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RANK 2 SYMMETRIC HYPERBOLIC
KAC-MOODY ALGEBRAS

SEOK-JIN KANG?™ anp DUNCAN J. MELVILLE
Introduction

Affine Kac-Moody algebras represent a well-trodden and well-understood
littoral beyond which stretches the vast, chaotic, and poorly-understood ocean of
indefinite Kac-Moody algebras. The simplest indefinite Kac-Moody algebras are
the rank 2 Kac-Moody algebras g(a) (@ = 3) with symmetric Cartan matrix
<__2a _2a), which form part of the class known as hyperbolic Kac-Moody
algebras. In this paper, we probe deeply into the structure of those algebras g(a),
the e. coli of indefinite Kac-Moody algebras. Using Berman-Moody's formula
(IBM]), we derive a purely combinatorial closed form formula for the root multipli-
cities of the algebra g(a), and illustrate some of the rich relationships that exist
among root multiplicities, both within a single algebra and between different algeb-
ras in the class. We also give an explicit description of the root system of the
algebra g(a@). As a by-product, we obtain a simple algorithm to find the integral
points on certain hyperbolas.

For alternative approaches to the analysis of rank 2 hyperbolic Kac-Moody
algebras, the reader should see [BKM, Section 4|, which constructs them as
8l,-modules, and [LM], which shows that the root systems of these algebras coin-
cide with those of quasi-regular cusps on Hilbert modular surfaces defined over
certain real quadratic fields.

The structure of the paper is as follows. In Section 1, we introduce
Berman-Moody's root multiplicity formula for general symmetrizable Kac-Moody
algebras. In Section 2, we specialize to the rank 2 hyperbolic Kac-Moody algebras
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g(a) and develop a purely combinatorial formula (2.14) for the root multiplicities.
We show how, in many cases, one can obtain the multiplicity of a root in one
algebra from the multiplicity of the same root in a different algebra, which may
have much simpler calculations. Section 3 extends this notion considerably by pro-
ving a stability theorem on the root multiplicities of g(a) as @ increases and ex-
plaining the connections between the algebras g(a) and the free Lie algebra of
rank 2. The stability theorem holds for arbitrary symmetrizable Kac-Moody
algebras.

In Section 4, we consider the root system of the algebra g(a). Recalling that
real roots and imaginary roots correspond to the integral points on the hyperbo-
las: 2" —axy + y> =k (k € Z, k < 1), we show how all the roots of a given
length are Weyl-conjugate to roots in a small and easily defined region. Thus we
can easily list all the roots, with multiplicity, by use of some simple recurrence re-
lations. This procedure finds all the integral points on these hyperbolas far more
easily than the traditional number-theoretic algorithm.

In Section 5, we analyze some of the monotonic and symmetric relationships
between the root multiplicities of the algebra g(a) for a fixed value of a. We raise
some questions concerning possible relationships among the root multiplicities for
given algebras. We conjecture that the multiplicities of roos of a given height ¢ in-
crease monotonically to a maximum at (m, m) for ¢ even, and (m — 1, m + 1) for
t odd. The paper closes with a collection of tables illustrating the main results and
the conjecture.

1. Berman-Moody’s formula

We first recall some of basic definitions in Kac-Moody theory and Berman-
Moody's formula. Let I be an index set. A matrix A = (a@;;), ¢, is called a general-
ized Cartan matrix if it satisfies: (i) a;; = 2 for all ¢ € I, (ii) a;; € Z, for ¢ # J,
(iii) @;; = 0 if and only if a@;; = 0. In this paper, we assume that A is symmetriz-
able, i.e., there is an invertible diagonal matrix D such that DA is symmetric. A
realization of A is a triple (§, I, II"), where § is a complex vector space of dimen-
sion 2|I| —rank A, 11 = {a,|i € I} and I" = {h,| i € I} are linearly indepen-
dent subsets of §* and 9, respectively, satisfying a;(h) =a;fori,jE€ L

DeFINITION 1.1.  The Kac-Moody algebra g = g(A) with Cartan matrix A is the
Lie algebra generated by the elements ¢;, f;({ € I) and Y with the following defin-
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ing relations:

(A, W1 =0 for h, W’ € Y,

[k, e] = a,(We;, [h, 1 = — a,(W)f, forj € I,
le,, f1=0,h, fori,jE I,

(ade)' ™" (e) = (adf) ™ (f) = 0 for i # j.

(1.1)

The elements of II (resp. HV) are called the simple roots (resp. simple coroots) of g.
For each i € I, let 7, € Aut(§™) be the simple reflection on §”* defined by 7,() =
A — A(h)a, The subgroup W of GL(5™) generated by the r’s (1 € D is called
the Weyl group of g.

Let @ = D,;Za;, Q, = D,;Zs a;, and Q_ = — Q,. We define a partial
ordering = on §* by A = g if and only if A —p € @,. The Kac-Moody algebra
g = g(4) has the oot space decomposition g =D ,cq8, where g, = {z €
gl [k, 1 = alh)x for h € B} is the a-root space. An element o € Q is called a
root if @ # 0 and g, # 0. The number mult(@) := dimg, is called the multiplicity
of the root . A root a > 0 (resp. & < 0) is called positive (resp. negative). It is
known that all the roots are either positive or negative. We denote by 4, A", and
A” the set of all roots, and negative roots, respectively. For a = 23,.; k;at; € Q,
the number ht(a) := 2,., k; is called the height of a.

