ x,, to be the Ox,-module which on X, is given by Qy, /x,, with the obvious
pullback maps. Then we may restate

Lxjyxy = Cone(LX./Y. - -QX./Xy,)[_l]-

Here, Ly, y, is the usual cotangent complex for the map of topoi X, — Y,, and the map indicated by
‘=’ is minus the natural map whose restriction to the n-th simplicial degree is given by the composition

T>0
Lx, v, — Qx, /v, = Qx,/xy, -

2.2. Simplicial methods

We recall some notation and basic facts about simplicial rings and simplicial sheaves of modules in
general topoi. For a general reference, see Illusie’s book [7]. Throughout this subsection, let 7 denote a
topos.

Simplicial modules

For a simplicial ring A in 7, we denote by A — Mods the category of A-modules. When A is an ordinary,
we regard it as a constant simplicial ring, so that A —Mods denotes the category of simplicial A-modules.
In either case, we denote by D* (A) the derived category obtained by localizing A — Mods at the class
of quasi-isomorphisms.

Dold-Kan correspondence

Let A be an ordinary ring in 7. The normalized chain functor induces an equivalence of abelian
categories N : A — Mods — C=%(A); see [7, I 1.3]. It sends homotopic maps to homotopic maps
and there are natural identifications 7;(M) ~ h~*(NM) for a simplicial A-module M. In particular, N
preserves quasi-isomorphisms and induces an equivalence N : D* (A) — D=<°(A).
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Cones and distinguished triangles

Asin [7,13.2.1], let o denote the simplicial Z-module satisfying No- = Z[1] and let y be the simplicial
Z-module such that Ny is the complex Z — Z concentrated in degrees [—1, 0]. Let A be a simplicial ring
in the topos T and let E be an A-module. We write 0E := 0 @z E and yE := y ®z E. One has canonical
isomorphisms 7;(E) = ;41 (0 E) for any i > 0. We have a natural exact sequence of A-modules

0—>E—t>yE1>0'E—>O.
Foramap a : E — F of A-modules, we define

Cone® (@) := Coker(E (t—a)> yE ® F).

‘We have the sequence of natural maps
E-S F > Cone?(a) - oE, (2.4)

and the induced maps on homotopy groups fit into a long exact sequence. One declares a sequence
E - F — G — oE in D*(A) to be a distinguished triangle if it is isomorphic in D*(A) to a
sequence of the form (2.4); see [7, 1 3.2.2]. If A is an ordinary ring in 7, and E a simplicial A-module,
then in D=<°(A), we have natural isomorphisms NoE ~ (NE)[1], and the Dold—Kan correspondence
preserves the notions of distinguished triangle.

Derived tensor product

Let A be a simplicial ring in 7. The derived tensor product defines a functor D*(A) x D*(A) —
D“(A),(E,F) — E ®4 F, which can be computed as follows: For any quasi-isomorphism L — E
where L is a flat (i.e., degreewise flat) A-module, the derived tensor product is computed by the (usual)
tensor product L ®4 F of A-modules (taken degree-wise). The analogous statement holds with a flat
replacement of F. For fixed E, the functor E ® — : D*(A) — D?(A) is naturally triangulated, and
similarly for — ® E. If A is an ordinary ring and E, F are simplicial A-modules, then we have canonical
natural isomorphisms N (E ® F) ~ NE ® NF in D=(A), which are compatible with the symmetry
isomorphism of the tensor product.

Now let P — B be a morphism of A-algebras. Then, the derived tensor product B ® p — induces a
triangulated functor D* (P) — D (B), which is left-adjoint to the functor D (B) — D*(P),N + Np
given by restriction of scalars.

We have the following:

Lemma 2.2. Suppose that P — B is a quasi-isomorphism of A-algebras. Then the derived tensor
product and restriction of scalars are mutually inverse equivalences of categories. In other words, the
natural adjunction maps M — B ®p M for M in D®(P) and B ®p Np — Np for N in D*(B) are
isomorphisms.

Proof. This is [7, I Corollaire 3.3.4.6]. O

Simplicial resolutions
Let A — B be a map of ordinary rings in a topos 7. We denote by

P4(B)

the standard simplicial resolution of B over A [7,11.5]. Itis a simplicial A-algebra and flat over A in each
degree. There is a natural quasi-isomorphism P4(B) — B, where we regard B as a constant simplicial
A-algebrain T.

We will use the following result.
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Lemma 2.3. Let

W, ——= W,

bl

v, 2=y

be a commutative diagram of locally ringed topoi with enough points. Assume that a and b are flat.
Then the natural map aing—lOYI (Ow,) — thloyz (Ow,) of simplicial sheaves of rings on Wy is flat
in each degree.

Proof. This can be checked on stalks of W,. Since taking the standard simplicial resolution commutes
with pullback of topoi and with filtered direct limits, we are reduced to the following setting: We have
a diagram in the category of local rings

By <— By

T T

Ay &—— Ay

with B; flat over By and A, flat over A}, and we need to show that the natural map P4, (B1) — Pa,(B2)
is degreewise flat. Denote this map by ¥ : P — R with n-th part F,, : P, — R, forn > 0. We
also define F_;| : By — B,. We show by induction on n > —1 that F,, is flat and injective. The base
case follows from the fact that a flat morphism of local rings is faithfully flat and therefore injective.
By the construction of the standard simplicial resolution, we have that P, is the free polynomial
algebra A|[P,] over the set of elements of P,. The analogue is true for R+, and the map Fj,,; is the
map Ppy1 = A1[Pn] — Az[R,] = R,y obtained by functoriality of this construction. The induction
step then follows from Lemma 2.4 (note that Ay — Aj; is injective since it is a flat map of local
rings). O

Lemma 2.4. Consider a commutative diagram of rings

By —— B

Lo

Al — Ay

where the map Ay — A; is flat and injective and By — Bj is injective. Then the induced map between
polynomial algebras A|[B|] — A;[ B3] is flat and injective.

Proof. The injectivity is clear. The map A[B1] — A2[B1] = A2 ®a4, A1[B1] is a base change of a
flat map, hence flat, and A;[B;] — A;[B:] is a free algebra by injectivity, hence also flat. Since a
composition of flat morphisms is flat, the result follows. O

Module of principal parts
Let A — B be a map of rings in 7. The (first) module of principal parts for the ring map A — B is
given by Pllg /A= (B®a B)/ Ii, where I, is the kernel of the multiplication map B ® 4 B — B. (Here,
the tensor product is in general not a derived one). The A-module Pg /A

Recall that Q}g A= In/I2, so that we have an exact sequence of (B, B)-bimodules called the exact

sequence of principal parts

is naturally a (B, B)-bimodule.

— p!

0—-Q B/A

g/A — B — 0.
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Here, for each of the outer terms, the two B-module structures agree. We will denote this sequence
by E}B /A" The map b — b ® 1 gives a splitting of this sequence for the left B-module structures, and
b — 1 ® b gives a splitting for the right B-module structures. Now let E be a B-module. Then we set

P! A(E ) = P}B /4 ®B E, where we take the tensor product with respect to the right B-module structure
on PB/A Equivalently, PE/A (E)=B®j E/(IiB ®4 E). Then the sequence of principal parts for E is
_B/A(E) = BE/A ®p E, or explicitly,

0—)QB/A®BE—>P (E) > E — 0.

B/A
We usually regard this as a sequence of B-modules with respect to the left B-module structure. Note that
it is in general not split.

lllusie’s Atiyah class

With these ingredients, we recall Illusie’s definition of Atiyah class: Let f : X — Y be a morphism of
ringed topoi and let E € D=0(X). Let P := P 10y (Ox) be the standard simplicial resolution. By the
Dold-Kan correspondence, we may regard E as an object of D* (Ox) and thus of D (P) by restriction
of scalars. We have the exact sequence of principal parts associated to Ep, which is an exact sequence
of P-modules:

P/f 1o, (E) : 0— Q!

P/j"lo ®P EP - P

P/f-10y (EP) — Ep — 0.

Note that the leftmost term here computes the derived tensor product since Qp, ¢-10), is flat over P.
Moreover, it is canonically quasi-isomorphic to the restriction of scalars of Lx;y ®o, E. From the
sequence Pp o1, (Ep), we obtain a morphism Ep — 0 (Lx;y ®oy E)p in D” (P). Extending scalars
to Oy, this defines a canonical morphism £ — oLx)y ®oy E in D?(Ox). The Atiyah class is the
corresponding morphism

E— Lxyl[l]®E
in D<0(Oy) obtained via the Dold—Kan correspondence.

2.3. The parallel arrow category.
Let

=X

t

be a diagram of topoi. We obtain an induced topos W) whose objects are tuples (Ax, Aw, s#, %), where
Ax and Aw are objects of X and W, respectively, and st s'Ax — Aw and o 1Ay — Aw
are morphisms in W. Giving a ring R = (Rx, Rw, s*, %) in W) is equivalent to giving rings on X and
W, and giving s, t the structure of morphism of ringed topoi. Given such an R, we use the following
notation: For an Rx-module M, we write sj My := s~ Mx ®; 1z, Rw and 1 Mx = 1"'Mx ®,-1g, Rw
for the respective (in general un-derived) base change of Mx. Then an R-module is given by a tuple
M = (Mx, My, s*,t*), where My and My are Ry and Ry -modules, respectively, and where s*
spMx — My and t* : ty Mx — My are morphisms of Ry -modules.
We define a functor Coneg : C(R) — C(Rw ) by

Coneg : (Mx, Mw,s*,t") — Cone(spxMx @ tpMx e, My).

https://doi.org/10.1017/fms.2024.109 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.109

12 N. Kuhn

If R is a simplicial ring in W), the analogous discussion holds for R-modules, and we get a functor

ConeIAe : R —Mods — Rw — Mods
(Mx,Mw,S*,t*) g COHCA(S*RMX @ I;Mx ﬂ Mw).

Under some natural flatness assumptions, we have induced functors on the derived categories:
Lemma 2.5.

i) Let R be a ring on W) with st s'Ry — Rw and e 'Ry —> Rw flat. Then Coneg descends to
a triangulated functor of derived categories D(R) — D(Rw ) (also denoted Coneg).
ii) Let R be a simplicial ring on W) with st s"'Rx — Rw and e 'Ry — Rw flat. Then Conel,Ae
descends to a triangulated functor D® (R) — D®(Rw ) (also denoted Coneﬁ, ).
iii) Let R be an ordinary ring W), viewed as a constant simplicial ring, and assume that st and t* are
flat. Then the two constructions in i) and ii) are compatible with the Dold—Kan correspondence, in
the sense that the two functors obtained by traversing the outer edges of the diagram

A Coneg A
D®(R) ——> D*(Rw)

! l

D="(R) =% D=(Ry)

are related by a canonical natural isomorphism.

Proof. We prove 2.5. For any ring S, the abelian category of complexes CI=1:°1(S) concentrated in
degrees —1 and 0 is canonically identified with the category of maps of S-modules.

The functor Coneg : C(R) — C(Rw) factors as C(R) — C(C="%1(Ryw)) — C(Rw), where the
first map is induced from the functor

I: Mod(R) — CI 0 (Ry)

) —s*ot”
(Mx,Mw,S*,t*) — S}}MX @t;}MX — My |,

and the second map is taking the mapping cone. By the flatness assumption, I" is exact and therefore
induces a triangulated functor D(R) — D(C!=101(Ry)).

Therefore, it is enough to show that for any ring S, the mapping cone functor C(C[=1-01($)) — C(S)
descends to a triangulated functor of derived categories. We may regard C(C[=1-01(5)) as a category
of double complexes A®/ with nonzero entries only for i € {—1,0}. Then the mapping cone is exactly
given by taking the associated double complex with the sign conventions of [22, Remark 0G6A]. By
[22, Remark 0G6A and Remark 0G6D], taking the total complex defines a triangulated functor of the
homotopy categories K(C!=191(8)) — K(S). To see that this preserves quasi-isomorphisms, one can
use that the spectral sequence for the double complex converges; see [22, Lemma 0132]. Hence, it
descends to a functor D(CL=1:01(S)) — D(S). This finishes the proof of 2.5.

Part ii) follows from an analogous argument with simplicial modules. Here, one uses additionally that
base change along a degree-wise flat map of simplicial rings preserves quasi-isomorphism of modules.
For S any simplicial ring, and [A_; 54 Ag] € CI=101(8), we describe the triangulated structure on the
mapping cone functor: We have

Cone” () = Coker(0A_; — yoA_ ® 0Ay),
o Cone® (@) = Coker(0A_| — oyA_; & 0 Ay).

