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Sharp Inequalities for Differentially
Subordinate Harmonic Functions
and Martingales

Adam Osg¢kowski

Abstract. 'We determine the best constants Cp oo and Cyp, 1 < p < oo, for which the following
holds. If u, v are orthogonal harmonic functions on a Euclidean domain such that v is differentially
subordinate to u, then

Vlly < Cpoollullocs [Ivllr < Crpllullp.

In particular, the inequalities are still sharp for the conjugate harmonic functions on the unit disc of
IR2. Sharp probabilistic versions of these estimates are also studied. As an application, we establish a
sharp version of the classical logarithmic inequality of Zygmund.

1 Introduction

The objective of this paper is to study some sharp inequalities for orthogonal har-
monic functions. Let us introduce the necessary background. Suppose that N is a
fixed positive integer, D is an open connected subset of RN and let u and v be real-
valued harmonic functions on D. Following Burkholder [5], we say that v is differ-
entially subordinate to u if for all x € D we have

(1.1) [Vv(x)| < [Vu(x)].
The functions u, v are said to be orthogonal if
(1.2) Vu-Vvy=0 onD,

where the dot - stands for the standard scalar product in RN. As an example for
which (1) and (I2) are valid, take N = 2, D equal to the unit disc of R? and u, v
satisfying the Cauchy—Riemann equations.

Fix a point £ € D and let D, be a bounded connected subdomain of D, satisfying
& € Dy C Dy U 0Dy C D. We will consider those u, v for which

(1.3) lv(€)] < |u(§)].
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The conditions (L)), (L2)), and (L.3) imply many interesting estimates involving u
and v. Denote by /fDO the harmonic measure on 9D, with respectto €. If 1 < p < oo,
define p-th norm and weak p-th norm of u by

Dy

1/p
Jullp = [sup [ Jucap du, 0] "
9Dy

1/p
llullpoe = sup/\[supugo({x € 0Dy : [u(x)| > A\D)|
A>0 Dy

where the supremum is taken over all Dy as above. If D is the unit disc of R?, £ =
(0,0) and v is assumed to be the harmonic conjugate of u with v(§) = u(§), the
problem of comparing the p-th norms of u and v goes back the work by M. Riesz [14]],
who showed that for some universal ¢, 1 < p < oo, we have

(1.4) vl < cpllullp-

Then it was shown by Pichorides [[12] and Cole (see Gamelin [10]) that the optimal
constant ¢, above is equal to cot(m/2p*), where p* = max{p, p/(p — 1)}. Finally,
Bafiuelos and Wang [[I]] proved the following.

Theorem 1.1 Suppose that u, v satisfy (L1, (L2), and (L3). Then for 1 < p < oo
the inequality (L4)) is valid, with c, equal to the Pichorides—Cole constant.

If one drops the orthogonality assumption, inequality (L.4) remains true, with
some different constant c,. Precisely, we have the following result of Burkholder [3].

Theorem 1.2 Let u, v satisfy (1) and (L3). Then for 1 < p < oo,
Wl < (p" = Dllull.
It is not known whether the constant p* — 1 is the best possible (except for the
case p = 2, when the inequality is sharp).
It is natural to question what happens in the case p = 1. Let us first consider the
setting of conjugate harmonic functions on the unit disc. It turns out that the p-th

norms of u and v are not comparable, but, as proved by Kolmogorov, the following
weak-type estimate is valid: for some universal ¢; o, < 00,

(1.5) Vll1.00 < €1,00]ullr-
Then it was shown by Davis [[7], that the optimal ¢; o above equals

I+ 5+ +---

1 1

Finally, the paper [[6] by Choi contains the proof of the following result for orthogonal
harmonic functions.
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Theorem 1.3 If u, v satisfy (L)), (L2), and (L3, then inequality (L) is valid with
C1,00 equal to the Davis constant.

Without the orthogonality assumption, we have the following fact, proved by
Burkholder [5]].