A g-module V is §-diagonalizable if V= ,cpx V,, where V;={v € V| h-v
= A(W)v for all h € B} is the A-weight space. If V, # 0, then A is called a weight
of V. The number mult, (1) := dimV, is called the multiplicity of A. When all the
weight spaces are finite-dimensional, we define the character of V to be
(1.2) chV= X (dimV)¢".

rep*
An B-diagonalizable module V is integrable if all the f; (i € I) are locally nilpotent
on V. A g-module V is called a highest weight module with highest weight 2 € §*
if there is nonzero vector v, € V such that (i) ¢;cv,= 0 for all t € I, (i) - v, =
AW v, for all h €Y, (iii) U(g) - v, = V. The vector v, is called a highest weight
vector. We denote by V() the irreducible highest weight module over g.

Let SC T and gg = g(Ay) be the Kac-Moody algebra with Cartan matrix
Ag = (a;));jes. We denote by 4g, A% and W the set of roots, the set of positive
(resp. negative) roots, and the Weyl group of gs, respectively. Let A(S) = Ai\A;t,
and W(S) ={we W|®, C 4%(S)}, where &, =f{ac 4" |w (@ <0}. We
also define g((,S) =gs+ 5, and gf) = @D 4es*s) 8, Then we have the triangular de-
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composition :

(1.3) 3=9" Dg, Da.

Let C be the trivial g-module. The homology modules H,g®, C) are
. ©)
obtained from the g, -module complex

. _}Ak(g@)) i Ak—l(g(S)) —
(1.4) ) 1 *<s> 4 0, S\ %
—A(g2)—>A(g>)—>C—0,

with the differentials d, : A*(@®) — A7 (g*) defined by

A, A Azx)= 2(-—1)5+’([xs’xt] N WNEEE /\a/\ /\i.\t/\ e Az
s<t
for x; € 3. For simplicity, we write H, (") for Hk(g(_S), C). The g:)S)—module
structure of the homology modules Hk(g(_S)) is determined by the following formula

known as Kostant’s formula.

ProrosiTioN 1.2 (|GL], [Li]).
(15) H® = & Viwo— o),

wew(s)
Hw) =k
where Vg(2) denotes the irreducible highest weight g((,S)—module with highest weight A,

and 0 is an element of §* satisfying p(h) =1 for all i € I. O

We now recall the root multiplicity formula for g obtained in [KaZ2]. Applying
the Euler-Poincaré principle to (1.4) yields:

(1.6) Eo (— D*chA*(g®) = EO (— 1)*chH,(3®).
Let
H= (—D""'H,@) =2 (D" = V.o —p)
(1 7) k=0 k=0 u;(ewl’)l’-_(_i)
=u/e%(s) (— I)I(W)HVS(W‘O B p),
1(w)>1

an alternating direct sum of gf,S)—modules. For 7 € Q_, we define the dimension of
the 7-weight space of H to be

(1.8) dmH, = 3 (— D*"'dimH, @)..
k=1
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Let P(H) = {r € Q_|dimH, # 0} and let {r,|i> 1)} be the enumeration of
P(H) given by the height and lexicographical ordering. For ¢ € @Q_, we define a
set

(19) T(T) = {(n) = (ni)i21 | n; S5 ZZO’ Z n,T; = T},

and a function

(1.10) B = y Zm=D!

- | (CE) II (dimH)™.

Then we have:
THEOREM 1.3 ([Ka2]). Let @ be a root in A” (S). Then
; - LAY
(1.11) dlmga—£u<r) aB(r),

where Y is the classical Mobius function and la if @ = kT for some Apositive integer

- a _ c_1
k, in which case P k and P

0

If S = ¢, then we have W(S) = W, and

Iw)+1
(1.12) H= EW (— D"™MC,,,.
Iw) =1

Hence P(H) = {wp — p|w € W}. Let {r, = w0 — p| i =1} be the enumeration
of the set P(H) given by the height and lexicographical ordering. Then we have

(1.13) dier‘ — ,EW (— 1)t<w>+15wp_p’n = (= 1)/
Hw) >1

Therefore the formula (1.11) reduces to Berman-Moody’s formula:

CoroLLARY 1.4 ((BM]).

. _ a\ T (= n; — ! Hw)+1yny
(1.14) dimg, = Ey(7>* 2 Wﬂ((— 1) ).

a (meT ()

2. The hyperbolic Kac-Moody algebras g(a)

In this section, we study the structure of rank 2 hyperbolic Kac-Moody
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2
formula. Let / = {0,1} be the index set for the simple roots of g(a), and take S =
$. Then gla)y) =p= Chy,D Ch,, the Cartan subalgebra, and 4 (S) = 4"

Moreover, W(S) = W, the full Weyl group, and we have an explicit description of
W:

. . . a . ,
algebras g(@) with symmetric Cartan matrix ( _ > using Berman-Moody’s

(2.1) W= A1, r,(r,r), r(ryr)’, )™, (rr)’™™|j = 0}.
Hence, by (1.12), we have

Hw)+1
H= 2 (=1 w+Cwn—p
wew
Hw) =1

— Zi ZO(Cro(rlro)’p—b D Crl(r,,rl)jp—p)
Zizo(c(rorl)“lp—p &) C(rlro)’”p—p) ’

(2.2)

where we let A/ B denote A ©B.