We take the canonical isomorphism between them induced by the symmetry isomorphism of the tensor
product yoA_; = oyA_;.
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The compatibility (iii) follows from the constructions by using the basic compatibilities of the Dold—
Kan correspondence, in particular, that it is compatible with the symmetry isomorphisms of tensor
products on the level of derived categories. O

Lemma 2.6. Let R be a ring in W). For any complex of R-modules E, we have a natural morphism
cg : Coner(E) — Ew [1]. If the pullback maps s* : sREx — Ew and t* : tyEx — Ew are quasi-
isomorphisms, then so is cg. The same picture holds in the category of simplicial O x modules with the
obvious modifications, and the two situations are compatible via the Dold—Kan correspondence.

Proof. We define cg as the composition
Coneg(E) — s4Ex[1] ® rhEx[1] =5 Ew [1]

(the alternative choice of second map (0 @ ¢*) gives the same map up to chain-homotopy). One checks
directly that this is a quasi-isomorphism when s* and ¢* are quasi-isomorphisms. The proofs of the
remaining statements are left to the reader. O

We have the following result regarding tensor products:

Lemma 2.7. i) Let R be a simplicial ring on W\ with flat pullback maps st % and let L, E be R-
modules. Then there is a natural map ConeIAQ(L ®r E) — ConeIAQ(L) ®ry Ew. If either of L
and E are flat and if s* : sREx — Ew and t* : tyEx — Ew are quasi-isomorphisms, then
ConeIAQ (L®RE) — ConeIAe (L) ®ry, Ew is a quasi-isomorphism. In particular, for any E € D*(R),
we have a canonical 2-morphism

DAGR) S5 DA (Ry)

l‘@ﬂ/ [pomess
A

DA(R) K DA(Ry).

which is an isomorphism if the pullback maps s*, t* of E are isomorphisms in D™ (Ryw ).

ii) The analogous statement holds if R is an ordinary ring and L, E are bounded above complexes of
R-modules.

iii) The natural isomorphisms in the derived category in i) and ii) are compatible via the Dold—Kan
correspondence.

Proof. We only address i). Part ii) is analogous, and iii) can be seen by tracing through the argu-
ment and using the compatibilites of the Dold—Kan correspondence. Note that for any R-module F,
we have

Conefe(F) = ConeA(s;FX - ConeA(t;FX LN Fz)),

where the map in the outer cone is the composition of —s* with the inclusion F,; — Cone” (¢*). For any
commutative triangle

B

_">

<

N
in Rw — Mods, we obtain induced maps

Cone” (1) — Cone® (vu) <, Cone? v),
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which form the first three terms of an exact triangle. In particular, if u is a quasi-isomorphism, then
Cone” () is acyclic, so a is also a quasi-isomorphism. Applying this to the triangle

IRLX ®Ry t;EX

) t*et*
ll ®r* \

* *®1
txLx ®ry Ew L2 Ly ®rw Ew,
we get a natural map,
b : Cone® (t* @ t*) — Cone® (1" ® 1) = ConeA(t;LX — Lw) ® Ew,

which is a quasi-isomorphism if t* : 1, Ex — Eyw is one and if additionally either one of L or E is flat.
Similarly, we have the triangle

spLx ®ry SREX

e T

st Ly ®gy Ew —— Cone® (riLy > L) ®gyy Ew.
where the horizontal map is obtained by applying — ®g,,, Ew to the composition
spLx = Ly — ConeA(t};LX LN Ly).
We get an induced morphism

¢ : Cone® (s’,}LX ®ry SREx — ConeA(t;LX — Lw) ®ry EW)

— Conef?(L) ®rw Ew,

which again is a quasi-isomorphism if s* : s, Ex — Ew is and if one of L or E is flat. Putting together
b and ¢, we get a natural morphism

ConeIAe(L ®r E) — Cone,Ae(L) ®rw Ew,

which is a quasi-isomorphism if L (resp. E) is flat and that both pullback maps of E are quasi-
isomorphisms. O

Variant 2.8. Let W, denote the topos associated to the diagram

x<ws x.
Its objects are tuples (A}, AY, Aw, s#, ), where A/ , Ay are objects of X, where Aw is an object of
W and where s¥ : s‘lA;( — Aw and ¥ : t_lAgé — Aw are morphisms in W. Then everything in the

preceding subsection goes through with W), in place of W) and straightforward modifications. Note also
that we have an exact pullback functor Sh(W)) — Sh(W,) given on objects by

(Ax, Aw,s*, %) 5 (Ax, Ax, Aw, s%,1%).

https://doi.org/10.1017/fms.2024.109 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.109

Forum of Mathematics, Sigma 15

If Ry is aring on W), and R, its restriction to W, then ConeRH factors as

Coneg,

D(Ry) = D(Ry) —— D(Rw).

The analogous picture holds for the simplicial versions.

Application to algebraic stacks

We apply the preceding discussion to the derived categories of algebraic stacks and the cotangent
complex. This lays the groundwork for our definition of the Atiyah class on a stack using the modules
of principal parts.

Situation 2.9. Consider the diagram (2.3) with the associated strictly simplicial algebraic spaces X,
and Y,. Let W := X Xy, X, with associated projections s,z : W — X on the first and second factor,
respectively, and let 4 : W — Y be the induced map. Let W, be the strictly simplicial algebraic space
associated to the covering W =, X — X. One has canonical isomorphisms W, =~ X, Xx,, X, and maps
hn : W, — Y,. We denote by W the topos associated to the diagram

Se
We 3 X,.
te
It has a natural structure of ringed topos with flat pullback maps sﬁ, tf , and we write Ow, for the structure

sheaf.
We denote by (Y}, Oy,) the ringed topos associated to the diagram

Y. 37,

with both arrows the identity. There is a natural map of topoi ) : W — Y.

For E a complex of Ox-modules, we write Ex, := nyE and Ew, := ny,E. We have natural
morphisms s,Ex, — Ew, and 1;Ex, — Ew,. Thus, we get naturally a complex of Ow, -modules, which
we denote Eyy,.

In Situation 2.9, we have the following properties:

Lemma 2.10. For any a complex of Ox-modules E, we have a natural morphism Cone@W” (Ewy) —

Ew,[1]. If E has quasi-coherent (or more generally, Cartesian) cohomology sheaves, this map is a
quasi-isomorphism. The same picture holds in the category of simplicial O xy modules with the obvious
modifications, and the two situations are compatible via the Dold—Kan correspondence.

Proof. This is a restatement of Lemma 2.6, using that the pullback maps s* and ¢* are quasi-
isomorphisms whenever E has quasi-coherent cohomology sheaves. O

Lemma 2.11. In D ;con(We), the object ny, Lxy is naturally isomorphic to

—si+ty
Coneoyy, (Lw/v))[=1] = Cone|s,Lx, v, ® t.Lx.v, —— Lw.sv.|[-1].

This isomorphism is functorial in the diagram (2.3).

Proof. The displayed equality is immediate from the definition of W and the definition of cotangent
complex for a morphism of topoi. By the construction of the cotangent complex and Remark 2.1, we
have a canonical isomorphism

nxLx/y = Lxjyxjyy = COHC(LX./Y. - Qx./xy,) [-1]. (2.5)
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We pull this isomorphism back via s.. Due to the diagram

Wotﬁ.x.

Lo

Xe —> Xy, —> Yo,

we have natural quasi-isomorphisms of complexes

5.Qx, /a0y, = Qw,/x..1. < Cone(t,Lx, v, — Lw,v.)-

We claim that the following diagram commutes:

siLx.jy, —%— Cone(;Lx,y, — Lw,v.)

l l

5:Qx, /1 xy, — > Qw./X. 10>

where the upper horizontal map is given by the pullback s* : sgLx,;y, — Lw,y, followed by the
inclusion of Ly, y, into the cone. Indeed, this follows from the observation that the map s, Ly, /vy, —
Qw./x..r, factors through Ly, ;y, . It follows from this that, after pulling back the right-hand side of (2.5)
along s., the result is naturally quasi-isomorphic to

Cone (SiLX./Y. —_u) Cone (thX./Y. i) LW./Y. )) [— 1] .
An easy calculation shows that this iterated cone is identical to
—si+t]
COHC(Sfo./y. D thx./y. —_— LW./Y.) [-1],
as desired. The compatibility with pullback follows from the compatibility of (2.5) and the usual pullback

compatibilities of the cotangent complex for algebraic spaces. O

Remark 2.12. In Situation 2.9, suppose that R is a simplicial ring on W) with a given map R — Ow.
Then we have the following diagram of functors, which commutes up to canonical natural isomorphisms:

A OWH®’[<_ A N <0
D*(R) —— D"*(Ow;) —— D="(Ow,)

\L(jonef2 lCone% w, lConeoW” 2. 6)
@) £

DA(Ry) =% DA(Oy,) —Ns DO(Oy,) ™ DO(X).

For the following lemma, let W, be the ringed topos associated to the diagram X, &ow, LN X..
Recall that we have a natural restriction functor D(W)) — D(W,). The following will be used in the
proof of Lemma 4.4.

Lemma 2.13. Let Ew, = (Ex,, Ew.,s",t") be a complex of Ow,-modules such that Ex, has quasi-
coherent cohomology sheaves and such that the pullback maps s* and t* are quasi-isomorphisms. Let
F :=nwEw, € Dgcon(X), and let Fw, = (ny F,ny, F) denote the induced object of D(W)|). Let Ew,
and Fy, denote the images of Ew, and Fy, in D(W,), respectively. Then there is a natural isomorphism
Fy, — Ew, in D(W)).
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Proof. Let Wy jis—e: be the ringed topos associated to the diagram

Se te
XO,lisfet — WO,lisfet - Xn,lisfet-
From the diagram of ringed topoi

X, (E— Xo,lis—et

T T mx

We <5_ WO,lis—et it X

o o) x

Xo (6— Xo,lis—et

we see that there is an induced morphism €5 : Wi jig—e; — Wa. Let Fp jig—er = (5 F, mw F, ny F),
with pullback maps induced by the identifications 7y, = s*7y and 7}, = "7y, respectively. Since the
functors €, are exact, we have Fn = €x.F jis—e:. In particular, since €.€” is naturally isomorphic to the
identity, it is enough to show that there is a natural quasi-isomorphism €} Ew, — Fa jis—e:-

We are reduced to the following situation: Let G = (Gx,Gw,Gx,s*,t*) be a complex of
Ow, ;is_.,-modules such that Gx has quasicoherent cohomology sheaves, and such that s*,:* are quasi-
isomorphisms, and suppose that ' = R(mw )..Gw . Then we need to show that G is naturally isomorphic
to Fa jis—er. Without loss of generality, we may assume that G is K-injective. Then Gy and Gx are
themselves K-injective. We can therefore assume that F = mw.Gw . Let also F’ := nx.Gx. The mor-
phism s* : s*"Gx — Gw corresponds to a morphism Gx — s.Gw, and by applying 7w . we obtain a
map o : F’ — F.Similarly, we obtain 7 : F’ — F fromt* : t*Gx — Gw.The maps o and 7 are quasi-
isomorphisms, as one can check after applying 7}, , since F’ and F have quasi-coherent comohology.

Then we have the following commutative diagram of complexes of Oy, ;. _,,-modules:

. Av*n;((r .
s n;}F <— s*n}F’ — 5"Gx

l iy Ul l

7y F 4—— 1ty F —— Gw

T w1 ]

t'ny F <— t'ny, F/ —— t*'Gyx.
X* Vit X

The horizontal maps going to the right are the quasi-isomorphisms coming from the push-pull adjunc-
tions associated to myx and 7w , respectively. Setting Fp jis—er = (7 F',my, F, a3y F', s*ny 0, t* 3 7), it
follows that we have quasi-isomorphisms

F/\,lis—et — F/\,lis—et - G7

as desired. ]

2.4. Tensor triangulated categories and additivity of traces

Traces in a closed symmetric monoidal category

Let C be a symmetric closed monoidal category with product — ® —, unit O, and internal Hom-functor
Hom(—, —). Let T denote the symmetry morphism of the tensor product. We let E, F, G denote arbitrary
elements of C and write EY := Hom(E, ©). Recall that we have an adjunction between — ® E and
Hom(E, —). We have various natural maps in C:
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(1) Evaluation. We have a natural map ev : Hom(E,F) ® E — F, corresponding to the identity on
Hom(E, F) under adjunction.

(2) As a special case, we get the evaluationmap ev : EY @ E — O.

(3) Composition. We have a natural map comp : Hom(F,G) @ Hom(E, F) — Hom(E, G). This map
is adjoint to the map Hom(F,G) @ Hom(E, F) ® E — G which is obtained from composing two
evaluation maps.

(4) As a special case, we get the composition map comp : F ® EY — Hom(E, F), where we use the
canonical isomorphism F =~ Hom (O, F).

