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Abstract

The effect of initial stresses on incident quasi S V-waves at a plane interface between two
dissimilar pre-stressed elastic half-spaces is investigated. The reflection and refraction
coefficients of the reflected and refracted ¢S V- and gP-waves are derived with the help
of appropriate boundary conditions. The coefficients are found to be functions of the
angle of incidence and the initial stresses and incremental elastic parameters of the pre-
stressed elastic half-spaces.
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Keywords and phrases: qSV-wave, gP-wave, reflection and refraction coefficients, pre-
stressed elastic half-space.

1. Introduction

The subject of elastic wave propagation has long been a matter of common interest
in the fields of engineering, geophysics and seismology. Studies in this area
give us valuable information about the media through which the waves travel. In
particular, the seismic signals propagating through different layers of the Earth not
only provide information about the internal structure of the Earth, but also about
buried materials like minerals, crystals and metals. Keeping in view the importance of
wave propagation, many researchers have investigated a number of problems related
to reflection and refraction of elastic waves [1-4, 8—11, 15, 20-22, 24].

Pioneering work in developing the theory of waves in elastic media with initial
stresses was done by Biot [5, 6], who developed the constitutive relations for a pre-
stressed elastic medium and presented the equations of motion for elastic waves.
Ogden and Sotiropoulos [14] studied the problem of interfacial waves along the
plane boundary between a pre-stressed incompressible elastic solid half-space and
a pre-stressed incompressible elastic solid layer of uniform thickness, obtaining
the dispersion relation and the conditions on the pre-strain, pre-stress and material
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parameters that ensure the existence of a unique interfacial wave speed at low and
high frequencies. Khurana and Vashisth [12] analysed the problem of Love wave
propagation in a pre-stressed elastic layer over a pre-stressed poroelastic solid half-
space. Chattopadhyay et al. [7] analysed the problem of wave propagation in a pre-
stressed elastic medium and discussed the reflection of P- and S V-waves at a free
surface of an initially stressed elastic half-space. Norris [13] studied the problem of
the propagation of plane waves in a pre-stressed elastic medium and showed that the
pure longitudinal and shear waves can propagate only in certain specific directions.
Sidhu and Singh [16] commented on the paper of Chattopadhyay et al. [7] and said
that their results are not acceptable because the method of potentials used in their paper
is not applicable for pre-stressed media. Later, Sidhu and Singh [17] investigated the
problem of plane wave propagation in a pre-stressed elastic solid with incremental
elastic coeflicients possessing orthotropic symmetry. They obtained two types of
plane waves, the so-called quasi P-waves and quasi S V-waves, showed that their
velocities depend on the angle of propagation and derived the reflection coefficients
of the reflected P- and S V-waves. Sidhu and Singh [18] also obtained a condition on
the incremental elastic constants for the existence of real values of the phase velocity of
quasi S V-waves in a pre-stressed elastic solid. Recently, Singh and Tomar [23] studied
the problem of gP-waves at a corrugated interface between two dissimilar pre-stressed
elastic half-spaces, obtaining the reflection and refraction coefficients corresponding
to regular and irregular waves using Rayleigh’s method of approximation. Singh [19]
attempted the problem of wave propagation in a pre-stressed piezoelectric half-space
and discussed the effect of initial stresses on the reflection coefficients of the reflected
gP- and ¢S V-waves.

In this paper, the reflection and refraction of elastic waves due to incident ¢S V-
waves at a plane interface between two dissimilar pre-stressed elastic half-spaces is
investigated. The reflection and refraction coefficients of the reflected and refracted
elastic waves are presented in closed form. These coefficients are obtained numerically
for a particular model, and the results depicted graphically. The results of Sidhu and
Singh [17] are recovered as a particular case of the present problem.

2. Equations of motion

Let us consider the Cartesian coordinates where the x-axis and z-axis are
perpendicular to each other in the horizontal plane and the y-axis is vertical with its
positive direction pointing downward. Consider two homogeneous pre-stressed elastic
half-spaces, M : 0 <y <ooand M’ : —oo <y <0, separated by a plane interface, y = 0.
The parameters corresponding to the half-space M’ are denoted with a prime, and
those corresponding to M without a prime. These half-spaces are either isotropic in
finite strain or anisotropic with orthotropic symmetry. Isotropy in finite strain of a pre-
stressed medium means that the stress is related to the finite strain by relations which
are independent of the orientation of the stress field. The elastic medium is believed to
be isotropic in the vicinity of the unstressed state but can be thought of as becoming
anisotropic when finite strains are applied.
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The coordinate system is chosen to coincide with the principal directions of the
initial stress, which are represented by its three principal components. Since the
medium is isotropic in finite strain, the principal directions of the initial stress define
three planes of symmetry for the incremental elastic properties. In this condition,
the incremental stress—strain relations must possess orthotropic symmetry. The initial
stress is defined by the principal components S 1, S, and S 33 in the half-space M, and
§1,» 85, and 7%, in M’. If we consider the plane strain parallel to the x, y-plane with
displacement components U and U’ in the x direction and V and V’ in the y direction,
the third principal stresses S33 and S’; do not enter explicitly into the equations of
motion. The equations of motion for ¢S V-wave propagation in the half-space M are
given by Biot [6] as