Theorem 1.4 Letu, v satisfy (LI and (L3). Then ||[v||1,00 < 2||u||1, and the constant
2 is the best possible.

All the inequalities discussed above have their counterparts in martingale the-
ory. Let (2, F, IP) be a complete probability space filtered by a nondecreasing family
(Ft)e>0 of sub-o-algebras of F. Assume, in addition, that F contains all the events
of probability 0. Let X = (X;), Y = (Y;) be two real valued martingales adapted to
(). Let [X, Y] denote the quadratic covariance process between X and Y (see [8]).

Following [1}[16], we say that Y is differentially subordinate to X if the process
[X, X] — [Y, Y] is nondecreasing and nonnegative as a function of t. In particular, if
this is the case, then we have |Yy| < |Xo| which can be obtained simply by comparing
[X, X]op and [Y, Y ]o.

Here is the martingale version of Theorem [[.2land Theorem [[.4] taken from [16]]
(see also [4]). We write || X||, = sup, || X;||, and [|X][,cc = sup, supy AP(|X;| > ).

Theorem 1.5 Let X andY be two martingales such thatY is differentially subordinate
to X. Then for 1 < p < oo, we have

Y1, < (" = DIXIlp.
Furthermore, ||Y||1,00 < 2||X||1. Both inequalities are sharp.

We say that X and Y are orthogonal if the process [X, Y] is constant. Under the as-
sumption of differential subordination and orthogonality, Bafiuelos and Wang [[TH3]]
proved the following fact.

Theorem 1.6 Let X andY be two continuous-time orthogonal martingales such that
Y is differentially subordinate to X. Then for 1 < p < oo,

Y1, < cot(m/2p™)[I1X][-

Furthermore,
1+ 4 > + 52 +-

¥ lheo < 7= — (1)1

52
Both inequalities are sharp.

In the present paper we continue the research in this direction and find the opti-
mal constants in related inequalities for orthogonal harmonic functions and martin-
gales. Let

1 ifl1<p<2,

(—DF qUp
p+1F(p+1)Z (2k+1)P+1} ifp > 2,

Cpoo = [

and for 1 < p < 00,C1p = Cp/(p—1),00
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Theorem 1.7 Let u, v satisfy (L), (L2), and [L3). Then for1 < p < oo,

(1.6) vl < Cupllullp,
(1.7) VIl < Cpoolltl|o-

Both inequalities are sharp, even if D is a unit disc in R?, & = (0,0), and u, v are
assumed to satisfy the Cauchy—Riemann equations.

Theorem 1.8 Let X andY be two continuous-time orthogonal martingales such that
Y is differentially subordinate to X. Then for 1 < p < oo,

(1.8) Y[l < CopllXlp,
(1.9) Y]y < Cp,ool [ X]|oo-

Both inequalities are sharp.

As an application, we present sharp versions of some classical inequalities for con-
jugate harmonic functions on the unit disc which may seem more natural in our
context. Let @, ¥: [0,00) — R be the Young functions given by ®(¢) = ¢ — ¢ — 1
and U(t) = (t+ 1) log(t + 1) — 1.

Theorem 1.9 Let u, v be conjugate harmonic functions on the unit disc.
(1) Ifllulleo < 1, then fory < m/2,

g 0 < 2/m _ Dogt — 1
(1.10) sup / @(v\v(rel )|) do < 8/ s dt
o<r<1J g 1 t“+1

(ii) ForK > 2/m,

T ) ™ ) S t2/(K7r) _ 2logt 1
sup / lu(re”)| d6 < sup / \I'(K|u(relg)\) d9+8/ Kn dt.
1

2
0<r<1 J —r o<r<1J—x t=+1

Both inequalities are sharp.