We introduce a sequence {A,},~, defined as follows:
A,=0, A =1,
(2.3)
A, =dA,,— A, +1forn=0.

When we want to emphasize that the sequence {A4,},, depends on a, we will
write {4,(a)},> , Since the sequence {4,},>, will play a crucial role in writing
the root multiplicity formula for g(a), we investigate some of the basic properties
of the sequence {4,},-,

The first few terms of the sequence {4,},s, are

A, =0,A,=1,A4,=1+a, A, =a+d’,
A=—a+d +d° .

When a = 3, we have A, = F,, — 1, where {F,},-, is the Fibonacci sequence de-
fined by

(2.4) F,=F,=1,F,,=F,,,tF,n=0).
To see this, let A, = A, + 1. Then A, =1, A; =2, and for n = 0

Ae=Ap, t1=34,,— 4,12
=34, +1) — @4,+1 =34, — A,

On the other hand, (2.4) yields
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Fopis = Foprs T Fopy = 2F5 0 + Fopy
= 3Fm42 — Fpe

Since F, =1 and F, =2, we have A, = F,, for all » =0, which proves our
assertion. The relation between the Fibonacci sequence and the hyperbolic
Kac-Moody algebra g(a) was first noticed by Feingold ([F]).

Let us find a closed form expression for the sequence {4}, Let F(z) =
20 A,x" be the generating function for the sequence {A,},s, Then multiplying
(2.3) by 2" yields

A, 2" = azA,, 2" — 2°Ax" + 2" (0 2 0).
Summing up over # = 0 gives
F(x) — A, — Az = ax(F(x) — A) — 2°F@) + @+ 2° + ),

which yields

(1—ax+$2)F(x)=x+xz+x3+---=1fx.
Let
_a+t a’—4
(2.5) [ T
be a zero of 1 — ax + z°. Then
F(z) = z A
Q-0 —ax+x%
-7 1 7’ 1
- 21—x+ 2y —
Q-7 Q+na-p" 77 7%
T 1
(1+r)(1—r)2%_x
— 00 ) n
1 —pn=o A+pPA—=pP2a=o\T
2 0
+ L -2 ()"
A+9@A—7p) »=o
n+2

°°< —7'2+ n ! 2+ z)xn
n=0 \(1 = 7) ra+na-ry a+pa@-—9p

https://doi.org/10.1017/5S0027763000005419 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000005419

48 SEOK-JIN KANG AND DUNCAN J. MELVILLE

_plorasp e,
=0 A+ QA -7
Therefore, we obtain
_1-Ja+p+"
C Pa+pa-p?

(2.6) A, n=>0).

Now we derive the root multiplicity formula for g(a). For j = 0, by induction

7'0(7’17’0)j0 — 0= = Ay — Aja,

71(7'071)jp —p0=— A2,a0 — A2i+1a1,
(2.7) (7’071)“1:0 =0 = — Ay — Apnay,

(rlro)j+‘p —0 == Ay, — Ayna.

It follows from (2.2) and (2.7) that

H= Zi?o (C"Azjuao'Azjal b C_AZiaO_AZH-lal)
J =20 VY =4 a0—Agay —A 1%~ Az
and hence for 7 = — ma, — na,, we have

1 if (m, n) = (A2f+l’ Azj) or (Azj, A2j+l)y
(2.9) dimH, =y — 1 if (m, n) = (Ay,, Ay or Ay, Ay,
0 otherwise.

For ¢, 7 = 0, define

— Ay — Aoy, if i =4,

— Ao, — Ay if1=45+1,
= Ay — Ay i1 =45+ 2,
= Ay — Ay ifi =451+ 3.

(2.10) T, =

Then we have an enumeration of all the weights of H : P(H) = {z,|i = 0}, where

1 if 1= 0,1 (mod 4),

(2.11) dimH;, = {— 1 if := 2,3 (mod4).

For 7 € Q_, set
(2.12) T,(0) ={(m) = )5, n, € Z-y, X n7, = 1},

and define
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— 1!
(2.13) B®w= X Q%m#4—nmmw

M eTyH(1)

Then, by Berman-Moody's formula, we obtain

ProposiTION 2.1

T
2.14 dimg(a), = 2 ( ) B, (7).
(2.14) 8 ‘rlaﬂ o Da 0
Next we examine more closely the formula (2.13) for B,(7). Let @ = — na,

— (n + j)a, be a root of g(a@) and write B,(n, n + j) for B,(a). By symmetry of
the root system, we may suppose without loss of generatity that 7 = 0. We noted
above that any weight 7, € P(H) is of the form

T = — Aoy — Ay
or 7, = — Ao, — Ay
Let

€ ={c=(c), ¢, ¢, ci,...) | ¢ are non-negative integers, j € {0,1}, j = 0}.
For given a, #, and j, define

%(a, n, j) = {cE%IZ(cA,+1+cA) n, Z(cA +clA,) =n+ ).
Then all partitions of @ in T,(a) are of the form
(2.15) ; [e)(— A, a0 — Ay) + ¢} (— Aoy — Apyya)].

