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In [1] G. Birkhoff stated an algorithm for expressing a
doubly stochastic matrix as an average of permutation matrices,
In this note we prove two graphical lemmas and use these to
find an upper bound for the number of permutation matrices
which the Birkhoff algorithm tnay use,

A doubly stochastic matrix is a matrix of non-negative
elements with row and column sums equal to unity and is there-
fore a square matrix. A permutation matrix is an n X n doubly
stochastic matrix which has n-n zeros and consequently has
n ones, one in each row and one in each column. It has been
shown by Birkhoff [1],Hoffman and Wielandt (5] and von
Neumann [7] that the set of all doubly stochastic matrices,
considered as a set of points in a space of n2 dimensions con-
stitute the convex hull of permutation matrices. In other words,
any doubly stochastic matrix A is expressible as a linear
combination cjAj] + cpA2 + ... + ciA; where the A; are
permutation matrices and the ¢; are > 0 with 3 c;j=1. We

i
say A is an average of A1, A2, +.., A¢.

The graph of an m x n matrix A = (ajj) of non-negative
elements is the bipartite graph K for which one vertex set is
the set S = (s1, $25 saey sm) of rows and the other vertex set
is the set T = (t}, t;, ..., ty) of columns. The unordered
pair [sj, tj] is an edge of K if and only if ajj is greater than
zero. The edges of K corresponding to the places where a 1
appears in a permutation matrix will be called a diagonal of
edges of K.
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In [3] and [4] the structure and canonical decomposition
of a bipartite graph have been discussed and an irreducible
graph has been defined in [4].

LEMMA 1. A bipartite graph K is the graph of some
doubly stochastic matrix if and only if the canonical decompo-
sition of K is the disjoint union of irreducible subgraphs.

Proof, Let A be an n x n doubly stochastic matrix
and let K be its bipartite graph. Since a doubly stochastic
matrix is anaverage A= cjA) + cAy + ... + cgAy of permu-
tation matrices, every non-zero element
ajj=cpEptcyeyt e tcyty where £ ;= 1or 0 forall i
and there exists at least one integer p, 1 = p «t, such that
£ , =1, The presence of ¢ pin the expression for A ensures
that the edge [sj, t;] belongs to a diagonal of edges in K.
Thus every edge of K is admissible [3] and the graph of K
is identical with the first core of K. In the canonical decompo-
sition, as displayed in figure 1 of [4], there can be no rectan-
gular blocks suchas Xj;xW; or U; xV; for each such block
contains a subgraph of K which is the graph of a doubly
stochastic submatrix of A and every doubly stochastic matrix
is square. Thus the canonical decomposition of K consists of
k disjoint irreducible subgraphs Gj; with vertex sets S; and
T, i=1,2, 3, ..., k.

. Conversely if K is the union of disjoint irreducible sub-
graphs, a doubly stochastic matrix A for which K is the graph
can be constructed as follows., Let N be the number of edges.
There exists at least one diagonal containing each edge. Let
A; be a permutation matrix the graph of which is a diagonal
through the i th edge. The matrix

_ 1 n .
A'ﬁ Z’i:l A

is a doubly stochastic matrix which has K as graph.

In (3] the exterior dimension E(K) of a bipartite graph
K is defined.

LEMMA 2, Let K be an n x n bipartite graph which
has a canonical decomposition consisting of k disjoint irredu-
cible subgraphs and let K' be any proper subgraph of K which
has a canonical decomposition consisting of k' (k'> k) disjoint
irreducible subgraphs with E(K) = E(K') = n. If p is the
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number of blocks of the core of the decomposition which have

the same vertex sets in K and K!', and if N(K) and N(K')

are respectively the number of edges in K and K' respectively,
then N(K) - N(K') > k' - p.

Proof. Using the notation of [4] section 3, K is the
union of k disjoint irreducible subgraphs G; = (5; x Tj) n K
fori=1, 2, ..., k. Let N(Gj) =nj, n] + np + ... + n = N(K).
K' is the union of k' disjoint irreducible subgraphs
Gy =(8yxT'y)nK'fori=1, 2, ..., k'. Let
N(G';)=n'i, n'; +n'y3 + ... + 0= N(K'). We may index the
blocks of the core so that we have Gy G fori=1,2, «¢., P.
Thus nj > n'y for i=1, 2, ..., p. There exist
q > 1, qp>1, ..., U-p > 1, where q; + q2+...+qk_p=k'-p,
such that the union of the q; disjoint irreducible subgraphs
G'pt1s G'pizs «vey G a1 is a subgraphof G, i and, in
general, the union of the g, disjoint irreducible subgraphs

! ! y e G h =gq, + +... 4

Gy _sr n 2 b +ag m -t % Un-1)
i f , =1, 2, ..., k=-p.

