
A CHARACTERIZATION OF BLOCK-GRAPHS 

F r a n k H a r a r y 

( r e c e i v e d J a n u a r y 10, 1962) 

The p u r p o s e of t h i s note i s to c h a r a c t e r i z e " b l o c k - g r a p h s " , 
a co l l ec t ion of g r a p h s defined by a c o n s t r u c t i o n involving c e r t a i n 
s u b g r a p h s ca l l ed , , b l o c k s n . A r e l a t e d o p e r a t i o n on a g r aph l e a d s 
to the study of " c u t - p o i n t - g r a p h s 1 1 . The p r e c i s e r e l a t i o n s h i p 
be tween t h e s e two o p e r a t i o n s i s m a d e exp l ic i t . In o r d e r tha t 
t h i s c h a r a c t e r i z a t i o n be se l f - con ta ined , we include the necessa ry-
def in i t ions . 

1. In t roduc t ion . A g raph G is defined a s a finite non­
e m p t y se t V of e l e m e n t s ca l l ed po in t s t o g e t h e r with a given 
co l l ec t ion X of u n o r d e r e d p a i r s of d i s t i nc t po in t s . E a c h 
e l e m e n t of X i s ca l l ed a l ine of the g raph . If l ine x c o n s i s t s 
of po in t s v and v , then v and v a r e inc ident wi th x 

^ 1 2 1 2 
and a r e ad j acen t to each o t h e r . Two g r a p h s G and H a r e 
i s o m o r p h i c , w r i t t e n G = H, if t h e r e i s a 1 - 1 c o r r e s p o n d e n c e 
be tween t h e i r s e t s of po in t s which p r e s e r v e s ad j acency . A 
subg raph of G c o n s i s t s of s u b s e t s of V and X which t h e m ­
s e l v e s f o r m a g raph . The subgraph of G g e n e r a t e d by a se t 
S of po in t s con ta in s S and al l l i ne s of G jo in ing two po in t s 
of S. If G i s a g raph and v i s any point of G, then the 
g r a p h G - v obta ined f rom G by r e m o v i n g point v i s the 
m a x i m a l subg raph not conta in ing v. Thus G - v i s g e n e r a t e d 
by V - { v } . A pa th of G i s an a l t e r n a t i n g sequence of d i s t i n c t 
po in t s and l i ne s of the f o r m v , x , v . x . v ., . . . , v such 

1 1 2 2 3 n 
tha t e a c h l ine x. i s inc ident wi th v and v . Th i s path i s 

l i i+1 * 
said to jo in v t and v A g r a p h i s connec ted if t h e r e i s a —t— I n — — 

pa th jo in ing e v e r y p a i r of po in t s . A componen t of G is a 
m a x i m a l connec ted subg raph . A cut point of a connec ted g r a p h 
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G is a point v such that G - v is disconnected. For any 
graph G, v is called a cut point of G if v is a cut point 
of i t s c o m p o n e n t . A g r a p h i s ca l l ed a b lock if i t h a s m o r e 
than one poin t , i s connec ted , and h a s no cut p o i n t s . A b l o c k 
of a g r a p h G i s a m a x i m a l s u b g r a p h of G which i s i t s e l f a 
b lock . 

The b l o c k - g r a p h B(G) of a given g r a p h G i s tha t g r a p h 
whose po in t s a r e the b locks B , B , . . . , B of G and whose 

l i n e s a r e d e t e r m i n e d by tak ing two po in t s B . and B . a s 

ad j acen t if and only if they conta in a cut point of G in c o m m o n . 
A g r a p h i s c a l l e d a b l o c k - g r a p h if it i s the b l o c k - g r a p h of some 
g r a p h . 