(5) Diagonal. We have a diagonal map s : O — Hom(E,E) which corresponds to idg under
adjunction.

We recall the notion of dualizable object:

Definition 2.14. The object E is called dualizable if the composition map comp : EQEY — Hom(E, E)
is an isomorphism. See the discussion preceding Definition 2.2 in [19].

For dualizable E and arbitrary F, the canonical map comp : F ® EY — Hom(E, F) is an isomor-
phism, and we will often use this isomorphism to identify the source and target.
Let E be a dualizable object of C. Then we have further natural maps

(1) Trace I. We define the trace map tr : Hom(E, E) — O as the composition Hom(E,E) ~ EQE" 5
EV®E S 0.
(2) Trace II. We have a map tr : Hom(E,F ® E) — F given by the composition Hom(E,F ® E) =~

F
FeE®E' 2L F. By abuse of language, we call this also the trace map.
(3) Diagonal II. We have the composition i := comp™ os : O — E ® EV, which we will also call
diagonal.

A morphism f : E — F ® E corresponds by adjunction to a map O — Hom(E,F ® E). When E
is dualizable, we define tr; as the composition O — Hom(E,F ® E) LN F.
As a consequence of the definition and the naturality of adjunction, we have the following:

Lemma 2.15. For f : E — F ® E, the map tr¢ is equal to the composition

idv i i
0L Eer 12 Ferer M, Fo Y o E 42 .

where T denotes the symmetry isomorphism of the tensor product.

Proof. The composition of the final two maps is by definition equal to idr ® tr. Now consider the
following diagram:

f®idgv

EQEY ——— > F®EQ®EY
/ lcomp \Lcomp idp ®tr
s Hom(E,f,) tr
O — Hom(E,E) ——— Hom(E,F QE) F.

The left and right triangles commute by definition, while the square commutes by naturality of the
composition map. By naturality of adjunction, the first two arrows in the lower row compose to the
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map adjoint to f. Thus, by definition, the lower row composes to try, and the same must be true for the
composition along the top. O

We will need the following compatibility of traces with tensor products

Lemma 2.16. Let f : E — F ® E be a morphism in C with E dualizable and let V be another dualizable
object of C. Then

tr(f ®idy) = tr(f) o tr(idy ).

Proof. This follows by applying Corollary 5.9 of [19]. O

Criterion for additivity of traces

We now assume that, say, C = D(R) is the derived category of a category of sheaves of modules over
aring R in a topos 7. In particular, it is closed monoidal with a compatible triangulated structure. Let
F, E, G be dualizable objects of D(R) that are part of an exact triangle

F—-E—G- F[1]. 2.7

Suppose that we have a commutative diagram for some element L € D(R):

F s E e
I b L

L®F > LQFE > L®G,

where the lower row is obtained from the upper by tensoring with L. We want a criterion that allows us
to conclude that tr(f) = tr(g) + tr(h). We follow the strategy in [13, §8].
We will make the following

Assumption 2.17. The objects F, E, G are elements of the bounded above derived category D~ (R).

Situation 2.18. Suppose Assumption 2.17 holds. (This is likely unnecessary if one works with K-flat
complexes in what follows.) Choose a representation of (2.7) by a short exact sequence 0 — F —
E — G — 0 of bounded above complexes of flat R-modules (or suppose one is given). Further,
choose an injective resolution J of R, so that the derived dual of a complex is explicitly realized by
(=) := Hompg (-, J). Then we have again an exact sequence 0 - G¥Y — EY — FY — 0. We define
complexes W and W via

W=EQE'/F®G"
W:=E'QE/G'®F.
The tensor product here is the ordinary tensor product of complexes, which represents the derived
tensor product due to the choice of F and E. We have a natural isomorphism W — W coming from the
symmetry isomorphism of the tensor product. Moreover, we have natural inclusions of complexes
F @F ' >W— G ®G",
and

FV@F W< G'®G.
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The inclusions into W are given by

FOF' ~FQE'/F®G' CcW
and

G®G'~E®G'/F®G' CW,
respectively, and analogously for the inclusions into W.

Lemma 2.19. Let the notation be as in Situation 2.18.

(i) Let 7 be the composition O LE®E - Win D(R). Then the following diagram commutes:

O

n

EQEY — > W<—FF' 0GG".

(ii) There exists a natural map of complexes & : W — J whose image in D(R) makes the following
diagram commute:

EVQE — > W <¢— (F'®F)® (G'®G)

ev

ev
ev@ev

Proof. The map in (ii) is the natural quotient map of ev : EY ® E — J, which vanishes on the
subcomplex GV ® F. The commutativity of the right triangle follows by unwinding the definitions.

(i) WeletV:=(F®E'®E®GY)/(F®G"), where the quotient is with respect to the antidiagonal
inclusion. Then we have a natural exact sequence of complexes

05V EQE SGeF —0.

Moreover, we have natural maps j, : V — F® F¥ and j3 : V — G ® GV obtained by composing
projection onto a factor with a respective quotient map. We claim that the following diagram of

complexes commutes:
Vv

EQEY — W <— (FOF)® (G®GY).

By precomposing with the surjection F ® EY @ E ® GY — V, this reduces to the commutativity of
the following two diagrams,

F®EY E®GY

N N

EQEY —3 W <— FQ®FY EQEY —3 W <+—G®GY,
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which one can see directly. Now the problem is reduced to finding a map 7y : @ — V in the derived
category such that

@)
/ l (n.m)
nv
\%4

EQEV ¢—V<¢—FF'aGGY

commutes. After dualizing in the derived category, this follows from (ii). o
Now we have the following result:

Proposition 2.20 [13, §8]. Suppose there exists a dotted arrow making its two adjacent squares in the
Jollowing diagram commute. Then tr(f) = tr(g) + tr(h).

@
n
E®EY s W < FOF'oG®GY
! | !
\I/
LIEQEY — 3> LW — (LF®F)®(L®G®GY)

l l |

LOEV®E — > LW +— (L®F'Q9F)®(L®G" ®G)

s
K\ %
L

Proof. Everything else in the diagram commutes due to Lemma 2.19 and the definitions. By Lemma
2.15, the composition along the left side equals tr( f), and the composition along the right side equals
tr(g) + tr(h). o

3. Constructions for topoi
3.1. Construction of the reduced Atiyah class
We review the construction of the reduced Atiyah class for a map of ringed topoi, following the

ideas in [3].

A diagram of exact sequences
Let A be an abelian category and consider the following diagram in A in which the solid arrows
commute:

lq qu/ G.1)

Assume that s is a section of e (i.e., e o s = idg~). Then, the composition g o s induces a morphism
6 : Ker(q”) — Ker(f).

Now suppose this diagram extends to a commutative diagram in which all solid rows and columns
are exact and where the dotted arrows give a spliting of the middle exact sequence
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0 0 0
L, 1,1

0 s F s F s F 5 0
b b b

0 g SN p R 5 0

S

[~
Ar

o
~

~

o— Q<—
°o—Q
<~
<_

Then we have the morphism § : F”” — G’ as described above. From the composition 7 o j : F — E’,
we get an induced map Coker(a) — Coker(j’) and thus another map F” — G’. By a diagram chase,
one checks this to be equal to —¢.

Now assume that, further, A is the category of modules over a simplicial ring A in a topos. Then, the
above morphisms fit into the following diagrams of triangles in D* (A):

F'— F — F”" — oF’ F’" - E”" — G” — oF”
TR R A T P
F' — E — G — oF’, G — G — G" — oG

This shows that composing ¢ with the connecting map G’ — o F’ yields minus the connecting map
associated to the exact sequence of the F’s, while composing o-§ with the connecting map G"" — o F”’
yields the connecting map associated to the exact sequence of the G’s.

The reduced Atiyah class

Now let f : X — Y be a morphism of ringed topoi. Let E € C=°(Oy) be a complex whose components
are Tor-independent to f, so that, in particular, the component-wise pullback Ex := f*E equals the
derived pullback. Let

0->F—>Ex—>G—0 3.3)

be an exact sequence in C=(Ox), which we also view as a sequence of simplicial Ox-modules via
the Dold-Kan correspondence. Let R := P -1, (Ox) be the standard simplicial resolution and let
Er:=f 1E® r-10y R. Denote by - |g restriction of scalars from Ox to R. Since R is flat, the natural
morphism Er — Ex|r is a quasi-isomorphism, and it is termwise surjective, since R — Ox is. Let
GRr = G|g and let Fg be the kernel of the induced map Er — Gr. We have an induced map of exact
sequences of R-modules, in which the vertical arrows are quasi-isomorphisms

We now take the exact sequence of principal parts with respect to the upper row. This gives the following
commutative diagram of solid arrows with exact rows and columns:
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0 0 0

v \L v

0 — Qg/f-10, Ok Fr — P}Q/f,loy(FR)

’ l
REMA .._S
~ )_\ - Lot

~
5
~
(=]

0 —— Qpy-10, 8k ER — Pp 1o (ER) —— Er — 0 3.4
0— QR/f*]Oy ®r G —— P}?/f*IOy(GR) — Gg —— 0.
0 0 0

Here, the arrows denoted by s and r come from a splitting of the middle exact sequence, which is
defined as follows: Since Eg = R ® -1, f ~!E, we have by definition

Py r10, (ER) = (R®p10, R/IR) ®r Er
=(R®;-10, R®;-10, f'E)/(I; - R®OR® fT'E).
Then s is given on local sections by a ® m — a ® 1 ® m, which one checks to be a morphism of left

R-modules. We see that the lower right square of (3.4) is of the form (3.1). In particular, we get the
induced morphism

(SZFR—)QR/f—IOY ®Rr GR. (35)

By passing to derived categories, and taking extensions of scalars along R — Oy, this corresponds to
a morphism

a_tE,X/y,G F - Lx/y ®G

in D% (Ox), or equivalently D=((x ), which we call the reduced Atiyah class of E over Y with respect
to the sequence (3.3) on X. We also write atg if the remaining data is understood.

Remark 3.1. The morphism 6 : Fgr — Qg -1, ®r Gg obtained by using the lower right corner of

(3.4) is explicitly given as follows: For a local section f = Y r; ® f~'e;, where r; are sections of R and
e; are sections of E (over Y), we have

§:f > Y driee.
Remark 3.2. The following triangles commute:

1y

FL[E) Lx/y®G

ol

Lxyy[1]®F,
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2)

&

= Ly (118G

In both cases, the vertical morphisms are induced from the connecting map G — F|[1] of the given
exact sequence. This follows from the morphisms of triangles (3.2).

—Q

F

—

Remark 3.3. In general, the reduced Atiyah class depends on slightly more than amap ¢ : f*E — G
in the derived category D(Oyx), analogously to how cones in the derived category are unique only up
to non-unique isomorphism. However, for any given ¢, by a variation of the above using cocones/cones
instead of kernels/cokernels, one can define a reduced Atiyah class F := cocone(¢) — Lx;y ® G,
which is well defined up to an element of Ext™'(F, G).

Lemma 3.4 (Shift invariance). Consider the reduced Atiyah class atg[y) associated to the shift of the
sequence (3.3). Then, the following diagram commutes:

FIIT % 1y o (GID)

) I
am

Lx/y ® G[l],

where T denotes the compatibility morphism making the tensor product Lx jy ® — into a triangulated
functor.

Proof. On the level of simplicial modules, the shift functor corresponds to taking a tensor product
o ®z —, where o is the simplicial Z-module defined in §2.2. The statement then follows from the fact
that for any R-module M, we have canonical isomorphisms of exact sequences, functorial in M, which
are induced by the properties of the tensor product:

0—— QR/f—loy ®r (c® M) — Pll'?/f*IOy(U@ZM) ——>o0®®zM —— 0
0—— 0'®ZQR/ffloy Qr M ——> O-®ZP11?/)"*‘OY(M) —>o0c®zM —— 0.

O

We extend the definition of the reduced Atiyah class to objects in D~ (X) (cf. Construction 5.6 for
the analogue for the usual Atiyah class):

Construction 3.5. Let f : X — Y be a morphism of ringed topoi, let E € D™ (Y), with Ex := f*E and
let

F— Ex —» G5 F[1] (3.6)

be an exact triangle in D™ (X). Assume that Ext™!(F, G) = 0. Choose N > 0 so that the E[N], F[N]
and G[N] all lie in D=°(X). By Remark 3.3, we obtain a well-defined map

atg[n] : FIN] — Lx)y ® (G[N]).
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We define
atg := (V) o atg ) [-N],

where (V) Lx;y ® (G[N]) — Lx;y ® G[N] is the N-fold application of the compatibility map of
tensor product with the shift functor. This is independent of choice of N by Lemma 3.4.