O*U oV PU QU
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where

Ai=0+P/2, Ay=0-P/2, A3=Bp+A,,
Bpo=By+P, P=S»n-Siu;

p is the density and B;;, By, B, and Q are the incremental elastic coefficients of M.
Similarly, the equations of motion for ¢S V-waves in M’ are

J” oru’ Y o*v’ A ru LU

g2 " Baxay TN a2 TP o

B v’ N oru’ v PV
22 (9)72 - 3t2 ’

where
Al=Q +P 2, Ay=0Q —-PJ2 A,=B,+A)
B, =By +P, P =8-S

p’ is the density and B/, B},, B/, and Q’ are the incremental elastic coefficients of M’.

3. Wave propagation

Consider a plane ¢S V-wave propagating through the half-space M with phase
velocity ¢; incident to the plane interface making an angle 6, with the normal. Sidhu
and Singh [17] showed that c; is given by

2p1¢5 = E1(60) + Ex2(60) — \/(El(eo) — E»(6p))* + 4A2 sin® 6, cos? 6y, 3.1
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FiGure 1. Geometry of the problem.

where
E1(6p) = By sin® 0y + Aj cos®> 6y and  E,(6y) = By cos® 0y + A, sin® 6.

We observe that the velocity of this ¢S V-wave in a pre-stressed elastic medium
depends on the angle of propagation. The incident plane ¢S V-wave gives rise to
reflected ¢S V- and gP-waves in the half-space M and refracted ¢S V- and gP-waves in
M'’. The situation is illustrated in Figure 1.

The total displacement in the half-space M is given by the sum of the displacements
due to the incident and reflected waves as

U =Gy exp[g{czt — (xsin 6y — y cos 60)}]
¢

+ G, exp[g{cﬂ — (xsin 6 + y cos 6)}] (3.2)
2

+ Gy exp[g{clt — (xsin ¢ + y cos ¢)}],
C
w .
V =H, exp[—{czt — (xsin 6y — y cos 00)}]
C2

+ H, exp[g{czt— (xsinf + y cos 9)}] (3.3)
(&)

+ H, exp[%{clt — (xsin ¢ + y cos ¢)}],
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where w = kc is the angular velocity, 1 = V-1, Gy and H are the amplitude constants
of the horizontal and vertical components of the displacement due to the incident ¢S V-
wave, G| and H; are the corresponding amplitude constants of the reflected ¢S V-wave
with phase velocity ¢, at angle 6, and G, and H, are the amplitude constants of the
reflected gP-wave with phase velocity c; at angle ¢. Sidhu and Singh [17] derived the
relation between the amplitude constants of the horizontal and vertical components of
the displacement as

Go=FoHy, Gi=-FH|, Gy=-FH,, (3.4)
where
A3 sin 6, cos 6y Az sin 6 cos 0 Az sin ¢ cos ¢
0= —— 5 > 1= —7—= 5 » 2= = 5>
E\(60) — pc5 E\(9) - pc; E\(¢) - pic]

Ei(0) =By, sin® 0+ A, cos’ 6, E(¢) = By, sin® ¢ + A; cos” ¢,
E»(6) = B cos” 0+ A, sin’ 0, E>(¢) = By cos? ¢+ A sin’ o,

2062 = E(@) + Ex(@) + \LE\(@) — Ex(@))? + 4457 sin® g cos? ¢,

205 = E(6) + E5(0) — \/{E1(9) — E>(9)}? + 4A5” sin” 6 cos? 6.