Weights in the partition count with negative multiplicity precisely when ¢ is odd,
and so we have

ProposITION 2.2

0 1
Bumntp= % (= Diwerg Zuzellt ) = Dt

. 0y, 1
€ @an.j H‘,Zo C; !Ci !
0 1
!
(2.16) ST (= DEa 1 (Ziz0le; +e)!
Glan.i) ZiZO(C? + C:I) c:))‘CO'Cl'Cl'CZ
= Z (_ l)z'm(‘?*'c:) —_1—_( 2120(0' + ¢, ) >
. 0 :
€a.n,j) ZizO(C, C) co, CO’ (;1, ch . D
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ExampLE 2.3. Let @ =3 and consider ¢ = — 4o, — 5,. That is, n = 4,
j=1 For a=3,4,=0,A,=1,4,=4 and A, =12 > 5 Thus, for any
c € %@3,4,1), c,? = c,i =0 for all £k = 2, and we have the additional two condi-

tions that

c§+4cf+cll=4,
(2.17) L 0 L

¢, t ¢ +4c =5.
Hence,

€(3,4,1) = {(4,5,0,0,...), (0,4,1,0,...), 3,1,0,1,...)}
corresponding to the partitions
—4a, — 5a; = 4(— a)) +5(— a;)
=4(—a) + (— 4o, — o)
=3(—a) + (—a) + (—a, — 4a,).

(2.18)

Thus, suppressing trailing zeroes in the multinomials, we have

(2.19) 33(4'5)=%<9>+(—1)‘%( 5 )+(__1)1_1_( 5 )

4,5 0,4,1 513,1,0,1
=14—-1—4=09.
Since no other root 7 divides &« = — 4, — 5a;, we have immediately from (2.14)
that dimg, = 9. [

ExaMpPLE 2.4. This example gives a foretaste of the stability theory in the
following section. Let &« = — na, — (n + ;. Suppose @ = n + j. Then A, = a
+ 1 > n +j. Thus, any partition can involve only A, and A,. Hence,

€(a, n,j) = {(n, n+7,0,0,..)},
and

B,(n,n+j = L <2n+j).

For j# 0, if gcd(n, n +j) =1, then @« = — na, — (n + j)a; has no divisors
other than itself and

1 <2n+j).

(2.20) dimg, = 7,57 (",
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For example, if j = 1, and @ = n + 1, than

. . 1 2n+1
(2.21) dimg, = on F1 ( " )
Thus the multiplicity of, say, &« = — 5@, — 6, in the Kac-Moody algebra g(a)
(a = 6) is dimg(a), = _11T ( 151> = 42 (see Table 5 in Section 6). In the next

section, we will see that this is actually the same as the multiplicity of 5a, + 6a;,
in the free Lie algebra of rank 2.

If j= 0 and # is an odd prime p, (2.14) reduces to

. 1 /2 1
(2.22) dlmga = % < ;) - Z
Since dimg, is an integer, this shows that (2;) = 2 (mod 2p). [

ExaMmpPLE 2.5. Suppose j =0, # =3 and a =n — 1. Then 4,=0,4, =1,
A,=a+1=mnand A, > n for k = 3. Thus, any partition of @ = — na, — na,
can involve only A,, A, and A, Hence, if ¢ € §(n — 1, n, 0), c,? = c,lc =0 for
k = 2. The corresponding partitions of & are:

— nay, — noy = n(— ap) + n(— ay)
= (1’! - 1)(— a()) + (_ a() - nal)
=m—D(—a) + (—na, — a,).

(2.23)

Thus,

€m—1,#n 0 ={n n 00,...), ®m—1,0,0,1,...), (0,—1,1,0,...)},

and
s = () 3 (1) - ()
(2.24) =%<2:)_2
= B,(n, n) — 2.

252 1
For example, if # =05 we have B,(5,5) = q0 2= 23§ . Hence, the
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1

. 1
multiplicity of the root & = — 5a, — 5a in g(4) is dimg, = 23 5 — & = 23.

By a similar argument, it is easy to see that, for = sufficiently large, we
obtain formulas relating B,_,(#, #) and B,(#, n). The first few are:

Forn =3, B, (n,n) =B,n, n —2
Forn =4, B, ,(n,n) =B,n,n) —2n+1
Forn=>5, B, ,(n,n) =B,n,n —nn+1) +6

2.
(228) o > 7. B._.(n 1) =B, n) — n(n + lg(n +2) + 30
+2)(n +
Forn>9, B, . n) =B,un n) — n(n + 1)(n12 )(n + 3)
+ 140. 0

3. Stability of root multipicities

In this section, we prove the stability of the root multiplicities of the
Kac-Moody algebras g(a), and discuss the relation with the free Lie algebra with
2 generators. We start with the discussion on free Lie algebras. Let X = {xl 1=
1,2,3,. ..} be a totally ordered set (possibly countably infinite) and let R be an
(additive) partially ordered abelian semigroup with a countable basis such that
each element o of R can be expressed as a sum of elements of R which are less
than or equal to & in only finitely many ways. Let G be the free Lie algebra on the
set X. We make G an R-graded Lie algebra as follows. Let S = {uil 1=1,2,3,
...} be a collection of elements in R such that g, < g; for ¢ < j. We allow only
finitely many repetitions. Define degz; = y,, and

degll-- [z, x; ), Iz ) = p, + oy, + 0 +py

Then G becomes an R-graded Lie algebra G = @, ez G, where G, is the sub-
space of G spanned by all the brackets [[--[z;, x;], - -1x; ] such that p; + g,
tty T

We recall the dimension formula for G, obtained in [Kal]. Let P = {r;|i =
1,2,3, ...} be the set of distinct elements in <, and let H be the subspace of G
spanned by the elements of X. Then H has the decomposition H = ;. H. . Fort
€ R, let