3.2. The reduced Atiyah class via the graded cotangent complex

Let f : X — Y be a morphism of ringed topoi and let E be an Oy-module, Tor-independent to f. Let
Ex = f*E and let

0O->F—>Ex—>G—>0

be an exact sequence of Ox-modules. We will use the Z-graded cotangent complex as defined in
[7, IV 2]. For a Z-graded ring A = ®A;, we let k' denote the functor that sends a graded A-module
M = ®M; to the Ap-module given by its i-th graded piece M;.

Let X[Ex] denote the graded ringed topos whose underlying site is the étale site of X and whose
sheaf of rings is given by Ox @ E, where E is placed in degree 1, and similarly for Y[E], X[G].
Let ¢ : X[G] — X be the morphism induced by the inclusion Ox — Ox @ G and, similarly,
r:X[Ex] — X.

Proposition 3.6. (i) We have a canonical natural isomorphism

1 rer ~
FarLxpeyx = Ex
of objects of D(Ox).
(ii) We have a canonical natural isomorphism
1 rer
k'qLy (g

xiex) = FI

of objects of D(Ox).
(ili) Up to the isomorphisms in 3.6 and 3.6, applying k' o q. to the connecting homomorphism of

graded cotangent complexes associated to the composition X[G] — X[Ex]| — X|[F] recovers
the inclusion F — E up to a shift.

Proof. Statement 3.6 is [7, IV (2.2.5)], the other parts can be deduced from that as in [3, §1.8]: Consider
the distinguished triangle in D8" (X[G])

+1

8r 8r 8r 8r
Ly tex1x X1617 Lxeyx = Lxiexyxior = Lxeeyx -

Applying k! o g, and the isomorphisms of 3.6, we obtain a distinguished triangle in D(X):

Ex >G> k'o q*Lir[EX] — Ex[1].

/X[G]

It follows that there is a unique isomorphism k' o g, Lir[ Ex1/X[G] = F that identifies the connecting

map on cohomology sheaves with the inclusion F — E. O
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Consider the transitivity triangle of graded cotangent complexes associated to the morphism of
graded ringed topoi X[G] — X[Ex] — Y[E] and let

gr gr
Lyicyxiex) = Lxiexyvie) X161 111
be the connecting map. Applying k' o ¢, and the isomorphisms of Proposition 3.6, we obtain a map
F[1] = (Lxy ® G)[1]. (3.7)

Proposition 3.7. The map (3.7) agrees with the shift atg x v, [1] of the reduced Atiyah class.

Proof. The definition in [3, 2.3] goes through in our setting and gives the same resulting notion of
reduced Atiyah class. By Theorem 2.6 there, the map defined in this way agrees with (3.7) up to a
shift. m]

Corollary 3.8. The reduced Atiyah class is preserved under Tor-independent pullback: Consider a
commutative diagram of ringed topoi

X -5 X

Lo

Y’ L) Y
such that § is Tor-independent to E and such that « is Tor-independent to Ex and G. Then the diagram

a*atg x)v,G

o'F ————— a"Lx)y ® "G

atﬁ*E.m l

Lxy ® a*G

commutes.

Proof. This follows directly from Proposition 3.7 and the functoriality of the transitivity triangle for
graded cotangent complexes. O

Lemma 3.9. Consider a commutative diagram of ringed topoi

W——D>X — X

1o

Y —Y — Z.
We assume further that X and Y’ are Tor-independent over Y and that the induced square of rings on

X’ obtained by pulling back the structure sheaves of Y,Y' and X is cocartesian. Then the diagram of
(shifted) connecting maps

Ly x» ———— Lxy lw [1] = Lxyy |w [1]

! l

Lxx lw [1] = Ly yy lw [1] ——— Ly;z lw [2]

on W anti-commutes. Here, - |y denotes pullback to W.
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Proof. By taking suitable simplicial resolutions, we are reduced to the setting that we have a diagram

Cc—C ——D

T T

A——> B —— B

of simplicial rings in a topos 7, in which the square is cocartesian and in which all maps are free in each
simplicial degree.

We then get a diagram of D-modules

0 0 0
0 — Qpa® D —— Qc/ja® D — gepseD L

ZQC//BI ®c'D

v

0 —> Qpa®y D ——— Qpa ———— Qpp —— 0

Qp/ D e l
0 1 =QBC//;£C‘%8{3C/D E— QD/C e QD/C’ —— 0.

l l l

0 0 0

It is now a basic exercise in homological algebra to show that the following induced diagram of
connecting maps in D (D) anti-commutes:

5
Qpcr —> 0Qc//c

I I

O'QC//B/ ®c' D (r—é) 0'2QB/A ®p D.

]

Proposition 3.10. Let E,F,G and f : X — Y be as before and let Y — Z be a morphism of ringed
topoi. Then the following diagram anti-commutes:

ag x/y.G

F )Lx/y®G
E

!

atEyy/
X Ly,;z[11® E — Ly;z[1]1®G,
where the right vertical map is obtained from the connecting homomorphism of cotangent complexes

by tensoring with G.

Proof. We apply Lemma 3.9 to the diagram of ringed topoi

X[G] — X[E] —> X

|

Y[E] — Y — Z,
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which gives the anti-commutative diagram

Lxicyxie] — Lxyy Ix1e) [1]

l l

Lyieyy Ixie) [11 — Ly;z Ixia [2].
By applying k! o g, and using the identifications of Proposition 3.6, the result follows. O

3.3. The Atiyah class for an exact sequence

Let f : X — Y be a morphism of ringed topoi and let 0 - FF — E — G — 0 be an exact sequence of
bounded above complexes of Ox-modules, such that F, E and G are dualizable and such that their duals
lie again in D~ (X). After taking appropriate resolutions and up to shifting, we may assume that E, F
and G are concentrated in degrees < 0 and that they have flat components. Let Ox — J be an injective
resolution and let FV, EY and G be the complexes obtained by applying Homx (-, J) to F, E and G,
respectively. Let N be large enough so that EV, F¥ and G have no nonzero cohomology in degrees
> N and set E := (=N E)[N], and similarly for F, G. We let J’ := 7=NJ[N]. Then the sequence
0 - G — E — F — 0 s exact, and we have the natural commutative diagram of complexes

Using the Alexander—Whitney map of the Dold—Kan correspondence, we get such a diagram in the
category of simplicial Ox-modules.
Now letR = PJI(,l oy (Ox). Then we have the following commutative diagram of R-modules in which

the rows are exact sequences

0 G®Q}</f , OF '>G®P;Q/f (F)—>5®F—>o
I | |

0 E®Qp 10, ®F S E®Py 1, (E) ——> E®E —— 0

0 Qi?/f ®J CL’*(E®PR/f 10y (E)) e E@E — 0.

Here, the last row is obtained from the second by pushout along the map «, and « is induced from the
evaluation map E ® E — J. Abbreviate P(E) := P! . Since the composition « o § is zero, we

R/f- 10y
can quotient 0utG®QR /f10y ® F to obtain a diagram:
0 >0 >»GOF ———> G®F —— 0
0 — Q! ®7—>a*(E®P(E))—>E®E—>0.

R/f!
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Here, the vertical maps are injections of R-modules, so we can take the quotient exact sequence

| - a(E®P(E) E®E
R/ f-10 RJ — — — — —
Y (G®F) G®F

0—-Q 0.

The induced connecting map defines (after extending scalars to Oy, applying the Dold-Kan corre-
spondence, and shifting) a morphism in D~ (Ox)

EV®E
— -1 L

e 71 = Lxyy,

which we call the Atiyah class atg = atg x,y of the exact sequence 0 - F — E — G — 0.

Remark 3.11. It is easy to see by standard arguments that the result of the construction is independent
of the choice of J. The dependence on N is not addressed here.

We observe the following directly from the construction.

Corollary 3.12. The morphism atg is compatible with the usual Atiyah class (i.e., the diagram

EY @ E[-1]
[~
v atg
&L [-1] > Lx)y.

commutes).

Corollary 3.13. The map atg xy is functorial in Y (i.e., given amap Y — Y’, the composition

EVQ®E atg x/y’
GYQF

LX/Y’ - Lx/y

equals atg xy (assuming we make the same choices of N in each construction)).

Lemma 3.14. The map atg x vy is functorial for morphisms a : X' — X. More precisely, given such a
morphism, the diagram

atg
a*(gégf: [—1]) — a’Lxy

! !

(u*E)V®a*E ata*E
wryedt gy 25 1,

commutes (assuming we make the same choices of N in the construction). Here, we assume that E, F, G
are already given by bounded above complexes with flat components.

Proof. The main point is that to compute the derived pullback of E (and similarly G, F), we may use
either a flat resolution of E — denote this La*E by abuse of notation — or repeat the construction with
a*E in place of E, which we denote a*E. The two are related by a natural map La*E — a*E, which is
a quasi-isomorphism, as can be checked locally where it follows from the assumption that E is a perfect
complex. The details are left to the reader. O

Now suppose that we have an exact sequence 0 — F — Ex — G — 0 as in (3.3). Then the Atiyah
class for the exact sequence is related to the reduced Atiyah class.
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Proposition 3.15. We have a commutative diagram

ESE[ 1] —3 G'eF

—
at

Lxy,

where the horizontal map is minus the natural connecting homomorphism.

Proof. We may work with the sequence
0> Fr >Er —>Gr—0

instead of F, E, G as in the construction of the reduced Atiyah class. We need to show that we have a
commutative diagram

0— > GeFr — E®Eg y Lol > 0
l l R
H T N G (E@’P(ER)) \ E@ER \
O LX/Y ® J ’ L(E@FR) ’ 6®FR ’ O’
where the left vertical arrow is obtained from the composition
G®Fr—GoQ! ®Gr - GoQ! ®G—J

R/f 'Oy R/f~'Oy

and therefore induces the reduced Atiyah class (up to a shift) when passing to D(X). The proposition
then clearly follows. To construct the diagram, let s : Egx — P(ERg) denote the section in the construction
of the reduced Atiyah class. Then the middle vertical map is the composition

a.(E ® P(ER))

EoEr 2L EoP(E) — 228
(G ® FR)

Since the composition E®E R — E® P(ER) — E®E R is the identity, we naturally obtain a
commutative diagram of the desired form, and it remains only to show that the left vertical map is as
desired. But in fact, we have a subdiagram

0 —>G®Fy — GQEg >g§ﬁﬂ 5 0
l l R
0 S Lyy ®7 . a(G®P(ER)) . G®Eg N

«(G®Fg) " GoFg
the lower row of which is identified with the row
0— Lxyy ®J - . (G®GR) > G®Gr — 0.
Under this identification, the middle map factors as
GeEr 7% G o P(G) - a.(G ® P(G)).

and it follows that the left vertical map indeed factors through the reduced Atiyah class, as desired. O
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4. Definitions

We construct the Atiyah class for an algebraic stack and show that it is independent of various choices
made in the construction. We then address the case of the reduced Atiyah class and of the Atiyah class
of an exact sequence.

4.1. Construction of the Atiyah class

We define the Atiyah class for an object E € D;O (X)) with vanishing cohomology groups in positive

co
degree. In Construction 5.6, we generalize this to arbitrary bounded above complexes, which uses the

invariance of the Atiyah class under shifts (Corollary 5.5).

Construction 4.1. Let f : X — ) be a morphism of algebraic stacks and let £ € DqSO (X). By

coh
truncating, we may assume that E is represented by a complex with nonzero terms only in negative

degrees. We let Ew, be the induced Ow;-module, which we also regard as a simplicial module.
Choose a diagram as in (2.3) and consider the setup of Situation 2.9. We let R := Ph—loy” (W))) be the

free simplicial resolution. This is a simplicial ring on W with components Rx = Pg-10, (Ox,) and
Rw = Pp10,, (Ow,). We regard Ew, as an R-module via restriction of scalars. Consider the exact

sequence of principal parts E}e /Oy (Ew,) associated to Ew; and the ring map hﬁ' Oy, = R.
I

0 = Lw sy ®ow, Ewy — P ‘(EWH) — Ew; — 0.

1
R/hﬂl(’)y‘
It induces a map

Sr/nitoy, (Ew) : Ewy = oLy ®ow, Ew @.1)

in D (R). By Lemma 2.2, this is just the restriction of a morphism in D* (W))) and thus corresponds to a
unique morphism Ew; — Ly, sy, ®ow, Ew, [1] in D(Ow,) by the Dold-Kan correspondence. We have

canonical natural isomorphisms Cone@W” (E) = Ew,[1] and Coneowu (Lw,/v;) S nw Layy[1] by
Lemmas 2.10 and 2.11, respectively. Since E has quasi-coherent cohomology sheaves, the assumptions
of Lemma 2.7 i) are satisfied, so that we obtain a morphism

Ew,[1] = nwLx/y ® Ew,[2]. 4.2)

Applying nw . and the shift [-1] and multiplying by —1 (the sign is obtained from commuting two shift
functors and is needed for compatibility with the usual Atiyah class), we obtain a morphism

atg x;y = atg xjy x);y - E — Lx/y ® E[1]. 4.3)

This is the Atiyah class of E over ). We will also write atg if the morphism f : X — ) is understood.
In Corollary 4.6, we show that the Atiyah class is independent of choice of diagram (2.3).