The logarithmic estimate above is related to the classical inequality of Zygmund
[17] (||v||y < A " ulog" u+ B for some A, B > 0). This should also be compared
to the results of Pichorides [12]] and Essen, Shea, and Stanton [9]]. Pichorides showed
that there is L = L(K) < oo such that

v||y <K sup u(re?)| log |u(re'?) ﬁ + L(K)
& 2T

o<r<l J —71

ifand only if K > 2/7. He also determined the sharp version of this estimate under
an additional assumption that the function u is nonnegative. Essen, Shea, and Stan-
ton studied the limit case K = 2/7, and showed that for some absolute constants C;
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and C,,

2 g ; , do
<2 sup [ Jutrefoge + ")) &
T o<r<lJ g 2T

4 ™ . . do
+ — sup / |u(re’0)\ loglog(e + |u(re"9)|) — + Cy|lulji + Cs.

T o<r<lJ g 2T

In addition, the constant 2/ is the best, and 4/7 cannot be replaced by a constant
smaller than 2/7. See [9] for details and for other related results.

The paper is organized as follows. The proofs of the announced estimates are
based on the existence of certain special superharmonic functions. We study (L7)
and (L.9) in the next section, while (I.6]) and (I.8)) are established in Section 3. The
final section is devoted to the proof of Theorem[1.9

2 On Inequalities (1.7) and (1.9)
If 1 < p < 2, the estimates (I.7) and (.9) are straightforward. Indeed, we have

Vllp < vl < llullz < flufloo,

and a similar chain of inequalities yields the martingale inequality. Obviously, the
constant 1 is the best possible. Therefore, we may restrict ourselves to the case when
p lies in the interval (2, 00).

Let }{ = R x (0, 00) denote the upper half-plane and let U = U,: H — R be
given by the Poisson integral

p
s B‘%log\t\‘
wmm:;[majﬁjﬁ

The function U is harmonic on H and satisfies

2
2.1) lim )U(a,ﬂ):<;)p\log|z||f’, 2 #0.

(o,8)—=(2,0

—inz/2
>

Let S denote the strip (—1, 1) x R and consider a conformal mapping ¢(z) = ie
or

wlx,y) = (e’”'/z sin(gx) e/ cos(%x) ) . (x,y) €ERZ
One easily verifies that ¢ maps S onto H. Define U = U, on S by
Ulx, y) = Ule(x, ).
The function U is harmonic on S and by (2.1)) can be extended to the continuous

function on the closure S of Sby U (=1, y) = |y|*.
Further properties of U are investigated in the lemma below.
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Lemma 2.1 (i) The function U satisfies U(x,y) = U(—x, y) on S.
(i) WehaveU(x,y) > |y|? forall (x,y) € S.

(iii) For any (x,y) € Swe have U (x, y) < 0and U,,(x,y) > 0.
(iv) If(x,y) € Sandy > 0, then U,,,(x, y) > 0.

(v) Forany (x,y) € Ssuch that|y| < |x|, we have U(x, y) < Cg,oo-
(vi) Forany (x,y) € Swehave U(x,y) < 2P7!|y|P +2P71Ch ..

Proof (i) This is a consequence of the equality U(«, 8) = U(—a, B), (o, B) € H:
simply substitute s = —t in the integral defining U.

(i) This follows from Jensen’s inequality: we get, after a change of variables t =
sexp(my/2),

1 cos(%x)

) p
2.2 = —1 + ’ =
(2.2) Ulx.y) [m’ ™ ogls|+y 7 (s — sin(5x))* + cos?(5x) )

N ’l/oo cos(%x)(%log\ﬂ +y) ds’p _ .
T J_oo (s = sin(5x))* + cos?(5x)

(iii) In view of the harmonicity of U, it suffices to deal with the second estimate.
Using Fubini’s theorem we verify that

U,,(x,y) = p(p—1) /oo COS(gx) |%10g|s| Jry‘p—z
yy V) = T oo (S—Sin(gx))z_f_COSZ(gx) B

and it is evident that the expression on the right is nonnegative.
(iv) We have

, -2
U (x.y) P /°° cos(5x) ‘%log|s| +y’p (21logls| +y) s
Y= o (s — sin(5x))? + cos?(5x) '

Therefore, for € € (0, y) we have

fye (2logls]) cos(3x)
—sin(3x))? + cos?(3x)

)

2U,(x,y) —U,(x,y —e) = U,(x,y+¢) = %/ G

where
fre(h) = 2ly+hP2(y+h) — |y —e+hP2H(y—c+h) — |y +e+hP 2y +e+h).