(3.1) Ty(0) = () = (n);5,|m, € Ly, Tz, = 1,
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and define

(Zn—1)

!
(3.2) By(7) = X o - II(dimH, )™.

neT() H

Then by generalizing the proof of the Witt formula given in [Se|, we obtain

ProposiTION 3.1 ([Kal]).

o

. _ T
(3.3) dimG, = T% 7 (‘r) EBo(T)- 0

Fix the index set 7= {1,2,,: -, #} and let & be the free Lie algebra gener-
ated by the elements ¢, (1 =1, -+, n). Since dege, = @, for t=1,---, n, F is a
@, -graded Lie algebra § = @aeo+ T where §, is the subspace of § spanned by
all the brackets [[---[e;, ¢;],"--1e; ] such that @; + a; + -+ + a;, = a. For ©
=3 ta, € Q,, let hi(r) = X7_, ¢, and define

(2t - D 1 ht(7)
(3.4) B (7)) = ( ; )

M ht(d

tl,...’ ”

Then Proposition 3.1 implies

COROLLARY 3.2

: — ANE
(3.5) dim, = T%pe (T> o B (7).

Proof. For t= 2_, t,; € Q,, the only partition of 7 is
7= t(a) + - +t,(a,).

Now the result follows immediately from Proposition 3.1. ]

ExaMpLE 3.3 Let & be the free Lie algebra generated by the elements e, and
e,. For T = ma, + ma,, we write 7 = (m, n). By (3.4), we have

1 +n
(3.6) B.(m, m) = (mm )
Therefore, if @ = 5a, + 6, then
. 1
dlm%a = Bw(5,6) = H ( 151 ) =42.
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If a =4aq, + 6a,, then

dim§, = B.(4,6) — 5 B2, =15 () 11 (%) =20.

10\ 4 O

We now discuss the stability of root multiplicities for general symmetrizable
Kac-Moody algebras. Let A = (a,)),,c; and A" = (a})),;c; be generalized Cartan
matrices of the same size. We define A < A" if |a,~,~| < |a§j| for all 1 # 5. We
write A > 0 if | a,;| > 0 for all ¢ # ;.

ProposiTioN 3.4. Suppose A < A’, and let &« € @ be a root of the Kac-Moody
algebra g = g(A). Then a is also a root of the Kac-Moody algebra g’ = g(A"), and we
have dimg, < dimg,,.

Proof. We may assume that « € Q,. We denote by ¢}, f/ (i € D) the Cheval-
ley generators of g’. Let g, (resp. g,) be the subalgebra of g (resp. ¢’) generated by
the elements e; (resp. ¢j) for i € I. Since | a;; | <|aj;| for all i # j (A £ A), by
Gabber-Kac Theorem ([GK]), there is a surjective Lie algebra homomorphism
Gara:08, — g, defined by e] = e;. Therefore dimg, < dimg, foralla € @,. [

CoroLLARY 3.5. Ifa £ d/, them dimg(a),, < dimg(a’),. O

THEOREM 3.6. Let a = 2, kit € Q,, and let g = g(A) be the Kac-Moody
algebra associated with a gemeralized Cartan matrix A = (a;;),;e; Then dimg, is the
same for all A > 0. Moreover, if A > 0, we have

: - AN
(3.7 dimg, = TZILJl.u (,[) p” B_(7),
where B, (7) is defined by (3.4).

Proof. We will consider dimg_,. We take S = ¢ and apply Berman-Moody's
formula. By Kostant’s formula, we have

Hl(g—) = EBI Cr,ﬂ—p = @ C——a,’
Hz(g—) = @ Cr,—r,-p*p = @ C—a,—(l—a,,)a,
ijerl ijel

1§ i#j

Therefore
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P(H)={—a,»|i€[}U{-—aj—(l—aij)ai|i,je[’i¢j}U ...... .

Since A » 0, for any 7 = 25,, t,a; that divides @, there is only one partition of
— 7 into a sum of the elements in P(H) :

—rt=t(—a) + - +t,(-a),

and dimH_, =1 for all € I. Hence we obtain

dimg, = X2 ¢

Tl

()2 i = 5 (@) o

tla D

Remark. We can summarize the above discussion as follows. By Proposition
3.4, we have a projective system {g,(A), @, 4}. It follows from Corollary 3.2 and
Theorem 3.6 that the projective limit of the above system is the free Lie algebra §

generated by the elements ¢; (1 = 1,..., n). We may consider § as the subalgebra
of the Kac-Moody algebra g(A) generated by the elements ¢, 1 =1,..., n),
where the Cartan matrix A = (a;,) is given by a,; = — © for all i # j. That is,

in the rank 2 case, we may consider & as g, (o).

In the following example, we illustrate the stability of root multiplicities for
the root @ = 5ay + 6a,. Compare with Example 2.4 and Example 3.3.

ExampLE 3.7.
(a) Let @ = 3. Then by (2.3) we have
4,03 =0, 4,3 =1,4,3) =4, A,3) =12, ,
and hence
€(3,5,6) = {(5,6,0,0,--+), (1,5,1,0,"-*), (4,2,0,1,--), (0,1,1,1,-- )},
corresponding to the partitions
— ba, — 6a; = 5(— a,) +6(— ay)
=(—a) +5(—a) + (— 4a, — a))
=4(—ay) +2(— a) + (— a, — 4a))
=(—a) + (—4a,— a) + (— a, — 4a)).