In a p r e v i o u s note [1] , we have d e r i v e d a f o r m u l a for the 
n u m b e r N of b l o c k s of a given connec t ed g r a p h G in t e r m s 
of the n u m b e r r of cut po in t s and the n u m b e r k, of c o m p o n e n t s 

in the s u b g r a p h obta ined on r e m o v i n g the V th cut point of G : 

r 
(1) N = l - r + 2 k . 

i 
i = l 

T h e r e i s a n o t h e r g r aph which can be c o n s t r u c t e d f r o m a 
given g r a p h , which is r e l a t e d to i t s b l o c k - g r a p h . The cu t -
p o i n t - g r a p h C(G) of a given g r a p h G i s tha t g r a p h w h o s e 
po in t s a r e the cut po in ts v . v , . . . , v of G, in wh ich 

1 2 r 
two po in t s a r e ad j acen t if and only if they both l ie in a c o m m o n 
b lock . A g r a p h i s ca l l ed a c u t - p o i n t - g r a p h if it i s the cu t -
p o i n t - g r a p h of s o m e g raph . 

2 2 
Le t B ( G ) = B ( B ( G ) ) ; thus B (G) i s the b l o c k - g r a p h of 

B(G). S i m i l a r l y , we define B (G) for any pos i t i ve i n t e g e r n. 
A c o m p l e t e g r a p h i s one in which e v e r y p a i r of d i s t i n c t po in t s 
a r e ad jacen t . Le t K be the c o m p l e t e g r a p h of p p o i n t s . 

P 

Note tha t in p a r t i c u l a r K i s the g r a p h wi th one point and no-

l i n e s . We define B(K ) a s e m p t y . If G i s a b lock then 

B(G) = K and we define C(G) to be e m p t y . 
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A cycle of a graph is the union of two paths joining two 
distinct points u and v which intersect only at u and v. 
The length of a path or cycle is the number of lines in it. An 
end point of G is incident with exactly one line, called an end 
line. The following two theorems may be found in the book by 
KOnig [2] and are based on resul ts of Whitney [3] and Whyburn 
[4]-

THEOREM A. For any graph G with more than two 
points, the following statements are equivalent: 

(1) G is connected and has no cut points (definition of a block). 

(2) Every two distinct points of G lie on a cycle. 

(3) Every two distinct lines of G lie on a cycle. 

(4) For any three distinct points of G, there exists a path 
joining every pair of them which contains the third. 

THEOREM B. The intersection of any two distinct blocks 
of a graph consists of at most one point. 

Hence every line of G is in exactly one block and any 
point lying in two distinct blocks of G is a cut point. 

2. Characterizat ion. 

THEOREM 1. If H is a block-graph, then every block 
of H is complete. 

Proof. By hypothesis, there exists a graph G such that 
H = B(G). Assume H has a block H which is not complete. 

1 
Then there a re two points u and u in H which a re not 

^ 1 2 1 

adjacent. By Theorem A, u and u lie on a cycle of H 

Since u and u a re not adjacent, they lie in a cycle z of 

H of length at least 4. This leads to a contradiction since 

in G, u and u cannot then correspond to blocks. For the 

union of the blocks of G corresponding to the points of H 
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lying on the cycle z is itself connected and has no cut points, 
contradicting the maximali ty property of u (and of u ) as 

1 2 
coming from a block of G. 

COROLLARY l a . To each point v of G, there c o r r e s ­
ponds a block of B(G) which is complete and whose number of 
points equals the number of blocks of G containing v. 

Proof. Let v be a cut point of G and let B , B , . . . , 

B be all the blocks of G which contain v. Then in B(G) the 
n 

corresponding n points generate a complete subgraph K . 

This complete subgraph is a block of B(G) for it is connected 
and has no cut points, being complete, and it is maximal by the 
same reasoning as in the proof of Theorem 1. 

COROLLARY l b . To each block H. of the block-graph 
i 

H = B(G), there cor responds a cut point v. of G. 