As a consequence of the construction, we have the following:
Lemma 4.2. The morphism (4.3) is functorial in E € ngo w(X) for a fixed choice of diagram (2.3).

Remark 4.3. i) In Construction 4.1, let F be an R-module together with an isomorphism F' — Ew,
in D®(R). Then we may instead work with the exact sequence Py /11Oy (F) and define (4.1)
I

equivalently as the map obtained as the composition

- | ~
Ew = F = O—ER/OYM (Fwy) = oLwy, Bow, Ew;-
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ii) We may also replace W), and Y| by their analogues W, and Y,, associated to the respective diagrams

Xe & We S X, andY, &1, S Y.
throughout Construction 4.1.

Well-definedness and compatibility with pullback
Suppose that we are given a map of diagrams (2.3) — that is, that we have a 2-commuting cube

X — X

N

2

e

“4.4)
YI

— Y

D

N

whose front and back faces are as in (2.3). (This means, in particular, that for any two maps X’ — )
obtained by traveling along the edges of the cube, the two two-isomorphisms relating them by traversing
the faces are identical.)

}

k]

Lemma 4.4. Let E € D=0 (X). Let
gcoh

atg = atE,X/y’X/Y and atpg+g = atA»«E,X«/y/,X//Y/ .
Then the diagram

A" atg

A'E —— A*Lx/y ® A*E[1]

| |

atpg+p

A'E 2L oy @ AE[1]

commutes.

Proof. By using the setup of Situation 2.9 and Construction 4.1 for the primed objects, we obtain a
commutative cube of simplicial algebraic spaces

W’t—:>X’

DN

a. X, ————— v,

S

I;)X.

R N

Xo — Y.
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as well as morphisms of topoi a|; : WI'| — WjandY "‘ — Y|, which fit in a 2-commutative square
Wi —1Y

Lo

Wi — Y.

By construction, the Atiyah class atg corresponds via 17y, to a map a : Ew, — ny, Lx/y[1] ® Ew,,
obtained as the shift of the map (4.2). Since the pullback A* can be computed as ny.agny, , we have a
natural commutative diagram

77;V,A* atg

My A'E ————— 1y, A" (Lxy[1] ® E)

! l

* aa * (%
asEw ———— ay(my, Lxjy[1] ® Ew).

Let E’ := nw(asEw). We apply Construction 4.1 to the primed objects (i.e., with respect to the
backside of (4.4) and E’). We obtain the ring R’ = Ph‘zl—l Oy ((')W”,) and the map
I

a’: E()V.’ g U%/fo/yl[l] ®E‘,/V,"

as the shift of the map (4.2). By functoriality of simplicial resolutions, we have a natural map aﬂlR — R’
of rings on WI/I' Now the statement of the lemma is equivalent to the following:

Claim 4.5. The diagram

aEw, — as(my Lxjy[1] ® Ew,)

| l

E{)V.’ —— U;V,L)(r/yf[l] ®E] ;

in D(W.) commutes, where the vertical maps are induced by the natural isomorphism a’Ev, — Ey,
and the pullback map on cotangent complexes.
Proof. We may assume that E is represented by a complex of flat modules concentrated in degrees < 0,
so that we have an induced representative with flat terms for Eyy,. Then the pullback a’ﬁEW” = aT‘EW”
can be computed termwise, and its components are given by b, Ex and a,Ew, respectively.

By functoriality of the principal parts construction, we have a morphism of exact sequences of aﬂlR-

modules a7 ! P!
I =0w, /hj' Oy,

maps in D2 (aﬂlR)

(Ew)) — B}j Py (a’ﬁEW”). We get the induced diagram of connecting
WY

-1 . -1 -1
a 6R/h[]<9yu (Ewy) : @ Ewy —— oaj Lwyy, ®H‘TIOW“ a Ew,

l l

6R'/h|'floy“'(a*|(|EWH) . aﬁEW‘| _— O—LW”’/Y’” ®OW”’ aTlEWH.

By adjunction, this corresponds to a diagram in D*(R’), which in turn corresponds to a diagram in

D(Ow):
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ClTlEWH — ClﬁLW”/y” [1] ®aT|EW”

! |

(lTlEWH — LVV”’/YH’[I] ®(1T|EWH.

After applying Conep,,, and shifting, the upper line is canonically identified with aq« (this uses that

I
we have a natural isomorphism Coneo,,, oaT‘ ~ a, o Cone@W”, which one can check by computing

I
with K-flat complexes of Ow, modules). The lower line yields a map

’

a”: aiEwy, — U’XK/V'LX’/))’[I] ®a,Ew,.

To finish the proof of the claim, we need to show that under the isomorphism a*Ew — E7;,,, the maps
a’" and « get identified. This follows from Lemma 2.13 and Remark 4.3 ii). O
m]

Corollary 4.6. The map atg : E — Lx;y[1] ® E obtained from Construction 4.1 is independent of
choice of diagram (2.3).

Proof. Suppose we are given two choices

X — X X, — X
[ [
Y, — Y o — ).

We need to show that atg v,y x,/v, and atg x;y x,/v, agree. By replacing Xo» — Y, with the fiber
product X Xy X5 — Y] Xy Y, we may without loss of generality assume that we have a 2-commuting
diagram

By adding in the identity morphisms on X" and ), this gives a 2-commuting cube (4.4), and we obtain
the desired equality from Lemma 4.4. O

Corollary 4.7. The Atiyah class is compatible with pullback. More precisely, given a 2-commutative
square

XAy x

1o

Yy —,
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the natural diagram

A" atg

AE —22E 3 A Lyy @ AE[1]

l |

Aty g

A'E —"2E 5 [y ® A*E[1]

commutes.

Proof. This follows immediately from Lemma 4.4, after completing the square to acube asin (4.4). O

Compatibility with Illusie’s definition
Proposition 4.8. If X’ and ) are in fact algebraic spaces, then the morphism atg agrees with Illusie’s
Atiyah class for E with respect to the map of ringed étale topoi Xet — Vet

Proof. In this case, we may choose X = & and Y = ) in diagram (2.3), so that we get W = X. Then
X, and W, are constant strictly simplicial algebraic spaces with value X, and Y, is the constant strictly
simplicial algebraic space with value Y. In this case, we have the morphism of topoi A : W — X,,
where A*My = (Mx, My, id, id). The morphism cg of Lemma 2.6 gives a natural transformation of
functors ConeoWH oA* = [-1], which induces to a natural isomorphism of functors from D(QOy,) to

itself. It follows from Construction 4.1 that the morphism Ew, — Ly, [1] ®ow, Ew, obtained from
(4.1) by applying the functors D* (R) — D? (Ow,) — D(W)) is naturally identified with the pullback
A* atg,, x, v, of the Atiyah class for the map of topoi X, — Y. Thus, taking the cone, we see that (4.2)
is identified with atg, x, v, [1]. From the commutative diagram of topoi

X
Xo,lis—et — Xlis—et

Xejet — Xets

we see that 17x. atg,, x, v, is naturally identified with the pullback to the lisse-€tale site of the usual
Atiyah class for the map Xet — Y, from which the result follows. ]

As a first application of our definition, we compute the Atiyah class of the universal vector bundle
on BGL,, over a chosen base field k.

Example 4.9. Let V denote the universal rank # locally free sheaf on BGL,,, which is the sheaf of
sections of the vector bundle associated to the universal principal G L,-bundle. We have the 2-cartesian
diagram, where the map x from Spec k is the one corresponding to the trivial G L, -torsor

GL, —— Spec k

L= L

Spec k —* 5 BGL,.

There is a natural trivialization of the pullback Vspec k. Then for every T-valued point g = (g;,;) on

GL,, the 2-morphism p indicated in the diagram induces a natural pullback map p* : t*Vspec k|1 >
5"Vspec k|7 - With respect to the given trivialization of V' over Spec k, this morphism is just given by
-1. Oén Oén
g 07" - O
We now compute the Atiyah class of V using Construction 4.1, where we chose X =Y = Spec k, so
that we get W = GL,,. More precisely, we will calculate the restriction of aty to the etale site of W, so
that we do not have to consider the associated strictly simplicial algebraic spaces. Thus, here we let W),
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and Y| be the topos associated to the diagrams
)

W=3XandY Y,
t

respectively, and &) : W — Y| the natural map, and we let Vi, denote the locally free sheaf on W)
obtained by pullback. First, to calculate ath” ,w;/y;» We do not need to take a simplicial resolution of
Ow, over hﬂ] Oy, since the map W) — Y is composed of smooth maps of algebraic spaces. Moreover,
since Coneow” preserves mapping cones of complexes, we may calculate Coneow” (ath”,vw /v;) by
first applying Coneow” to the sequence of principal parts Py, (Vw,) and only then taking connecting

homomorphisms. Writing out the pullback maps in the sequence of principal parts Py, y, (Vw,) gives
the following diagram on W, where we use that Qx /y = 0:

0 ’ b sVx —— 5" Vx — 0

l |

0 — Qw;y ® Vw —— Pwy(Vw) > Vw > 0

T 1

> 'Vx ——— t"Vx —— 0.

— o

S —

0 >

Since Vi is pulled back from X = Y = Speck via s, we have a natural splitting Py y (Vw) =
Qw vy ® s"Vx © 5" Vx. With respect to this splitting, one calculates that the induced pullback map along
t is given by

" (dp.p) N "
t"Vx -———>Qw/y ® s Vx & s Vx.

It follows, that after applying Coneow” , the resulting exact sequence has the following exact subsequence,
and the termwise inclusions give quasi-isomorphisms:

d
0— Qw/y ® s"Vx — Cone(t"Vx 2, Qwy ® s Vx) = t'Vx[1] — 0.

It is a general fact that for an exact sequence of this form, the connecting map is canonically quasi-
isomorphic to minus the shift of the map the cone is taken over for the middle term — that is, in our case,
this gives

dp[1] : 'Vx[1] = Qw )y ® s"Vx[1].

In particular, we find that there is a natural isomorphism s*x*Lpgr, [1] = Qw/y and that using this
identification and the trivialization of Vx, we have that s*x™ aty is given by

d(T~")oT

og Qc1, ® O 4.5)

where T = (T;;) is the universal matrix on G L. In particular, for n = 1, we have the following:

Example 4.10. By taking the trace in (4.5), we obtain the section
Oc, — QaL,
given by tr(d(T~")T). This is equal to

d(detT~")detT.
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In particular, for n = 1, we have T = () as a 1 X 1 matrix, and the pullback of at; ®£~! — with £ the
universal rank 1 sheaf — to G,,, = GL; is given by

Og,, = Qag,,

sending 1 to d(1/t)t = —dt/t. We have the natural map DET : BGL, — BG,, given by associating
to a locally free sheaf its determinant line bundle. By taking fiber products with a point, this induces a
map GL,, — G, (which is again just the determinant) whose pullback map on differentials is given by
dt +— d(detT). In particular, we have td(1/t) — detTd(detT~"). This shows that we have a natural
identification tr(s*x* aty) = s*x*(atgery ® det V!). One can show that this isomorphism is part of a
descent datum, and thus we have

tr(aty) = atgery ® det(V) L.

4.2. Construction of the reduced Atiyah class
Construction4.11. Let f : X — ) be amorphism of algebraic stacks. Let E € D;CO p(YV)andletEy :=

ffE.LetF > Ex —» G AN be a distinguished triangle in D;C”h(é\,’) such that R Hom™!(F, G) = 0.
We let X., Y. and W, be as in Situation 2.9 and let R = thloY” (OWH)' Let FW“, EW” and GWH denote

the Ow; -modules induced by Ex and G, respectively, and let Ey, denote the Oy, -module induced by E.
From Construction 3.5, we obtain a morphism

a_tEY” tFwy = Lwyy, @ Gwy.
Applying the sequence of maps of (2.6), we get
aE";y/y’G F— Lx/y ®G.

We also write atg if the rest of the data is clear.
Proposition 4.12. The reduced Atiyah class is independent of the choice of cover X /Y.

Proof. This is similar to Lemma 4.4 and left to the reader (and slightly simpler since E and G are
assumed to be quasicoherent sheaves, rather than more general complexes). O

Proposition 4.13. If X and Y are algebraic spaces, the reduced Atiyah class of Construction 4.11
agrees with the one for ringed topoi defined in §3.1.