The expression I, after being split into integrals over the nonpositive and nonnegative
half-line and substituting s = +¢’, can be written in the form

-t [ o

where

cos(Fx)e" cos(Fx)e"
" —sin(5x))? + cos*(5x) (" +sin(5x))? + cosz(gx)'

g0 =

https://doi.org/10.4153/CMB-2011-113-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-113-8

Differentially Subordinate Harmonic Functions and Martingales 603

Observe that f,.(h) < 0for h > —y and that we have f,.(—y+h) = —f,.(—=y — h)
for all . Furthermore, g* is even and for r > 0,

cos(Zx)e" (1 —e") cos(Fx)e’(1 —¢)

(g)'(r) = —Z + : <o0.

[(e" —sin(3x))* + cos?(Fx)]*  [(e" +sin(5x))* + cos?(5x)]?

This implies I < 0 and, since € € (0, x) was arbitrary, the function U(x, - ): y
U, (x, y) is convex on (0, c0).
(v) First we show that

(2.3) Uy (x,y) <0 forx e (0,1), y > 0.

Since U is harmonic on S, so is U, and hence we have Uy, (x, y) = —U,,,(x,y) <0
forx € (0,1) and y > 0. Since U,(0, y) = 0, which is a consequence of (i), we see
that U, (0, y) = 0 and therefore (23] follows.

Let 0 < y < x < 1 and consider a function ®(t) = U(tx,ty),t € [—1,1]. Then
® is even and by (iii) and (23)),

D' (t) = X’ Usc(tx, ty) + 2xyUsy, (tx, ty) + y*U,, (tx, y)
< K*AU(tx, ty) + 2xyUyy(tx,ty) <0

fort € (—1,1). This implies

Pl 2+1
1 2 >
[T e 2 [T e S (e as
vas oo e + 1 7rp+1 —

2p+2 > (—l)k p
= T+ ; Gk = Choe

U(x, y) @Us@m:U&mzwmnzyﬂ/mmyvm
0

(vi) It is clear from the formula for U appearing in (2.2)) that

e 1 cos(5x)

T (s — sin(§x))? + cos?(5x)

2 14
Uy <2l | \log|s
i

=207 My[P + 27U (x,0) < 227 y|P +2P71U(0,0).
Here in the last passage we have used (i) and (iii). Now use part (v) to complete the
proof. ]

To establish the martingale inequalities (I7) and (1.9), we will need the following
auxiliary facts. Recall that for any semi-martingale X there exists a unique continuous
local martingale part X¢ of X satisfying

(X, X]; = | Xo|? + [X, X, + Z |AX|?

0<s<t
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forallt > 0. Here AX; = X; — X,;_ denotes the jump of X at time s. Furthermore,
we have that [X, X°] = [X, X]¢, the pathwise continuous part of [X, X]. Here is
[3} Lemma 2.1].

Lemma 2.2 If X and Y are semi-martingales, then Y is differentially subordinate
and orthogonal to X if and only if Y° is differentially subordinate and orthogonal to X¢,
|Yo| < |Xo|, and Y has continuous paths.

Now we are ready to prove the martingale inequality.