It follows that

B,(5,6) = %(5116) + ' 1,57;,1 )+ - 1)1%<4,2?0,1>
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Sl %)
+ (=1 30111 23.

Therefore dimg(3), = B,(5,6) = 23.
(b) If @ = 4, then we have

A4) =0,4,(4) =1, A,4) =5, A,(4) =20, -+~ ,
and
g(4'y5)6) = {(5,6,0,0, v .)v (0,5,1,0, .t ’), (4,1,0,1’ . ')}

Therefore

dimg(4), = B,(5,6) = 11_1 ( ;16) + = 1)1% <5(,51)

+ (- 1)‘%<4,1?0’1) = 36,

(c) If @ = 5, then we have
4,(5) =0, 4,(5) = 1, 4,(5) = 6, A,(5) = 30, -+~ ,
and
€(5,5,6) = {(5,6,0,0,---), (4,0,0,1,- - *)}.
Therefore

5

; < - 4,0,0,1

dimg(5), = By(5,6) = 51 5’6) + (=1 %( ) =41

(d) If @ = 6, then we have
Ay (6) =0,A4,(6) =1, A,(6) =7, Ay(6) =42, -+~ ,
and
%(6,5,6) = {(5,6,0,0,--)}.
Therefore

. ~ 1 (11 _
dimg(6), = B,(5,6) = 77 <5,6> -2

Clearly, for & = 6, we have

%(a, 5,6) = {(5,6,0,0,- - )},
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and hence dimg(a), = B,(5,6) = 42 (see Table 7 in Section 6). O

4. The root system of the algebra g(a)

In this section, we study the root system of the algebra g(a@), and give an ex-
plicit description of the real roots and imaginary roots. As a by-product, we
obtain a simple algorithm to find the integral points on certain hyperbolas.

A root a of a Kac-Moody algebra g(A) is called real if & = w(a,) for some
w € W and i € I A root that is not real is called imaginary. We denote by A",
Af, Aim, and AT' the set of real roots, positive real roots, imaginary roots, and
positive imaginary roots, respectively. We recall some of the fundamental prop-
erties of the imaginary roots.

ProposiTioN 4.1 ([K]).

(a) The set Ai:n is W-invariant.

(b) For a € AT, there exists a unique B € Ai:] such that B = w(a) for some
w€E Wand Bh) <0 foralli € I. ]

For a Kac-Moody algebra g(A) with a symmetrizable generalized Cartan mat-

rix A= (a,),;c; there is a nondegenerate symmetric bilinear form (|) on §*

2(a; | a; .
such that @;; = _G_I‘OI—S) for all ¢, j € I If A is symmetric, we take (a,|a,) = 2
i i

for all i € I so that @; = (@; | @) for all 4, j € I

A generalized Cartan matrix A is said to be of finite type if all of its principal
minors are positive, of affine type if all of its proper principal submatrices are of
finite type and detA = 0, and of indefinite type otherwise. A is of hyperbolic type if
it is of indefinite type and all of its proper principal submatrices are either of fi-
nite type or of affine type. The corresponding Kac-Moody algebra g(A) is called a
finite, affine, indefinite, or hyperbolic Kac-Moody algebra, respectively. The fol-
lowing proposition gives a nice description of the root system of hyperbolic
Kac-Moody algebras.

ProposiTiON 4.2 ([K|[M]). Let g(A) be a hyperbolic Kac-Moody algebra with a
symmetric generalized Cartan matrix. Then we have:

@ 4" ={a € Q| (a]a) = 2},

b) A™ = {a € Q\{0} | (a|a) < 0}. O

https://doi.org/10.1017/5S0027763000005419 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000005419

58 SEOK-JIN KANG AND DUNCAN J. MELVILLE

We now focus on the structure of the algebra g(a). We assume a = 3. Then
the algebra g(a) is of hyperbolic type. We identify an element a = xa, + ya,
€ @ with an integral point (z,y) €Z X Z. Wecal a = (x, y) € Z X Z a posi-
tive integral point if T, y € Z.,. Define a symmetric bilinear form (|) on §* by
@.1) (aol ) = (axi a,) =2,

(@, ) = — «a.
Then for @ = (z, y) € Z X Z, we have (a]|a) = 2(x" — axy + y?). Therefore,
as an immediate consequence of Proposition 4.2, we obtain:

COROLLARY 4.3. For a = 3, the root system of the algebra g(a) is given by
() A°={(z,9) EZXLIZ" —ary+y =1},
) A" ={(z,y) €EZ X Z|z*— axy + y° < 0).

In particular, there is a one-to-one correspondence between the set of real
roots of g(a) and the set of all integral points on the hyperbola # 2t — axy +
yz = 1. Since there are no integral points on the union of lines zt = ary + y2 =
0, the imaginary roots of g(a@) correspond to the integral points on the hyperbolas

?fk:xz — axy + y2 = — k for k = 1. In other words, for each k = 1, there is a
one-to-one correspondence between the set of all imaginary roots & with lenghth
(a | ) = — 2k and the set of all integral points on the hyperbola #,.

To describe the root system of the algebra g(a), we introduce a sequence
{B,},>, defined by

B,=0, B, =1,

4.2
4-2) B,,,=aB,,,— B, forn=0.