Similarly, the total displacement in the half-space M’ is given by the sum of the
displacements due to the refracted waves as

=G exp[ {ct — (xsiny —y cos y)}]
2 (3.5)
+G) exp[ {cjt — (xsin§ —y cos 6)}]
<
V' = H] exp[ w{c2t — (xsiny — ycos y)}]
© (3.6)
+ H) exp[ {ct — (xsin 6 — y cos 6)}]
<

where G| and H| are the amplitude constants corresponding to the refracted ¢S V-
wave with phase velocity ¢} at angle y, and G, and H} are the amplitude constants
of the refracted gP-wave with phase velocity ¢} at angle 6. The relation between the
amplitude constants is given by Singh and Tomar [23] as
G| =F|H|, G,=F,H), (3.7)
where
Al sinycosy , Alsindcosd
VB - 7 E©-pf
E|(y)= B}, sin® y + A| cos’y, E}(6) = Bj, sin® § + A/ cos” §,

Ej(y) = By, cos® y + Ay sin’ y,  E5(6) = B}, cos® 6 + A} sin® 6,
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20/¢7 = E1(8) + E5(0) + |1} (6) — EJ(O) +4A7” sin® 6 cos? 5,

20'c? = E\(y) + Eb(y) - \/{E; (y) — E{(y)) +4A5 sin® y cos? y.

(6]

The relation between the angle of incidence and the angles of the reflected and

refracted waves is given by Snell’s law, as by Singh and Tomar [23]:

sinfp sinf sing siny sino 1

6 @) c@) G o) e

(3.8)

where c, is the apparent velocity, namely the velocity of propagation of the points of

intersection of wave fronts with the plane of separation.

4. Boundary conditions

The boundary conditions are the continuity of the displacement components and

incremental forces in the half-spaces at the plane interface y = 0, given by

v=V, U=U, 4.1)
ov ou ov’ ou’
Agl— +A|=— = A) — + A} —, 4.2
016x+ lﬁy o gx * 1(9y 4.2)
ou ov ou’ ov’
Bi— +Bp—=B— y—— 4.3
1 Ox + b2 3)7 1 9x + by ay ) 4.3)

where Agy =0 — (S2»n +S11)/2, A:)l =0 —(Sé2 +Sil)/2, By =B;;+ S, and B,l =

B, +S’,. Using (3.2)~(3.8) in (4.1)(4.3),
H H, H H,

————— 1, (4.4)
Hy " Hy H, H,
H H ’ H/
Fimt + P>+ Fi—L + F, 2 = F, 4.5)
Hy Hy Hy Hy
H; H; Hj H;
az Hy az Ho asz Ho azs4 H,~ D (4.6)
1 H, H) H,
— 4+ au—— + an3— + au—= = da, 4.7
as Hy agp Hy a3 H, a4 Hy 4 4.7

where

az; = —Api sin 90/6‘2 + A Fy cos 9/(‘2, azy = —Api sin 90/6’2 + A F; cos ¢/C],

azz = Aj, sin6y/cy — A|F] cos y/c),

’

asy =A

o1 8inbo/cy — A F} cos 6/c],

aq) = BlFl sin 00/C2 - BQQ COS 9/6‘2,
a3 = B F| sin6y/cy — B), cos y/c),
d3 =A01 sin 90/02 —A1F1 COS 90/6‘2,

as = B1F, sin6y/cy — By cos ¢/cy,
asy = B F} sin6y/cy — B), cos 6/c},
d4 = BlFO sin 90/6‘2 - 322 COS 90/(72.

https://doi.org/10.1017/51446181111000757 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181111000757

[7] Effect of initial stresses on incident ¢S V-waves 365

These equations are used to obtain the amplitude ratios corresponding to the vertical
components of the reflected and refracted elastic waves.

5. Reflection and refraction coefficients

Applying Cramer’s rule for solving a system of linear equations to (4.4)—(4.7),
we obtain the amplitude ratios corresponding to the vertical components of the
displacement as

Hi_Am Hy_Ap Hp Ay Hy Ay

- 5 - 5 ¥ = 5 5 5.1
Hy A Hy A H A H, A ( )

where
1 1 -1 -1 -1
A= BoBFE and for D= Fo
azi azx a4 d3
aq1 G4 G43  A4q dy

the quantities Ay, Apa, Ay, and A7, are obtained by replacing the first, second, third

and fourth columns of the determinant A, respectively, with the column matrix D.

Putting (3.4) and (3.7) into (5.1), we find the amplitude ratios corresponding to the

horizontal components of the displacement of the reflected and refracted elastic waves:
G__ Fdm G _ FhAw G _FAy G R,

Go Fy A’ Gy Fy A’ Gy Fy A’ Gy Fy A~

The amplitude of the incident ¢S V-wave is given by \/Hg +Gj = \/ 1+ F}Hy, and
the amplitudes of the reflected ¢S V- and gP-waves are respectively given by

JHI+G =L+ F2H, and \[H+ G} =1+ F2H,.