Proof. Let H. be a block of H = B(G). By Theorem 1, 

H is complete. Let H have as i ts points in H the blocks 
i i 

B , B . . . . , B of G. Since H. i s a complete subgraph of 
1 2 n i 

H, every pair of these blocks contains a common cut point of G. 
Let v. be the point of G such that {v.} =B <"̂ B . Assume 

l l 1 2 

that {v.} = B r>B , v. 4=v.. Then in G, B w B KJ E> i s 

connected and has no cut point, contrary to the maximali ty of 
each of the distinct blocks B , B , B of G. By mathemat ica l 

induction, the same point v. is contained in all n blocks B, . 
l k 

Hence v. is the cut point of G corresponding to block H. of H. 

THEOREM 2. If every block of H is complete, then H 
is a block-graph. 

Proof. Let H be a given graph in which every block is 
complete. F o r m its block-graph B(H). Now construct a graph 
G by start ing with the graph B(H) and adding to each point H. 
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of B(H) a number of end lines equal to the number of points 
of the block H. which a re not cut points of H. Then it is 

readily seen that B(G) is isomorphic with H. 

The construction of this proof is i l lustrated in Figure 1, 
in which the end lines of G a re indicated by dashes . 

Figure 1 

The proof of Theorem 2 has the following consequence. 

2 
COROLLARY 2a. For any connected graph G, B (G) = C(G). 

To prove Corollary 2a, note that there is a one-to-one 
correspondence between the blocks of B(G) and the cut points 
of G such that two cut points of G lie on a common block if 
and only if the corresponding two blocks of B(G) contain a 
common cut point of B(G). 
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COROLLARY 2b. The operations of forming the block-
graph and the cut-point-graph of a given graph commute: 

•B(C(G)) = C(B(G)) = B 3 (G) . 

Combin ing T h e o r e m s 1 and 2, we ob ta in the fol lowing. 

C h a r a c t e r i z a t i o n . A graph i s a b l o c k - g r a p h if and only 
if a l l i t s b l o c k s a r e c o m p l e t e . 

T H E O R E M 3. The se t of a l l c u t - p o i n t - g r a p h s c o i n c i d e s 
wi th the se t of a l l b l o c k - g r a p h s . In o t h e r w o r d s , e v e r y cu t -
p o i n t - g r a p h i s a b l o c k - g r a p h , and c o n v e r s e l y . 

P roof . It i s e a s y to ve r i fy the d i r e c t p a r t of t h i s t h e o r e m . 
F o r by C o r o l l a r y 2a , the c u t - p o i n t - g r a p h C(G) i s the b l o c k -
g r a p h of B(G) , and h e n c e i s i t se l f a b l o c k - g r a p h . 

To p r o v e the c o n v e r s e , we n e e d to show tha t e v e r y b l o c k -
g r a p h i s a c u t - p o i n t - g r a p h . Le t H be a given b l o c k - g r a p h . 
By def in i t ion H - B(G) for s o m e g r a p h G. But the c o n s t r u c t i o n 
of the proof of T h e o r e m 2 shows tha t the g r a p h G i t s e l f h a s 
e v e r y b l o c k c o m p l e t e . T h e r e f o r e G i s a l s o a b l o c k - g r a p h by 
the c h a r a c t e r i z a t i o n . T h u s H i s the b l o c k g r a p h of a b l o c k -
g r a p h . Hence by C o r o l l a r y 2a , H i s a c u t - p o i n t - g r a p h . 

REFERENCES 

1. F . H a r a r y , An e l e m e n t a r y t h e o r e m on g r a p h s . A m e r . 
M a t h . Monthly 66 (1959) 4 0 5 - 4 0 7 . 

2. D. KOnig, Théorie der endl ichen und unendlichen Graphen. 
Le ipz ig , 1936; reprinted New York, 1950. 

3. H. Whitney, N o n - s e p a r a b l e and planar graphs . Trans . 
A m e r . Math. Soc. 34(1932) 3 3 9 - 3 6 2 . 

4. G. T. Whyburn, Cyc l ic ly connected continuous c u r v e s . 
P r o c . Natl . Acad. Sci . U . S . A . 13(1927) 3 1 - 3 8 . 

6 

https://doi.org/10.4153/CMB-1963-001-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-001-x