If a =3, then we have B, = F,,_, for all » > 1, where {F,} is the Fibonacci
sequence defined by (2.4). By a similar method used in Section 2, we obtain a
closed form expression for the sequence {B,},,:

1— Tzn
(4.3) B,=——F— (n=0)),
7 A=7)
+ya’' —4
where 7 = % is a zero of 1 — ax + x°. We can directly check that the

points (B,, B,,,) lie on the hyperbola Az —ary+y’ =1 for all n=0.
Since the hyperbola # Yis asymptotic to the line y = 7z, it follows that
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(4.4) B,., = [rB,] for all u > 0,

where [x] denotes the smallest integer = x.

For 7 = 0, induction, we have

j -
7(nr)’ (ay) = — By,0, — Byay,

i _
r(rr) (@) = By + Byppay,

(4:5) (rgr) " (@) = By ,aty + By, nty,
(rr)’ " (@) = — Byt — Bty
and
7o(ryr)’ (@) = By,,,00 + By,
(4.6) rl(ror%)j(al) = — B,,a, — B,;,,a,,
(ryr)” (@) = — By20 — By,

i1 _
(r79)"" (@) = Byja0ty + Byjiaay.

Hence we obtain:

ProposITION 4.4 (cf. [BKM], [F)). For a = 3, the set of all positive real roots of
the algebra g(a) is

a7 =B, B,.), B,,,, B) |n =0} U

The correspondence established in [LM] between the root the systems of rank
2 Kac-Moody algebras and quasi-regular cusps reveals more of the geometric na-
ture of the root system. In particular, one should see [LM, Theorem 4.1}, which
characterizes the real roots as a support polygon.

We now consider the set of imaginary roots of g(@). For a positive integer k,
let ATfk be the set of all positive imaginary roots a of g(a) with length (a|a) =
— 2k. That is, AT},‘ is the set of all positive integral points on the hyperbola #, :
z— axy + y2 = — k. For any a € Ai:?k, by Proposition 4.1, there is a unique
B= (m, n € Aifl such that 8 = w(a) for some we W € W and

B(hy) =2m — an <0,

(4.7)
B(h) = —am+ 2n < 0.

Since the bilinear form (|) is W-invariant, we also have 8 € AY,. Let £, be the
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set of all positive integral points 8= (m, #) on the hyperbola #, that lie
ax _
between the lines y = x and y = -5 and let £, be the mirror image of the set 2,

with respect to the line y = x. Then, by Proposition 4.1 and the symmetry of the
root system, we have

(4.8) AT = (W-Q) U (W-2).

2Vk
\/a2 —4 '

>. Also, the tangent line to the hyperbola #, at the point P, is the line

ax
The hyperbola #, and the line y = 5~ meet at the point P, = (

avk
2

a—4

2vk
= —*/ZL— On the other hand, the line ¥y = x meets the hyperbola #, at the
a —4

(/ k / k )H btai
point a—9'Ja=2) ence we obtain

2Vk k
Qk={(m,n)Z20XZ20|7;jZSmS [a—2"

_ am—\/(az—4)m2—4k}
n= 5 .

THEOREM 4.5. For @ = 3, the set of all positive imaginary roots of the algebra
g(@) with length — 2k is
Al:?k = {(mB,,, — nB;, mB,,, — nB,,)),
(mB;+z - nBj+l' MBj+1 - nBj), (nB,-H it mBj, nBH.g - MB,‘.H)’
(nB;,, — mB;,,, nB;,, — mB)) | (m,n) € Q,}. ]
Remark. Theorem 4.5 provides us with a simple algorithm to find all the in-

tegral points on the hyperbola #,:2° —axy +y° = — k (k> 1), as is illus-
trated in the following example.

ExampLe 4.6. Let @ = 3. Thus we have B, = F,, , (n = 1), where {F,} is

the Fibonacci sequence defined by (2.4).
(a) If kK =1, then we have
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Wk 2 [k
ﬁ—ﬁ—o&) , and a—_z——l.

2
Hence m = 1 is the only integer in the interval ﬁ <m<=<1 For m=1, we

have #n = 1. Therefore £, = {(1,1)}, and hence the set of all integral points on
the hyperbola x” — 3zy + y* = — 1is

{(Bj+1 - Bi’ B;‘+z - Bj+1)r (Bj+2 — By Bjyy — Bf)'

(B; = Bjs1, Biuy — By, By, — By, By — B;.) |7 =0}
(b) If Kk = 2, then

Wk 2y2 [k .
m—‘/.s_—l.ZG“-,and a_Z—\/f—l.M“.

Thus £, = ¢, and hence there is no integral point on the hyperbola - 3xy +
2

y = — 2.
(c) If k=100, then

2Vk 20 k
————="—=8.94--, and | = 10.
(i — 4 V5 and Ja—2

20
Hence m = 9 and m = 10 are all the integers in the interval = < m < 10. If

5
27— 5 | "
m =29, then n = —5 &Z,, and if m = 10, then n = 10. Therefore £2,,,

= {(10,10)}, and hence the set of all integral points on the hyperbola ' — 3zy
+ yz = — 100 is

{(10B,,, — 10B,, 10B,,, — 10B,,,), (10B,,, — 10B,,,, 10B,,, — 10B,),
(10B, — 10B,,,, 10B,,, — 10B,,,), (10B,,, — 10B,,,, 10B; — 10B,,,) |j = 0}.
(d) If k = 121, then