is a subgraph o Gp+m m =1 P

Now consider the induced graph which results from the

et - at a1 -
Pa.rtltlons SP+1 Spi_lusp_}_z U e e US'P+q1,
Tp+1 = T'p+1 uT'P+2 U eos e UT!p_l_ql N Gp+1. Since
(S'pi-j x T'p+j) n GP“’]- is irreducible for j=1, 2, ..., qi,
the induced qj X q; bipartite graph I is irreducible by (4]
theorem 3 and hence has at least qu edges. Thus 1 has at
least q) edges in addition to [S'Pﬂ" T3l 3=1,2, vty qpe
It follows that Gp+1 has at least q; edges which are not edges
Of Glp+1 UG'p+2 U ses U G'P"'ql . ThuS

q1
2 "ot
opt+1 Zj=1 Pptj T A

and, similarly,

m
_ +

Imw
"ptm Z ~j=1 Tn+j " Im

form=1, 2, ..., k-p. Thus

_ P k-p
N(K) = Zi=1 ni+Zm:1 np+m

239

https://doi.org/10.4153/CMB-1960-029-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1960-029-5

P n 4 Zk'-p a +5 KP4
2 1 T m
Z' i=1 r=1 P Zm=1
= N(K') + k' - p.
COROLLARY. Since p =<k - 1, we have the weaker result
N(K) - N(K') = (k' - k) + 1.

Lemma 2 may be generalised as follows. If K is any
n x n bipartite graph in which E(K) = n, and if K' is any subgraph
of K such that E(K') = n, then the induced bipartite graph I con-
tains at least q) edges at least one of which is not in
G'pr1 v Gippp v eee vGlpyige The rest of these q) edges are
inadmissible in K' and admissible in K. Accordingly, if u is
the total number of inadmissible edges of K' which are admis-
sible in K, N(K) - N(K') + u = k' - p.

Let K be an n x n bipartite graph which is the union of
disjoint irreducible subgraphs. Let ty be the smallest integer
such that every doubly stochastic matrix A for which K is the
bipartite graph is expressible as an average of not more than t)
permutation matrices. It was mentioned in [2] that the algorithm
described by Birkhoff [1] never requires more than n2 -n+ 1
permutation matrices. It has been shown in [6], using a dimen-
sional argument that tp = n - 2n + 2. However, this is an exis-
tence proof and does not show how to construct the average.

The main result of this note is the following.

THEOREM. Let A be an n x n doubly stochastic matrix
with bipartite graph K. If N is the number of edges in K and
k is the number of disjoint irreducible subgraphs in the canonical
decomposition of K, then txk < N - 2n+ k+ 1,

The Birkhoff algorithm expresses A as an average of at
most tp permutation matrices.

Proof. The Birkhoff construction is as follows. Let c]
be the smallest (possibly unique) non-zero element of A. There
exists a diagonal of non-zeros of which c¢j is the least. Let A
be the permutation matrix with ones on this diagonal, and let
A(l) = A - cjAj. Repeating this process, let A(2) = A(l) - c;4,.
Continuing, there rmust exist an integer t such that Alt-1) =
Alt-2) - ct.] At.1 and Alt-1) hasa diagonal of n non-zero
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equal elements and n2 - n zeros. The integer t wmay vary
depending on the choice of the diagonzls. Alt-1) = ctAt and

A =cjAy1+ ¢cpAy+ ... + ctAr. Denote A by Al°) and let

K(i) be the graph of A, i=0,1,2, ..., t-1. We have
EK({)=n for i=0,1, 2, ..., t-1, A(}) has equal row and
column sums, and hence by lemma 1, K{) is the union of

k(i) disjoint irreducible subgraphs. Using the corollary to
lemma 2 and noting, since K(I) is a proper subgraph of K(i-1),
that the inequality holds trivially when k(i-1) = k(i), we have,

N(K()) - N1y » k(1) - Klo) 4 1,

NEK(D) - Ng(2) > k(2) C (1) 4 1,

\%

N(K(t-2)) - Nx(t-1)) > k(t-1) Jglt-2) 4 1,

v

Adding these inequalities,
NK(9)) - N(k(t-1)) = k(t-1) _ k(@) 4+ ¢-1,
Since
N(K(0)) = N, N(K(t-1)) = n, k(t-1) = n, k(o) = k,
we have
teN-2n+k+1,
Since tyx < t the result follows.
If the matrix A has no zeros, then k=1 and N = n2
and hence ty =< n2 - 2n+ 2. In other cases, if the k irredu-

cible subgraphs have dimensions n;, ny, «.., Dk,
ny + 02+ ...+ 0ng=n, we have,

2

N < ng '+n22+...+1:1k2

and

tk < n12+n22+ ...+nk2-2n+k+ 1.
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