Proof of (IL9) With no loss of generality, we may assume that || X||oc = 1. Lett €
(0, 00). Since U is of class C* on S, we may apply Itd’s formula to obtain

1 1
UXe,Yy) =U(Xo,Yo) + 11 + 512 + 513 + 1y,

where
4 t
(2.4) I = / Ue(X,—, Y,) dX; +/ U, (X,—,Yy) dys,
0+ 0+
t
b 2/ Usy (X, Y dIX°, Y,
0+
t t
13 = / UXX(XS*’ YS) d[XCvXC]s + / U)')'(Xsfy Ys) d[Y7 Y]sv
0+ 0+
L= (UK, Y) — UK, Y,) — UplXe YIAX]]
0<s<t
Note that we have used above the equalities Y, = Y, and Y = Y° which are

due to the continuity of paths of Y. By Lemma 2.I(v) and Lemma we have
U(Xy,Yy) < ngoo. The term [; has zero expectation, as the stochastic integrals are
martingales. We have I, = 0 in view of the orthogonality of X and Y. The differential
subordination together with Lemma 2.1{iii) give

t

t
I < / U (X, Y) d[XE, X°T, + / U,,(X.,Y.) d[X5, X%, = 0.
0 0

Finally, we have that I, < 0 by the concavity of U( -, y) for any fixed y € R (see
Lemma 21 (iii)). Therefore, by Lemma[Z1Iii), E|Y;|? < EU(X,,Y:) < C} ., and it
suffices to take the supremum over t to obtain (L.8). [ |

Proof of the inequality (T7) It suffices to show that for any bounded subdomain D,
of D satisfying £ € Dy C Dy U 9Dy C D we have

/ v(x)|P dpuy, (x) < Ch oo ||ull 2.
dDy
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Let B = (B;):>o be an N-dimensional Brownian motion starting from £ and let 7
denote the first moment B hits the boundary of Dy. Consider martingales X, Y given
by X; = u(B;a) and Y, = v(B:a¢), t > 0. We have

TNt
X, X, = () + / Vu(B ds,
0
TNt
YY), = P(©) + / Vu(B,)[ ds,
0

TNt
X Y] = u(©)v(©) + / Vu(B,) - Vv(B.) ds,
0

and we see that the assumptions on u and v imply that Y is differentially subordinate
to X and that X, Y are orthogonal. Therefore, by (L.9)),

/a P i 9 = Y < CPocl X8 < € =
0

Sharpness It suffices to prove the optimality of C;, o in (IZ). First we provide an
example for D equal to the strip S and £ = (0, 0); to treat the case when D is the
unit disc of R?, we will use a conformal mapping from the disc to S (see below). Let
u(x,y) = xand v(x, y) = y for (x, y) € S. We have that ||u||cc < 1 and u, v satisfy
the Cauchy—Riemann equations. Let B = (B'"), B»)) be a two-dimensional Brownian
motion starting from (0, 0). Forn > 2,let D, = (—1+1/n,1 — 1/n) X (—n,n) and
T, = inf{t : B; ¢ D,}, 7 = inf{t : B; ¢ D}. We will show that

IVl = 1B2]l, = Choo-

The inequality above is a consequence of
416> [ vt )1 iy ) = LB
oD,

the almost sure convergence B;, — B, and Fatou’s lemma. To prove || B[, = C} ,
note that by the harmonicity of U, Itd’s formula yields

Choo = U(0,0) = EU(B;nr), t20.
By Burkholder-Davis—Gundy inequalities, we have, for some universal ¢p and cl’,,

1/2

sup [1BZ, [, < plI721l, < ¢ sup B, = <.
t t

Therefore the martingale (B(TZA)t)rzo converges in L? and hence, by Lemma[.I{vi) and
Lebesgue’s dominated convergence theorem,

Choo = Jim EU(B;) = EU(B) = 1]
This proves the optimality of (LZ) for D = S. If D is the unit disc of R?, let F =
F, +iF,, F(0) = 0, be a conformal mapping from D onto Sand let% = uo F = F,

Vv = vo F = F,. Then 7, 7 satisfy the Cauchy—Riemann equations, |7l < 1, and
7115 = [Ivll7 > Cpo- n
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3 On Inequalities (1.6) and (1.8)

We start with the observation that for p > 2 the inequalities are trivial. For example,
(L.8) follows from

VIl < livllz < flulla < Jlullp,

and, clearly, the inequality is sharp. Therefore, we assume that 1 < p < 2 throughout
this section.