Proof. The proof is analogous to the proof of Proposition 4.8 and left to the reader. O

Corollary 4.14. The following triangles commute:

1y

F—"E% Lyy®G

]

LX/y[l] QF,
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2)

—aQ

&

1] m Lx/y[]] ®G.

In both cases, the vertical morphisms are induced from the connecting map G — F[1] of the given
exact sequence.

F

—

Proof. From Remark 3.2, we get commutative triangles for the classical Atiyah classes atEy, W) /Y),Gw,

and EEY” Wi /Y.Gw, - The result follows by passing to D(X). o

4.3. Construction of the Atiyah class for an exact sequence

Let f : X — ) be a morphism of algebraic stacks and let0 — FF — E — G — 0 be an exact sequence
of quasicoherent sheaves on X', which we denote by E. Assume that F', E and G are dualizable as objects
of the derived category of X'. We let X, Y| and W|| be as in Situation 2.9. We also let R = Ph—IOY“ Ow,»

and we let FWH R EW” and GWH denote the sheaves on W) induced by F, E, G, respectively. Let

. EW\I ® E;’/VH

@ v
FWH ® GW”

[=1] = Lwyy,

be the Atiyah class of the exact sequence E W

a morphism in D (W)|). By taking cones, shifting, and applying nw ., we obtain a morphism

with respect to the morphism of topoi W — Y. This is

E®EY
Ap.x)y P TGV 2 GV [-1] = Lx/y,

which we call the Atiyah class of the exact sequence E. We also write atg if the morphism f : X — Y
is understood.
From the construction and Corollary 3.12, we conclude the following:

Corollary 4.15. The morphism atg is compatible with the usual Atiyah class (i.e., the diagram

EV®E[-1]
|~
v atp
Grar =11 — Layy.

commutes).
Similarly, we conclude immediately from Proposition 3.15:

Corollary 4.16. We have a commutative diagram

ESE[_ || —3G'®F

vl
at
% \LE

Lx/y,

where the horizontal map is the natural connecting homomorphism.
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5. Properties
5.1. Tensor compatibility of the Atiyah class

Let A be aring, and B an A-algebra. For a B-module M, let B;; / (M) denote the exact sequence

0—>QB/A®BM—>P}B/A(M)—>M—>O.

We will also write B}g / (M) to denote the corresponding element of Extg(M ,Qp/a®s M).

Lemma 5.1. Let M and N be B-modules and suppose that M is flat. Then in Ext}g (M ®p N, Qp/a ®B
M ®p N) we have the following equality:

EB/A(M) ®BN+M®B£B/A(N) =£B/A(M®N).

Here, we regard M ®p BB/A(N) as an extension of M ® N by Qp;s ® M ®p N via the symmetry
isomorphism of the tensor product.

Proof. Recall that PE/A(M) =B ®j M/(IZB ®4 M), where I, is the kernel of the map of A-algebras
B ®4 B — B; the B-module structure on Pllg / (M) is given by action on the left side of the tensor
product. Therefore, we have natural isomorphisms Pg/s(M)®p N =~ N®p Ppja(M) ~ N®AM/In m,
where Iy v = Ii (N ®4 M), and similarly with N and M reversed.

We then have that the left-hand side of the equality in the lemma is represented by the Baer sum of
the following two exact sequences:

0— Qpa®s Mg N5 Noy M/, 25> Meg N — 0, 5.1
0 Qpa®s Mg NS> MeAN/Ly v 2> Mo N — 0, (5.2)

where

ji(db@m®n)=[bn®m—-—n®bm],
p1([n®m]) =m®n, and

j2(db@m®n)=[bm@n—meQ bn],
p2([m®@n])=men.

We make the definition of the Baer sum explicit: We have submodules
QCRCN®AM/I} y® M&N/I} .
given by
R ={(a,b) | pi(a) = p2(b)};
0 ={(1(x),=2(x)) | x € Qp/a ®p M ®p N}.
Then the Baer sum of (5.1) and (5.2) is given by
0— Qpu®s Mes N R/Q D Moy N — 0,

where the maps are defined by p3((a, b) + Q) = p1(a), and j3(x) = (j1(x),0) + Q.
Note that we also have (by exactness of the sequences (5.1) and (5.2))

Q={(Q [meml. Y Imi@n]) | Y m@n =0inMesN). (53)
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We claim that this extension is isomorphic to E}g /A (M ®p N). We first construct a map of B-modules
P}B / A(M ®p N) — R/Q. By the universal property of the module of principal parts, this is equivalent
to giving an A-linear degree one differential operator M ® 3 N — R/Q. We define

D:M®pN — R/Q,

Domi@nie ([ meml [ men])+0.

This is well defined since if >, m; ® n; = ), m; ® n; in M ®p N, then the difference

([Zni@)mi—Zn}@m}],[Zmi@)ni—Zm}@n}])

lies in Q due to (5.3). The map D is clearly A-linear, and a first order differential operator, since for any
b € B, we have

D(b(m®n))—bD(m®n)=([n®bm—-bne®m],0)+0,
and thus, the map x +— D (bx) — bD(x) is B-linear. Thus, we have the corresponding map of B-modules

Py A(N ®g M) = R/Q
[b®x] — bD(x).

A straightforward explicit computation shows that the diagram

0—)QB/A®BN®BM—>P113/A(N®BM)—>N®BM—)O

| l |

0——>Qpa® N®g M > R/Q >N®pg M —— 0

commutes, which finishes the proof. O

Since taking tensor products, Kihler differentials, modules of principal parts and Baer sums commute
with sheafification and are suitably functorial, we have as a consequence the following:

Corollary 5.2. Lemma 5.1 holds when A and B are rings in a topos.
Using Lemma 5.1, we can prove the tensor compatibility of the Atiyah class. Regard E ® atr as a
map E ® F — Ly;y ® E ® F[1] via the composition

E
EQF S E® (Lyjy®F[1])) xE®Lyy®F[1] = Ly/y ® E® F[1].

Here, the second map is the map defining the triangulated structure on E ® —, and the third map is the
symmetry isomorphism exchanging E and L x/y.

Proposition 5.3. Let X — ) be a morphism of algebraic stacks, and E,F € D=°

qwh(OX). Then we
have the equality

atper = atg ®F + E ® atp .

Proof. We use the setup of Construction 4.1. Without loss of generality, we may assume that E is
represented by a complex of flat O x-modules, so in particular, we may choose E ® F € D;go 4 (Ox) to
be represented by the usual tensor product of the complexes E and F. Let Eg — Ew, be a flat resolution

of the R-module Ew; . By the construction of the Atiyah class in 4.1, we may use the exact sequences
1 1
ER/hﬂloY” (Er) and BR/hilOY“ (ER ®r Fw;)
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to compute atg and atggr, respectively. By Corollary 5.2, we have an equality of extensions of R-
modules

1 1 _pl
BR/hﬂ'Oy” (Er) ®r Fw; + Er ®r BR/hﬂ‘Oy” (Fw;) = ER/hﬂ'OyH (Er ®r Fw;)-

After taking connecting maps in D* (R) and using that extensions of scalars and the Dold-Kan corre-
spondence are compatible with the symmetry isomorphisms of the derived tensor product, we get an
equality of maps

atEWH ®Fw, = atEWH ®FWH +EWH ® atFWH .
By Lemma 2.7, this implies the result after passing to D=<"(Oy,) and then to D=<0(X). O

If we assume that one of the Atiyah classes of E or F vanish, this simplifies to the following:

Corollary 5.4. Suppose that atp = 0 (respectively that atg = 0), then we have atggr = atg QF
(respectively atgor = E ® atp) after identifying the targets using symmetry of the tensor product.

Corollary 5.5 (Shift invariance). For E € D=’

ceoh (X), the following diagram commutes:

atE[I]

E[1] — Lxy[1] ® (E[1])

m \LT

Lxy[1]® E[1],

where T is the map defining the triangulated structure on the tensor product functor Ly y[1] ® — (see
[22, Tag 0G6A and Tag O0GOE]).

Proof. This follows from Proposition 5.3 applied to F ® E with F = Oxy[1] and noting that atz = 0,
since F is pulled back from ). |

Construction 5.6. Using Corollary 5.5, we extend the definition of atg to any E € D;wh (X): Choose

some large enough integer N > 0, so that E[N] € D 520 (X)), so that atg [y is defined. Then define
atg via the commutative diagram

ap [N

E[N] \—> Lx;y ® (E[N])

. [NI\\\/\ lTuv)
Lx/y[1] ® E[N],

where we take 7(N) := 7[N] o - - - o 7. Explicitly, we have
atg == (™M o atgn1)[-N].

Corollary 5.5 guarantees that this is independent of the choice of N.

Remark 5.7. In what follows, we will generally check properties of the Atiyah class for objects E € D=0,
In each case, one may check that the statement is appropriately invariant under shifts.

Another consequence is the following:
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Corollary 5.8. The following diagram is a morphism of exact triangles:

s E s G s F[1]

F
lat F lat E lat(; la[ Fl1]

L/y/y[l] ®F —> ng/y[l] QF — L/y/y[l] ®G —> Lx/y[l] ® F[1].

Here, the lower row is obtained by applying the triangulated functor Lxy[1] ® — to the upper row.

Proof. The commutativity of the first two squares follows from the functoriality of the Atiyah class
(Lemma 4.2), while the commutativity of the last square follows from functoriality combined with
Corollary 5.5. O

5.2. Compatibility with traces

We let f : X — ) be a morphism of algebraic stacks and consider Atiyah classes with respect to this
morphism. In Proposition 5.9 and Corollary 5.10, we make global boundedness assumptions, but the
results likely hold for arbitrary perfect complexes; cf. [11].

Proposition 5.9. Let F — E — G — F|[1] be a distinguished triangle of perfect complexes in
Db 2 (X) and assume each of E, F, G has finite Tor-amplitude. Then

qco
tr(atg) = tr(atg) + tr(atg).

Proof. By the shift invariance of the Atiyah class and Lemma 2.16, we may assume that the given
distinguished triangle is represented by a short exact sequence of complexes

0O0->F—>FE—>G—0,

where F, E, G have flat components and lie in C=0(X).
We then use the setup of Situation 2.18 with L = Lx,y[1] and R = O (this is justified by Corollary
5.8). Then by Proposition 2.20, we need to find a morphism

E®EY ®E®EV
Y R
F®GY XY E e GV

making the diagram there commute. By the assumption on Tor-dimension, each term of the sequence
0->G' >E" >F' >0

liesin D;CO ; (X). We can therefore find an integer N, such that the natural maps from the good truncation

T<n are quasi-isomorphisms for each term. Set E := (7<y E)[N] and define F, G in the same way,
so that we obtain an exact sequence in C=(Ox). We also let EW\I’fWH and EWH denote the induced
complexes of Ow,-modules, which we regard as simplicial modules via the Dold-Kan correspondence
and as R-modules by restriction of scalars. Choose resolutions of Fy,, Ew, and Gw, by termwise flat
R-modules, so that we have a morphism of exact sequences

o
!
=
o
=
Q
=
o
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We then obtain a natural morphism of exact sequences of R-modules
1 Vel 1 =
BR/h—IOYH (FR) ®R GVVH - BR/h—IOYH (ER) ®R E.
This is termwise an injection of complexes, so we get a quotient exact sequence S of the form

Egr ®REW“ Er ®EW”
—_ S gk —

0—-Q R — —
Fr ®g GWH FR®GW‘|

1
R/h’] OYH

Taking the connecting map of this sequence and passing back to D(W)), we obtain a morphism «
making the following square commute:

— Ew, ®Ew,
EW” ® EW” \ Il Il

" Fw eGw,

l&[ EW” ®EW“ \L(l

ol Ew) ®Ew)
Lwim (11 ® Ew, ® Ewy —— Lwyn [11® 722200
We claim that the diagram
i . Ew®Ew
Fw, ® Fw, " Fw, 8Gw,

J/alpwl ®fW” la 5.4)

—= Ew ®Ew)
Ly [1] ® Fw; ® Fw, > Ly (1] ® Fw, ®8Gw
I I

also commutes (and similarly with G in place of F in the left column). This follows from the observation

that the exact sequence B;{ o) (Fr) ® FW“ is isomorphic to the termwise cokernel of the map of
I I

exact sequences
1 = 1 —
£R/h_10y” (FR) ®R GVVH - £R/h_lOYH (FR) ®R EW”’

and thus includes into S. Then we get the commutativity (5.4) by taking connecting morphisms and
passing to D(W)). The argument for G in place of F goes similarly. Taking nw . o Coneow” () o [-1]

then gives a morphism

E®EY E®EY

Fogy M = bxy @ Fg vV

Shifting by —N gives the desired map in Proposition 2.20. O

Corollary 5.10. Let E € D;CO »(Ox) be an object that can be represented by a finite length complex of
locally free sheaves. Then we have an equality of maps Ox — Ly y[1]:

aldet E

tr(atg) = otE

Proof. We argue by induction on the number k of nonzero components in a resolution by locally free
sheaves. Without loss of generality, we may assume that E is given by such a resolution. If k£ = 1, the
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result follows from Example 4.10. If £ > 1, we may write k = k| + k; for positive integers ki, k» and
can take bad truncations of E to get an exact sequence of complexes

0O->F—>FE—->G—0,

where F has k| nonzero components and G has k», and they are all locally free. Then by Proposition 5.9
and the induction hypothesis, on one hand, we have

atgetF aldetG

tr(atE) = tr(atF) + tr(atG) = det F detG :

On the other hand, the determinant is multiplicative in exact sequences of perfect complexes, which
gives det E = det F' ® det G. Using the tensor compatibility Proposition 5.3, we find

atdetE _ atdetF ® det G+ det F ® atdetG _ atdetF + atdetG
detE det F ® det G " detF  detG

5.3. Compatibility of Atiyah class and reduced Atiyah class

We prove Proposition 1.1. Consider the setup of Construction 4.11 and let ) — Z be a further morphism
of algebraic stacks. Choose a diagram

X >

v
&
~

Y

171
!

v
NS
N

~

in which all squares are cartesian, the horizontal morphisms are smooth and surjective, and X, Y and
Z are algebraic spaces. We let X,, Y, and Z, be the strictly simplicial algebraic spaces associated to
compositions along the horizontal rows, respectively. We also let V := Y Xy, Y with strictly simplicial
algebraic space V, associated to the morphism V — ), and further W := X Xy, X and W= X X x, X
with strictly simplicial algebraic spaces W, and W, associated to the morphisms to X'. We have the
following natural commutative diagram:

XQAW.#X.