The reflection coefficients corresponding to reflected ¢S V- and gP-waves are
respectively denoted by Ry and Ry, and are given by

1+ F2A 1+ F2A
Ry = —;ﬂ, Rsp = —iﬂ (5.2)
1+ F§ A 1+ F§ A

Similarly, the refraction coefficients corresponding to the refracted ¢S V- and gP-
waves are
12 A 12 A
1+ F} ﬂ oo 1+ F% @ (53)
1+F2 A7 P N 1+F2 A

We observe that these coeflicients are functions of the angle of incidence and the
incremental elastic constants and initial stresses of the pre-stressed elastic half-spaces.
The effect of the initial stresses on these reflection and refraction coefficients is
discussed for a particular model in Section 6.
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5.1. Particular case I If the half-space M’ reduces to a homogeneous isotropic
elastic half-space, the problem reduces to the reflection and refraction of elastic waves
for incident ¢S V-waves at a plane interface between elastic/pre-stressed elastic half-
spaces. In this case, B'll = B’22 = +2u, B’12 = B’21 = B’l =1, A’1 = A’2 =0 = A61 =
W, A=A+ and §7, =S/, =0in M’, and the phase velocities of the elastic waves

are given by
A+ 2;1 Fl 3
ch = e =coty, F)=—tané.

The reflection and refraction coefficients corresponding to the reflected and refracted
elastic waves are given by (5.2) and (5.3) with the following modified values of ass,
az4, a4z and agy:

sinfy cotycosy\) , sinfy tandcosoy ,
a33=( - )/l, 6134:( + ) >

) ) o e
,coty sin 6 , ,.COS Yy ,tan 0 sin 6y , cos 6
ap=A—"F—— - +2u)—=, ay=-A"—"7"—-+24)
(6 (72 Cc 1

These coefficients depend on the angle of incidence and the elastic parameters, initial
stresses and incremental elastic constants.

5.2. Particular case I If the elastic half-space M’ is absent, the problem reduces to
the reflection of elastic waves for the incident ¢S V-wave at the plane free boundary
in the homogeneous pre-stressed elastic half-space M. In this case, the quantities
corresponding to M’ are equal to zero. If we assume that the angle of incidence of the
qS V-wave is equal to the angle of the reflected ¢S V-wave, then as; = —ds3, Fo=F,
and a4 = dy, and the reflection coefficients of the reflected ¢S V- and gP-waves at the
plane free surface in the pre-stressed elastic half-space are given by (5.2) with the
modified values

A =azpay —apaz;, Ap =apas +apaz, Appy = —2az1as.
These coefficients match exactly with the results of Sidhu and Singh [17] for the

corresponding problem.

6. Numerical results and discussion

In order to see the effect of the initial stresses on the propagation of ¢S V-waves, a
FORTRAN program was used to compute the reflection and refraction coefficients of
the reflected and refracted elastic waves. The following parameters were used. In the
half-space M:

B =65x10"Nm™2, By =1099x10>Nm™>,
By =156x10"Nm™2, 0=122x10"Nm?* and p=1800kgm™
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In the half-space M’:

B, =5344x 10" Nm™2, B), =2.127x10"" Nm™,
By =152x10" Nm™, Q@ =158x10"Nm™ and p’ =2900kgm™.

The angles 6 for the reflected ¢S V-wave, ¢ for the reflected gP-wave, vy for the
refracted ¢S V-wave and ¢ for the refracted gP-wave depend on the angle of incidence
6. These angles may be obtained by using Snell’s law given in (3.8), in which the
dimensionless apparent velocity is ¢, given by ¢ = ¢,/ p>S. Using this apparent velocity
for the reflected angles in the half-space M in (3.1),

& —(E\ + E2)e* + E\E, - A2p? =0, (6.1)

where p = p3/p2, (p2, p3) = (sin G, cos 6y) and

_ E, _ E> _ As B
Ei=——, E=——, A3=——, B=4|—
Bi1p; Bi1p; By o

Equation (6.1) gives two positive roots ¢; the smaller one corresponds to the
reflected ¢S V-wave and the larger to the reflected gP-wave. For a given value of
¢, there are two positive values of 6y, which correspond to the reflected angles 6 and ¢.
Inserting the above values of E, E, and A3 into (6.1) gives

gop* +gop* +84=0,
where
= ) g2—__+____
B11 B BB Bu B

B B
g4=(_:4—(1+£)52+£.