As we have seen, the crucial role in the proof of (I.7) and was played by the
special function U. Here we will also need such an object. However, things are more
complicated. First, we will not work with (I.€) and (L.8) directly, but rather with the
following modifications of these estimates:

/ V()| dpi, (x) < / |u(x)|? dug,, (x) + L,
9Dy 9Dy

where Dj is as before, and [|[Y|; < ||X||5 + L. Here L is a fixed positive number.
In order to establish these inequalities, we will use the value function of the follow-
ing optimal stopping problem. Let B = (B, B?)) be a two-dimensional Brownian
motion starting from (0,0) and introduce V: R*> — (—o0, 0o] by

(3.1) V(x,y) = sup EG(x + BV, y + BY),

where G(x, y) = |y| — |x|P and the supremum is taken over all stopping times of B
satisfying ET#/2 < oc.
The key properties of V' are listed in the lemma below.

Lemma 3.1 (i) The functionV is finite on R2.

(ii) The function V is a superharmonic majorant of G.

(iii) For any fixed x € R, the function V (x, - ) : y — V(x, y) is convex.
(iv) If|y| < |x|, we have

Ch/ip—1).00 \ P/(P—1)
(3.2) Vix,y) < (P/“’T”) S(p—1).

Proof (i) Take a stopping time 7 € L?/? and note that the process (B(TZA)t) is differen-
tially subordinate and orthogonal to (x + B(TlA),). Therefore, by a theorem of Bafiuelos
and Wang, for any ¢,

Ely +B2| < [y + E[BE| < |yl +c + [cot(m/2p")] || BEL I

< [yl + e+ [lx+ BELI,

where ¢ = [cot(m/2p*)/p]?/®=D . (p — 1). Since 7 € LP/?, the Burkholder—Davis—

Gundy inequality implies that the martingales (B),), (B?),) converge in L? to B

and B?), respectively. Thus, letting t — oo yields V (x, y) < |y| +c.
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(ii) The inequality V' > G follows immediately by considering in (B.1)) the stop-
ping time 7 = 0. The superharmonicity can be established using standard Markovian
arguments (see [13, Chapter I]).
(iii) Fix x, y1, y2 € Rand A € (0, 1). For any 7 € L?/2, by the triangle inequality,

EG(x+ B Ayy+ (1= Ny, + B?) < AEG(x+ BY, y; + B?)
+(1 — MEG(x +BY, y, + BY)
<AV y) + (1= )V, y2).

It remains to take the supremum over 7 to get the claim.
(iv) Fix a stopping time 7 € L?/?> and t > 0. We have

Ely + BY,| = E(y + BZ,) sgn(y + B2,).

Consider a martingale {* = ((}),>¢ given by ¢! = E[sgn(y + B(TZA)t)\ff"m,]. There
exists an R?-valued predictable process A = (A" A®)), such that for all r,

TAT TAT
¢t =EC + / AydB; = Esgn(y + B,) + / A, dB,
0 0

(see [15, Chapter V]). Therefore, using the properties of stochastic integrals, we may
write

TNt
Ely + B2 = yEsgn(y + B2 + £85), [ Ads.
0
TNt TNt
= yEsgn(y + B(Tz,)v) + ]E/ (0,1) dBS/ A, dB;
0 0
TNt
= yEsgn(y + B%,) + lE/ AP ds
0
TNt TNt
= yEsgn(y + BX,) +E / (1,0) dB, / (AP, —AW) dB,
0 0
TNt
< WllEsgnty + B+ EBY, [ (A%, A% db,
0
TNt
= G+ B0 [sensfEsenty + B2 + [ 4, ~al)d]
0