Lol

X.<S_.WOL>XQ

Lol

Yo <2V, — 2 v,

Here, by abuse of notation, we use s, and ¢, to denote the morphisms given by (degreewise) projection
to the first and second factor, respectively. We define diagrammatic topoi W), W” and V) by the rows
of this diagram and Y} and Z associated to the constant diagram with values ¥, and Z,, respectively.
Then we have morphisms

i =
Wi— W, -V oY —Z.

Denote the sheaves on either of these obtained by pulling back E, F or G, respectively, by a corresponding
subscript. In particular, we have EyH on Y, which is Tor-independent with the morphism W — Y, and
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we have an exact sequence
00— FWu - EW” - GWu — 0.

By construction, the reduced Atiyah class atg y/y.G is obtained from ﬁEy”,w” /v.G, by applying
Coneowu and descent to D(X). Similarly, the Atiyah class atg y,z is obtained from atEv“,VH /7 by
applying Cone(gv‘| and passing to D (})).

Let ﬂ denote the morphism Wy — V|. By Proposition 3.10, we have the anti-commutative diagram

a —
Ev-W)/V)-Gw

Fw, > L v, © G

\L fT‘* alEV”,v”/Z“ - l

Ew, > Jilvz 1@ by — fl’l‘Lv“/Z” [1]® G-

We also have a morphism ¥ — V) induced by the morphism ¥, — Vi, given by the diagonal of
Y, Xy, Yy in degree n. This fits into the commutative diagram

Ji s
Wi —— W

Lo

Yy ——=>1V.

Here, the horizontal maps are Tor-independent to Ey; and to E W, and GW,H, respectively; thus, we can
apply Corollary 3.8. Moreover, the pullback j I*ILWH v Lw, v, is a quasi-isomorphism (this follows,

since the morphisms Y, — V, « W, are Tor-independent, which can be checked degreewise). In
conclusion, by pulling back along j|, we obtain an anti-commutative diagram in D(W)):

alEYH WY ,GW”

Fw, > Lwy vy, ® Gw,

TN

JiLwi v, ® Gw

h ey vz \L

Ew, ? f|TLVn/ZH[1] ® Ew, ? f|TLVH/Zu[]] ® Gw,

where f| is the morphism W — V.. By applying Cone@W” and passing to D (X)), we conclude the
following:

Proposition 5.11. The diagram

atg, x/v,G

F > L_/y/y®G

| l

fratg y z

Ex ——— f'Ly;z[1]1® E —— f"Ly;z[1]®G

anti-commutes.

If E, F, G are perfect complexes, this directly implies Proposition 1.1.
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5.4. Compatibilities of the Atiyah class for an exact sequence

Proposition 5.12. The map atg xy is functorial in ) — that is, given a map ) — 2, the composition

EV®E atg vz
—-1] — L L
G'®F ] x/z = Lx)y

equals atg xy (at least assuming we make the same choices of N in the construction).

Proof. We use the setup of §5.3. There we had the topoi
Wi W=V -Y -2
and the following morphisms of maps of topoi
Wi/ — Wy /i — Wy/Z,
whose cotangent complexes represent (after taking cones and shifting) Lx,y, Lx/y and Ly, z, respec-

tively. The result now follows from Corollary 3.13 and Lemma 3.14. O

Proof of Proposition 1.3. The commutativity of the first square follows from the functoriality of the
usual Atiyah class and Corollary 4.15. Commutativity of the second square follows from Proposition
5.12 and Corollary 4.16. Finally, the commutativity of the square involving connecting morphisms is
Proposition 5.11. O

6. Deformation theoretic properties

In this section, we prove Theorem 1.4. The proof of Proposition 1.5 is similar, but not addressed here.
For details see [3, §4]. In §§6.3-6.5, we use the following notation: X is a smooth projective variety
over a base field k, and M is an open substack of the moduli stack of coherent sheaves on X.*

6.1. Deformations of morphisms to algebraic stacks

Let ) be an algebraic stack over a base scheme S and let 7' be a scheme over S. Here, we consider the
problem of deforming maps from the scheme T to ). As a special case of [17, Theorem 1.5], we have
the following:

Theorem 6.1. Let g : T — Y be a morphism and let j : T < T be a square zero extension of T by a
quasicoherent sheaf 1. Then,

1) there is a natural obstruction class w(g,T) € Ext'(g*Ly, I) which vanishes if and only if there is
an extension of g to a morphismg : T — Y.

2) if an extension of g to T exists, then the set of isomorphism classes of extensions naturally forms a
torsor under Ext®(g* Ly, I).

3) for a fixed extension g of g, the set of automorphisms of g as an extension of g is canonically
isomorphic to Ext™' (g* Ly, I).

One can describe the characterizations in Theorem 6.1 explicitly.

Remark 6.2 (Obstructions). The morphism g induces a natural map g*Ly — Ly . Similarly, j induces
a natural map Lyt — L, 7> and Ly 7 is concentrated in degrees < —1 with h_l(LT /7) naturally

isomorphic to 1. The obstruction class w(g, T) is then given by the composition
gLy > LT/T — I[1].

4See, for example, [22, Theorem 08WC].
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This follows from the construction in [17, 4.8] and the construction of the obstruction class for topoi in
[7,112.2].

Remark 6.3 (Deformations). For a given g : T — ), let T be the trivial extension of T by I, given
by taking the structure sheaf O7 @ I on T. Then there is a natural morphism 7 — T corresponding
to the inclusion Or @ {0} ¢ Or @ I, giving rise to a canonical extension of g as the composition
T — T — . Taking this as a base point, the torsor structure in Theorem 6.1 (2) induces a bijection
between the set of isomorphism classes of extensions of g and the group Ext( 8" Ly, I). To describe this
bijection explicitly, note that we have a natural isomorphism 4% (i “L /T) =~ |. Now, for a given extension

g : T — ), consider the composition g*Ly — Lz — Lz 7. Up to given isomorphisms, this restricts
to amap ag : g"Ly — I on T. The association g — ag is the bijection in question. This follows from
[17, 4.8] and the construction in [7, III 2.2].

Remark 6.4 (Automorphisms). Consider a fixed square zero extension j : T <> T with sheaf of ideals
I, and an extension g : T — Y of g. Let Aut(g) denote the automorphism group of g as an extension
of g (i.e., the group of 2-isomorphisms of g : T — ) that restrict to the identity 2-isomorphism when
restricted to T). Let Auty(T) denote the group of automorphisms of 7' as an extension of T over )
whose elements are pairs (a, ¢), where a : T — T is an automorphism satisfying a o j = j, and where
¢ is a 2-isomorphism ¢ : g oa = g. Similarly, we let Autg (7)) denote the group of automorphisms of T
as an extension of T over S. Then we have a natural forgetful map Auty, (T) — Autg(T) whose Kernel
is Aut(g). We have identifications Ext’(Lyx /v, 1) = Auty) (T), which are natural in ) (and, in particular,

1
hold for S in place of ))), and via the exact triangle g*Ly/s — Lr/s — Lty +—> we obtain the exact
sequence

0 — Ext™(g"Lys, 1) — Ext"(Lyy, 1) — Ext’(Ly/s, I).
By what is said above, this gives an identification
Ext™!(g"Ly/s, I) ~ Aut(g).

For our purposes, a different characterization of the bijection Ext™! (g"Lyys, 1) ~ Aut(g) than the
one given in Remark 6.4 will be needed. For the rest of this subsection, we consider the case where T
is the trivial square zero extension of 7 by / and where g is the trivial extension of g. Lety : ¥ — )
be a smooth cover by an algebraic space and assume that g : T — ) factors through Y (this can always
be arranged by passing to an étale cover of 7, which is enough for our later application). We fix such a
factorization gy : T — Y (with an implicit choice of 2-isomorphism y o gy = g). Form the Cartesian
diagram

zZ 1>y

Lo

Yy — ).

We observe that Y naturally has the structure of a groupoid algebraic space with the space of morphisms
given by Z and that we have a natural equivalence [Y/Z] — ). Moreover, by definition of the 2-cartesian
product, the set of automorphisms of the morphism g : T — ) is in natural bijection to the set of maps
f: T — Zsatistfying s o f =t o f = gy. In particular, there is a morphism e : T — Z corresponding
to the identity automorphism of gy.

Now let gy denote the composition ToTy , which is a lift of g. Then we observe the following:

Lemma 6.5. We have a natural bijection between Aut(g) and the set of morphisms ? : T — Z satisfying
sof =tof =gyand foj=e. In other words, the group of infinitesimal automorphisms of g is
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in bijection with the group of deformations of e to T that induce the trivial deformation of gy upon
composition with either s or t.

As a consequence of this Lemma, we have a canonical isomorphism

—s*,1%)

Aut(g) ~ Ker|Hom(e* Ly, I) ~=" Hom(e*s" Ly, I) ® Hom(e*t" Ly, I) ).

Letz:=yos:Z — )Y.ByLemma 2.11, we have the natural isomorphism
Z*Ly = COI’]C(S*LY &t'Ly — Lz)[-1].
Using this, we get an identification

Aut(g) =~ Ext™'(e*z"Ly, I) = Ext™' (g*Ly, )

Qo T,

6.1)

6.2. Deformations of sheaves

Let X, T be schemes over a common base field k. Let T < T be a square zero extension defined by an
ideal sheaf I. Let also E be a T-flat quasicoherent sheaf on X X 7. We consider the problem of extending
E to a T-flat coherent sheaf on X x T. Let 7 : X x T — T denote the projection. By [7, IV Proposition
3.1.8], we have the following:

Theorem 6.6. 1) There is a natural obstruction class w*" (E,T) € Extg(xT (E, n* I ® E) which vanishes
if and only if there is an extension of E to a T-flat sheaf on X x T.

2) If a T-flat extension of E to X x T exists, then the set of isomorphism classes of such extensions
naturally forms a torsor under Extﬁ(xT (E,m* IQE).

3) For a fixed T-flat extension E, the set of automorphisms of E which restrict to the identity on E is
canonically isomorphic to Homyxr (E, 7°1  E).

We make some of the natural maps implied in this theorem explicit.
Remark 6.7 (Obstructions). For a given 7, the obstruction class w*" (E, T) is given by the composition

atg xxT /S

——— Lxxr[l]®E = L [1]®E — 7' I[2] ®E.

XxT |XXT

Here, the first map is the Atiyah class, the second map is induced from the naturality of cotangent
complexes, and the last map is induced from the natural identification 75 L. T I[1]. This is proven
in [7, IV Proposition 3.1.8].

Remark 6.8 (Deformations). Let T be the trivial extension of T by I. Then there is a canonical
flat extension of E to X x T given by E @& n*] ® E, with multiplication by I given by j(e,0) =
(0, je) for local sections. The torsor structure on the space of extensions therefore gives rise to a
bijection between Exti,xT (E,I® E) and the set of extensions of E to T. To describe this bijection, let
Ve Ext&xT (E,n*I ® E), corresponding to an extension

0El LEL E SO

We make this into an Oxxr & n*I-module, by deﬁning the action of I on E on local sections as
Jjx = u(j ® p(x)). One checks that this defines a T-flat coherent sheaf on X X T extending E. It is
straightforward to see that this construction is invertible.