Al A _ A Bn A A% (Al Ay )_2
gO ee—— — + b

Let us transform the roots of the above equation as ¢ = 1/p = p»/p3, so that
84q" + 824" + 80 =0.

This equation has two positive roots g. The smaller positive root, denoted by g5,
corresponds to the reflected ¢S V-wave, and the larger positive root, g, to the reflected
gP-wave. We have

O=tan"'(g2), ¢ =tan"'(q)).
Similarly, we obtain the angles corresponding to the refracted ¢S V- and gP-waves in
the half-space M’ as

y=tan"'(g5), &=tan”'(q}).
Using these angles of propagation, the reflection and refraction coefficients are
computed numerically. The variation of the coefficients corresponding to the reflected
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FIGURE 2. (a) Variation of R (curve I) and Ry, (curve II) with 6, without initial stresses. (b) Variation of
1y (curve I) and r, (curve II) with 6y without initial stresses.

and refracted ¢S V- and gP-waves with respect to the angle of incidence, 6y, is shown
in Figure 2. The variation of the reflected and refracted coeflicients for different values
of the initial stresses is depicted in Figure 3.

In Figure 2(a), curve I shows that the reflection coefficient R, corresponding to
the reflected ¢S V-wave increases up to 6y = 13°, decreases to its minimum value
at 6y = 28° and then increases. Curve II shows that the reflection coeflicient Rj,
corresponding to the reflected gP-wave increases with increasing angle of incidence.
Curve I in Figure 2(b) shows that the refraction coefficient r,, corresponding to the
refracted ¢S V-wave starts from its maximum value at normal incidence, decreases up
to 6y = 68° and increases thereafter. Curve II shows that the refraction coefficient ry,
corresponding to the refracted gP-wave increases to its maximum value at 6y = 30°
and then decreases. We observe that all four coefficients have critical values at
6 = 71° due to the condition € = sin™! [ca(@)/ca(m/2)] for the reflected ¢S V-wave and
similar conditions for the reflected gP-wave and refracted ¢S V- and gP-waves. At
this particular angle of incidence, all the angles corresponding to the reflected and
refracted waves propagate at the grazing angle of propagation. As a result of this
limitation, there are no reflection or refraction coefficients after the angle of incidence

Oy =71°.
To see the effect of the initial stresses on the reflection and refraction coefficients,
the following initial stresses are taken in Figure 3. Curve I. §1; =81, =1.0x

10" N m™2, §5,=S5%,=0; curve II: S5, =85, =1.0x 10" Nm™, §; =5}, =0;
curve III: S1; =S85, =8}, =55, =15%x10"" N m™. Figure 3(a) shows that Ry,
decreases with initial stresses. The maximum effect of the initial stresses is observed
near ) = 30°, and the minimum near the normal angle of incidence. Figure 3(b) shows
that the effect of the initial stresses on R;,, is maximal near 6y = 30° and minimal near
normal incidence. In Figure 3(c), the effect of the initial stresses on r, is observed to
be maximal near normal incidence and minimal at 8y = 66°. Figure 3(d) shows that the
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FIGURE 3. Variation of (a) Ry, (b) Ry, (c) r\\ (d) ry, with 6y with initial stresses Sy =S2 =1,
S, =85 =0(urveD); S1; =82»2=0,5],=5) =1 (curve I); S| =S =8/, =S, = 1.5 (curve III).

effect of the initial stresses on ry), is greater at lower values of the angle of incidence,
with the minimal effect observed near 6y = 66°.

7. Conclusion

The effect of initial stresses on the propagation of incident ¢S V-waves at the plane
interface between two dissimilar homogeneous pre-stressed elastic half-spaces has
been investigated. The reflection and refraction coefficients corresponding to the
reflected and refracted ¢S V- and gP-waves have been presented in closed form. In
order to discuss the effect of the initial stresses, the reflection and refraction coefficients
have been computed numerically for a particular model. We conclude that:

(1) the reflection and refraction coeflicients are functions of the initial stresses,
incremental elastic coefficients and angle of incidence;
(i1) the results of Sidhu and Singh [17] are recovered from our analysis;
(iii) all the coefficients have critical angle of incidence 6y = 71°;
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(iv) the maximum effect of the initial stresses on the reflection coefficients occurs

near 6y = 30°;

(v) the maximum effect of the initial stresses on the refraction coefficient ry is

observed near the normal angle of incidence.
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