TNt

< x+ B(Tl,1t||pH sgnx|Esgn(y + B(TZA)t)| + / (A§2>, —Agl)) dB,
0

P
p—1

Observe that the martingale

TAT
(0 = (senxlEsgnty + B2+ [ (4%, -A)d)
0

r>0
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is differentially subordinate and orthogonal to ¢*. Furthermore, we have ||(*||cc =
| sgn(y + B2,)|loo = 1, so by (L3) we see that 17 1p/(p—1) < Cp(p—1),00- In conse-

quence,

Cw@—Mw)W@“)

]E|)’+B(TZA)t| < CP/(P_l):OO”x-f_BS'I/)\tHP < 1E|x+B(rl/it|p+( »

and it suffices to let t — oo to obtain (B.2)), using the argument with the Burkholder—
Davis—Gundy inequality . ]
Proof of (L8) Fix § > 0, ¢ > §/2, and convolve G and V with a nonnegative
C™ function g’, supported on the ball with center (0,0) and radius 6, satisfying
llg’|l1 = 1. As the result, we obtain C* functions G’ and V', such that G° < V°
and V9 is superharmonic. Furthermore, by Lemma[3.1l(ii), we have V)‘fy > 0 and, by
superharmonicity, V2, < 0. Let e > 0,¢ > 0 and apply It&’s formula to obtain

5 s 1 1
Voi(e+X,Y)=V (5+X0,Y0)+II+EIZ+EI3+I4,

where I, I, I; and I, are as in (24) (just replace U by V? and X by £ + X there). Now

we may repeat the arguments from the proof of (I.9) and thus obtain that EI; = 0

and b, I, I; are nonpositive. Furthermore, since ¢ > /2, the assumption on the
6 . .

support of g°, together with |Yy| < |X,| and (3.2), imply

Cp/(pfl)yoo ) p/(p—1)

V(e + X, Yo) <
0 0 ( p

(p—1).

Therefore we have proved that

Cp/(p—l),oo ) p/(p—1) .

EG'(e + Xen, Yon) < ( .

(p—1.

Obviously, we have |G (x, )| < |x|+||y[+5|? < 2°~1(|y|P+6P). Hence, by Lebesgue’s
dominated convergence theorem, if we let e — 0 and 6 — 0, we get

Cp/(pfl),oo> p/(p—1)

ElYenel < Xl + p

(p—1).

By Burkholder-Davis-Gundy inequalities, we may replace 7 A t by 7 in the above
estimate. Applying it to the pair (X', Y’) = (X/\, Y /) with

|Xpp"

1/(p—1)
Cp/(pfl)ﬁoo

)\:

(clearly, the differential subordination and orthogonality remain valid) yields (L.8).
|
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Sharpness We may restrict ourselves to the unit disc of R? and u, v satisfying the
Cauchy—Riemann equations. Then the claim follows immediately by duality. ]

4 Proof of Theorem
Proof (i) This is straightforward. For any k = 2, 3, . . . we have by (7)),

k
240 Jlogle|* 4 [ (2logt)

41 ko ok el = = =2 dt

(4.1) Vllk < Croo 7Tk+1/0 2+1 7/1 t2+1

so fory < 7/2,

7 g dd S ANE 4 o/ — Dlogt — 1
P 0y 2L k < 7/ s dt
os<1:51 /;71' (e )|)27T ; kb —w ), 2 +1

as desired. To see that the bound on the right is the best possible, consider the pair
(u, v) studied at the end of Section 2. Then we have equality in (@] for all k > 2 and
hence also is sharp.

(ii) This follows from (i) by standard duality arguments, since the functions ® and
U are conjugate to each other (in the sense that &’ is the inverse to ¥/ on (0, c0)).
We omit the details. [ |
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