Remark 6.9 (Automorphisms). Let T be the trivial extension of T by I and let E=Eonl® E be the
canonical flat extension of E to T. For an element ¢ € Homyyr (E,n*I ® E), the map ¢, : E — E
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given locally by (x1,j ® x2) — (x1,j ® X2 + ¢(x1)) is an automorphism of E which restricts to the
identity on E. This gives the claimed bijection of automorphism groups for this choice of E.

Remark 6.10. Suppose that X is a smooth projective variety and that T is of finite type over k. Then in
particular, E has a finite length resolution by locally free sheaves. Then we have natural isomorphisms
Extyyp (E, 71 ® E) =~ Bxty, 7 (Oxxr, 7' I EQ E")

= Ext,-(Or, I ® Rn.(E® EY))
= Exty- (Rm.(E ® EV), I).
Here, all tensor products and duals are taken in the derived sense. The first isomorphism is due to the

fact that E is dualizable, the second one is push-pull adjunction and the projection formula, and the third
one uses that Rr,(E ® EV) is dualizable.

6.3. Comparison of obstruction classes

Now let X, M be as specified in the beginning of the section with universal sheaf £ on M X X. Our goal
is to show that the map Atg : Rm,. (€ ® £Y)V[-1] — L is surjective on h~!. By the arguments of [2,
§4],° it is enough to show that for every map from an affine scheme g : T — M and any quasicoherent
sheaf I on T, the map

(g" Ate)* : Exth (g* L, I) — Exty (" Rm.(E® EY)Y, I)

given by composition with the Atiyah class is injective. In fact, it is enough to show that for any such g
and I and any square zero extension 7' < T, there exists an extension of g to T if and only if the image
of the obstruction class w(g, T) under this map vanishes. By Remark 6.2, the obstruction class w(g, T)
is obtained as the composition of the natural maps

&Ly — Lt — LT/T_>I[1]'

However, let E = g*&, so that we have a commutative diagram

*A
g Rr(E®EV)[-1] L5 ¢'Lus
VAV Atg l
Rr.(E®EY)'[-1] ——— L,
where the left vertical map is the canonical base change isomorphism. We find that the image of w(g, T)
under (g* Atg)* is up to the given isomorphism equal to the composition

Atg

R (E®E")[-1] —= Lr - L — I[1].

T/T
By the definition of Atg, this corresponds to the morphism

EZ5 Lrax[11 ® E = Ly rux [11 © E = n'I[2] ® E.
By Remark 6.7, this is exactly the obstruction to the existence of a T-flat extension of E to T x X and

therefore an obstruction to the existence of an extension of g by the universal property of M. This shows
what we needed.

5Or see [ 1, Proposition 8.4 and Corollary 8.5] for a proof using higher categorical language.
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6.4. Comparison of deformation spaces

We show that the map Atg : R, (€ ® Y)Y [~1] — L4 is an isomorphism on 4°. By the arguments of
2, §41, itis enough to show that for every map from an affine scheme g : T — M and any quasicoherent
sheaf I on T, the map

(8" Atg)" : Ext}-(g" L, I) — Exty (8" R (E® EV)Y, 1)

given by composition with the Atiyah class is an isomorphism. This follows from the following stronger
statement:

Lemma 6.11. Let T be the trivial extension of Thy I and letg : T — M be any extension of g. Let E be
the corresponding extension of E. Then the class agz of Remark 6.3 is mapped by (g* Atg)* to the class of

Exth (g*Rr. (£ ® £Y)Y, 1) ~ Ext}. (E,I ® E)
corresponding to the extension E via Remark 6.8.
Proof. By Remark 6.3, we have that (g* Atg)*ag is equal to the composition

R (E® &)V [-1] L2 gl

g Lm J'Lly = Ly — 1
The composition of the first two maps is just j* Atz. Therefore, by definition of At, this corresponds
under adjunction to the morphism

o
Jatg

E—> fox/Txx[l] ®E - n'I[1]®E.

Thus, we are reduced to showing that this morphism agrees with the class S in Ext'(E, "I ® E). This
is shown in Lemma 6.12 below. O

Lemma 6.12. Let T be an affine scheme and I a quasicoherent sheaf on T and let j : T — T be the
trivial square zero thickening of T with ideal sheaf 1. Let E be a coherent sheaf on T x X and E an
extension of E to T such that the induced map I @r E — IE C E isan isomorphism (see [7, IV 3.1]).
Let B € EXt]TxX (E,n*I ® E) be the corresponding extension class. Then the composition

i¥ ot
J*atg

E—> j*LTxX/TxX[l] QE - rn'I[1]®E

equals (.

Proof. Let r : T — T be the projection coming from the inclusion Or = Or @ {0} c Or & I.
Let R = P,-1, (OF) be the standard simplicial resolution. Then we have the following commutative
diagram of R-modules with exact rows:

1 7 1 T
0 — Q) 1o, @®RE —> Py 1, (E) — j —0
0 —— Q7 p & E ——— PIT/T(E) > E > 0.

The upper row is used to define the Atiyah class, so by taking connecting map in D (R) and passing to
D(T), we get the commutative diagram
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where the diagonal map is the connecting map associated to the sequence of principal parts Pz T (E).
This reduces us to showing that the restriction of Pz T (E) along j is equal to the extension 3 corre-

sponding to E via the identification j*QlT/T = 1. This follows from a straightforward calculation using

that P%/T (E) = (Or ®1) ®0, E. O

6.5. Comparison of automorphism groups

We show that the map Ate : Rm, (£ ® £Y)V[-1] — L4 induces an isomorpism on 4~ It is enough to
show that for every map from an affine scheme g : T — M and any quasicoherent sheaf / on 7, the map

(g" Ate)" 1 Exty! (g"Lag, 1) — Ext®(g*Rr(E® EY)Y, 1)

given by composition with the Atiyah class is an isomorphism. This follows from the following more
precise statement:

Lemma 6.13. Let T be the trivial extension of T by I and let g : T — M be the trivial extension of g to
T. Let E be the corresponding extension of E. Let ¢ be an automorphism of g extending idg, which we
view as an automorphismy , of E via the universal property of M. Then the element T, corresponding
to ¢ via (6.1) is mapped to the element of Homyxxy (E, n*1 ® E) corresponding to ¢ via Remark 6.9.

Proof. We will first make two reductions: First, the statement can be checked étale locally on T;
therefore, we can choose a smooth cover Y and assume that g factors through Y, so that we are in the
situation of Lemma 6.5. Then, in particular, ¢ corresponds to a morphism f : 7 — Z which is the
image of 7, in Hom(e*Lz, I) Second, the image of 7, is via adjunction identified with the composition

g*atg . . T, ®F N
E — (g xidx)" Lpxx/x[1] ®E ——— 1" I ® E,

where the first morphism is just Atg, and the second morphism is the one induced by the infinitesimal
automorphism ¢ X id of the extension g X idx of g X idx. Since 7, factors through a map 7, :
h'(e*Lq) — I, we can rewrite this composition as

(T20®idE)og™ atg ®idg

o
E———"5 1°((g xidx)" Lmxx/x[1)) ® E ——— "I ® E.

This reduces the problem to understanding the maps (7> ®idg) og" ats and g* 7, ®idg. By Lemma 6.14
below, the former is given as follows: For a section m of Ez, write m = Y, x;5%n; = Zx;.t*n;. using the
isomorphisms s*Ey ~ Ez ~t"Ey. Thene — Y dx; ® s*e; — 3, dx} ® (p(t*e}) inQy; @ Ez/(s*(Qy ®y
Ey) +1t*(Qy ®y Ey)). In particular, if m = s*n = ), x}t*n}, then s*y*h%(atg) (m) = = Y, dx;~ ® t,o(t*n;.).
Pulling back along g gives

g (120 ®idg oate) (g'm) = = )" dx; ® p(g"m).

The morphism 7/, : Coker(s*Qy & t"Qy — Qz) |r— Q1 |r= I sends dx to df(x), where

df : Q; — I is the derivation describing f as a deformation of e (s.t. f =e+I1®e+df : e 'O, —
Or & I). In conclusion, we get that the composition is given by the map g*n — Y, —df (x;) ® f*¢(n;)
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if s*n = },x;t"n;. However, we have the automorphism vy, of E given by the composition E =

f't*Ey f—(p> f*s*Ey ~ E. We compute
Ye(8'n) = f*SD(Z xit'n;) = Z Frxif et n;)

whenever s*n = ) x;t*n;. Since ¢ restricts to the identity automorphism on 7, we know that y, is of the
form idy +p, where p : E — I ® E is a morphism. We claim that p(g*n) = dx; ® f*¢(t*n;) whenever
s*n = >, x;t*n;. But we have

p(g'n) = (f=e)e() xi®t'n) = (0, dfxi®¢(t'n,)). 0

<0

acoh (Y). Then the composition

Lemma 6.14. In the situation of Lemma 6.5, suppose that E € D

oyt at
S*y*E SRALN s*y*Ly[1] ® s*y*E — s*y*h'(Ly) ® s*y*E agrees up to natural isomorphisms with

the connecting homomorphism 6, obtained by applying the Snake Lemma to the following diagram:

s*(QL ®Ey)e % * 5 *
0= oo = "P(Ey) @ P} (Ey) — s EYIr Ey — 0
0 — Qz®E; ——— PL(Ez) > Ez > 0.

Proof. Let R := Py(Oz) and Q = P;(Oy) be the standard simplicial resolutions and s} and ¢} the
pullback functors from Q-modules to R-modules induced by s and 7, respectively. Then, we have a
commutative diagram of R-modules

s (L E % * * *
0 — RGOS — spPL(Ey) ® (3 PL(E) — s"Ey @ "Ey — 0

t;;(Ly@Ey)
| Je &
0 — Lz ® Ez; ——— PL(Ez) > Ez >0
0 > C(a) > C(B) > C(y) > 0.

By the construction of the Atiyah class, we have natural isomorphisms C(e) =~ s*y*Ly[1] ® E and
C(y) ~ s*y"E[1] with respect to which the connecting map associated to the lower row is naturally
identified with s*y* atz[1] in D® (R). The diagram maps to the similar diagram of (O -modules

0 —— * Qo) — s*PL(Ey) ® 1"PL(Ey) — s"Ey @ 'Ey — 0

| Is f’

0 — Q®E; —— PL(Ez) S Ey v 0
0 — 22 g l \C(l')—m
s*Qy & t*Qy z ! ! I ’

where the last row is obtained by taking cones of the vertical morphisms and then pushing out along
C(a') » Qz/(s*Qy ®&t"Qy ) ® Ez. The morphism C(a) — Qz/(s*Qy ®1*Qy) Q E here is identified
with the truncation morphism Ly [1] — h'(Ly) tensored with Ez. By pulling back the lower row along
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the natural map s*y*E[1] — C(y’) obtained from the diagonal map s*y*E — s*Ey & t*Ey, we get an
extension
Q7

0 - = @
- S*Qy + I*Qy

QEz —*— s"Yy'E[1] > 0.

That the induced connecting homomorphism agrees with the one coming from the Snake Lemma follows
from Lemma 6.15. O

Lemma 6.15. Suppose that we have a commutative diagram in an abelian category with exact rows

0 > A > B > C > 0
bl
0 > D > E > F >0

Form the exact sequence
C:0-Ca) > C(B) > C(y) >0

andlet j : C(a) — Coker(a) andi : Ker(y)[1] — C(y) denote the natural maps. Then the connecting
homomorphism associated to the sequence of complexes of A-modules

J«i'C =i"j.C : 0 — Coker(a) > M — Ker(y)[1] - 0

is exactly minus the shift by 1 of the connecting morphism 6 : Ker(y) — Coker(«) in the Snake Lemma.

Proof. One checks by a direct computation that M is just the cone over § with the two maps being the
canonical inclusion and projection. It follows by the usual considerations of mapping cones that the
connecting morphism of the sequence j.i*C is —¢. O

Remark 6.16. To conclude, we point out that the conclusions of §6.3—§6.5 still hold when M is open in
a moduli stack of perfect complexes, and £ is the universal complex, using the results of [6]. We assume
here that the complexes being parametrized have vanishing negative Ext-groups universally on M.
The arguments of 6.3 and 6.4 go through with Theorem 3.3 and Corollary 3.4 of [6] in place of
Remark 6.7 and Remark 6.8, respectively. The arguments of 6.5 go through unchanged for complexes.
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