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A NOTE ON d-SYMMETRIC OPERATORS

B.C. Gupta anD P.B. RamANuJAN

An operator T on a complex Hilbert space is d-symmetric if

RIGTI = RlGT*l , where RléT, is the uniform closure of the
range of the derivation operator GT(X) =TX ~ XT . It is shown

that if the commutator ideal of the inclusion algebra
Ty = {4 : R(dA] c RlGTi| for a d-symmetric operator is the

ideal of all compact operators then T has countable spectrum
and T is a quasidiagonal operator. It is also shown that if
for a d-symmetric operator I(T) is the double commutant of T
then T 1is diagonal.

Let T be an element of the Banach algebra B(H) of all (bounded

linear) operators on a complex Hilbert space H and ST the corresponding
inner derivation defined by &,(X) = TX - XT on B(H) . Let R(S;)
denote the range of GT and R‘STI its uniform closure. An operator 7T
in B(H) is called d-symmetric if RIGTI = RiGT*| . For a d-symmetric
operator T the inclusion algebra
I(1) = {4 € B(H) : R(5,) cR'(aT)'} ,

and the multiplier algebra

M(7) = {4 € B(H) : AR(8,)+R(8,)4 < R(5,]}
are C*-algebras. Then I(T) contains the C*-algebra C*(T) generated
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by T and the identity operator I and is contained in M(T) . Further,

C(T) = {4 € B(H) : AB(H)+B(H)A RléTI}

is the commutator ideal of I(T) .

In [7, Remark (c) of Corollary 5.5], it is observed that if T is an
essentially normal d-symmetric operator with countable spectrum then
C(T) €« K , the ideal of all compact operators on H . We show, in this
note, that the spectrum of a d-symmetric operator for which C(T) = K is
necessarily countable and we deduce certain corollaries. It is also proved
that if for a d-symmetric operator I{T) = {T}" , the double commutant of

T then T is a diagonal operator.

In what follows the spectrum, the essential spectrum (the spectrum in
the Calkin algebra), and the left essential .spectrum of T are designated
by o(T), ce(T) and Ole(T) respectively. The point spectrum and the set

of all isolated eigenvalues of finite multiplicity of T are denoted by

T i .
Op( ) and HOO(T) respectively

For the basic theory of d-symmetric operators we refer to [1], [5].
Furthermore, d-symmetric operators 7T for which C(7) = K enjoy. the
following properties which are immediate consequences of the results in

[1], and we omit their proofs.
THEOREM 1. Let T be a d-symmetric operator with C(T) = K. Then
(a) T s essentially normal,
(b) T has no reducing eigenvalues,

(¢) each projection in RlSTI 18 finite dimensional,

(d) M(T) = {4 € B(H) : AT-TA is compact} ,

(e) U(T)/C(T) <is a commutative C*-subalgebra of the Calkin
algebra B(H)/K ,

(f) I(1) = cx(T) + K.
We now prove our main result.

THEOREM 2. rLet T be a d-symmetric operator for which C(T) =K .
Then o(T) is countable.
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Proof. In view of the inclusion relation [3, Theorem 3.3]

0(T) < cle(T) u ﬂoo(T) , where 30(T) is the boundary of o(T) , it

suffices to show that oe(T) is countable.
Suppose that Oe(T) is uncountable. Then there exists a perfect
subset F of oe(T) and a continuous positive Borel measure | with

support F [4, p. 176]. Let M; be the multiplication operator on

H = L2(u) defined by sz(z) z2f(z) . Let E denote the resolution of

u

identity of Mz . Since W(A) =0, we have E(A) = 0 for every A .

Therefore Op(Mz) =@ . Let M denote the direct sum of countable copies
of Mz . Then M is a normal operator and Gp(M) = @ . Therefore

oe(M) =o(M) = Fc Ge(T) . Set A=T®M . Since T 1is essentially
normal, Corollary 2.3 of [Z] yields a unitary operator U and a compact

operator K such that UAU_l + K =17 . Therefore, for any operator X on
H® L @)Hu s

v(ax-xa)ut = r(vxv™t) - (o) + x(vxw™) - (v hx .

Since C(T) = K , we have KcC RlGT' and so UE‘[(SA)U—l c R[GT] . As Mz

is a d-symmetric operator with no eigenvalues RISM l contains all

2
compact operators on Hu . If now Po is non-zero finite rank projection
in RIGM l , then there exists a sequence (Xn) of operators on HU such

z
that HGM (Xn]-POH >0 . Let }h denote the direct sum of countably many
3

copies of Xn and Yn = IH @)ih and let P denote the direct sum of 0
and countably many copies of PO . Then P is an infinite dimensional

projection and

s, (z,)-Pl = Iz @ (6Mz (x,)-Po)ll = I8y (x,)-poll ~ 0 .

Thus P € R|6A[ . So UPU™* is an infinite dimensional projection in
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R‘GTI contradicting Theorem 1 (¢). This completes the proof. //

COROLLARY 1. If T <is d-symmetric and C(T) = K then
ol(7) = ce(T) .

Proof. Since o(T) is countable,

o(T) = 30(T) c Ole(T) v (T) .

00
If X € NOO(T) and if (7-AI) is Fredholm then by [5, Lemma 8] XA is a
reducing eigenvalue of T . By Theorem 1 (b) no such X exists.

Therefore HOO(T) c ce(T) and we have o(T) c Ue(T) . The result follows.
COROLLARY 2. If T s d-symmetric and C(T) = K then T 4isg
biquasitriangular.
Proof. Since o(T) = Oe(T) , the index of (7-AI) is 0O for any X

for which (T-AI) is Fredholm. Therefore the result follows from Theorem
11.10 of [2].

COROLLARY 3. If T is d-symmetric and C(T) = K then T is

quasidiagonal.
Proof., The proof follows from Corollary 2 and Theorem 11.11 of [Z].

COROLLARY 4., 1f T 4s d-symmetric and C(T) = K then T is
compact if and only if T is quasinilpotent.

Proof. Suppose T is quasinilpotent. Then by Corollary 1,
Oe(T) = g(T) = {0} . Therefore T is compact. Conversely, if T is

compact then o(T) = Ue(T) = {0} . Thus T 1is quasinilpotent.
THEOREM 3. If T is d-symmetric and I1(T) = {T}" , the double
commutant of T , then T 1is a diagonal operator.

Proof. Suppose I(7) = {T}" . Since I(T) is a C(#*-algebra, we have
T* € {T}" . Therefore T is normal and so I(T) 4is the von Neumann
algebra generated by T and the identity I . Thus I(7) is commutative
and it follows from Proposition 5.1 of [I1] that T is diagonal.

REMARK. If T is a diagonal operator then I(7) need not be equal
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o«

to {T}" . For example, if T = 3y %-Eh , where E  is a sequence of one

n=1

dimensional orthogonal projections such that Z:Eh = I then I(T) = Cc*(T)

[1, Remark (b) of Corollary5.5]but C*(T) # {T}"” as the characteristic

function X{O} € {T}” and is not continuous at zero.
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