—2@=£=9.83“3and /L=11.
Jid—4 VB a—2

22
Hence m = 10 and m = 11 are all the integers in the interval = < m < 11. If

V5
m = 10, then #n = 13, and if m = 11, then n = 11. Therefore 2,, = {(10,13),
(11,11)}, and hence the set of all integral points on the hyperbola z' - 3xy — v
= —121is
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{(10B,,, — 13B,, 10B,,, — 13B,,,), (10B,,, — 13B,,,, 10B,,, — 13B)),

)

(13B, — 10B,,,, 13B;,, — 10B,,,), (13B;,; — 10B;,,, 13B, — 10B,,),
(11B,,, — 11B,, 11B,,, — 11B,,)), (11B,,, — 11B,,,, 11B,,, — 11B)),
(11B;, — 11B,,,, 11B,,, — 11B,,,), (11B,,, — 11B;,,, 11B;, — 11B,,)) |
j =0}, [

5. Root multiplicity relationships

In this section, we explain some of the relationships among the root multiplici-
ties of the hyperbolic Kac-Moody algebras g(a). In Section 3, we considered how
the multiplicity of a given root varied with the algebra; here, we will restrict to a
single algebra at a time and examine relationships between the multiplicities of
different roots of that algebra.

§5.1. Column symmetry

We look first at the symmetry apparent in the columns of Tables 1-4. That
is, fix an algebra g = g(a), fix # and consider the multiplicities of the roots
— na, — (m + fa, as j varies in Z. We begin with a result of Kac [K, Proposition
3.6].

ProrositioN 5.1 (K]). Let V be a finite-dimensional module over 8l,, and let A
be a weight of V. Denote by M the set of all t € Z such that A + ta is a weight of V,
where o is the simple root of 8l,. Let m, = mult, (A + fa). Then
(a) M is the closed interval of integers [— p, ql, where p, g € Z, and p — q
= A(h).

1
(b) The function t— m, is increasing on the interval [— b, El(h)] and s

1
symmetric with respect to t = 5 Ah). ]

With a and n fixed, let V= ®,c58 (agrminay Then V is a finite-
dimensional module over the subalgebra g, of g(a) generated by e,, f,, h,. That is,
8o = 8l,. Let A = — na, — na,. Then A(h,) = n(a — 2) and we can use part (b)
of Proposition 5.1 to find the location of the maximal values of mult(1 + fa,).
The result divides into three cases according as a and # are even or odd.

(1) If a is even, then — %—Z(hl) = - %n(a — 2) € Z and hence the maximal
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o 1
root multiplicity occurs for the root A — gn(d —2a, = — noy —
1
5 ana,.
. . 1
(2) If @ is odd and # = 2m is even, then — El(hl) = —mla—2) €Z and

the maximum root multiplicity occurs for the root A —m(a — 2)a, =
- 2ma, — ama,.

1 1
(3) If @ is odd and # = 2m + 1 is odd, then —El(hl) = — 5(2m +1)-

1 1
(@ — 2) €7Z, and the closest integers to — El(hl) are — 5 @Cm+1):

1
(a—2) % - Therefore the maximum multiplicity occurs for the roots

1 1
A=5{Cm+D@@—2) £ o=~ Cm+ Da, — o {@m + Da £ a,.
Also by part (b) of Proposition 5.1, we obtain the corresponding symmetries
for the root multiplicities. That is,
1 . 1 .
(1) mult(n, 5 na + ]) = mult(n, S na = ]),
(2) mult @m, ma + j) = mult(2m, ma — j),

(®) mult(2m + 1, (@m + Da + 1) + )

= mult(Zm +1, % {@m+1)a—1} —j)

ExampLE 5.2 Let a=3,n =2m + 1 = 5. Then the maximum multiplicity

1
occurs for the roots — Sa, — 0 {5:3 + 1}a, , which are — 5a, — 8a; and — 5a,
— 7a,. This can be seen in Table 1 where the corresponding values of j are j = 2

and 7 = 3. The column of the table is symmetric about these maxima. ]

Another view of the column symmetry is provided by considering directly the
action of the Weyl group. Let 7, ¢ = 0,1 be the simple reflections defined by
ra) = a— alh)a; where a;(h) = a;;. Let a = kya, + k,a; in g(a@), for some
fixed a. Then

(56.1) r(@) =a— 2k, — akya,.
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In particular, for &« = — nay, — (n + H,, as the roots are arranged in Tables
1-4, we have
n@=a— 2(—n—j —al—n)a,

(5.2) = —na,— ((@a— Dn —a,.

Hence mult(n, #n 4+ j) = mult(sn, (@ — )n — 5).
For example, for a = 3, n = 5, we have

mult(5,5 + /) = mult(5,10 — y) = mult(5,5 + (6 —j)).

as can be seen in Table 1.

Proposition 5.1 gives us that p — ¢ = A(%), but does not specify the integers
themselves. In order to determine the actual values of p and ¢, and thus the length
of the root-chain, we consider root lengths.

Let « = —na, — (n + ja, be a root in g = gla), for some fixed a = 3.
Then

(a, @) _

5 w+ n+ D — ann +

(5.3)
=Q—anhn+j + .

As discussed in Section 4, Moody (IM]) showed that for hyperbolic
(a, a)

Kac-Moody algebras « is an imaginary root if and only if <0, and, for

a, o
g(a@), a is a real root if and only if ( 5 ) =1

We may suppose without loss of generality, that j = 0. Then « is an imagin-
ary root (and exists, i.e. has non-zero multiplicity) if

. +Va"— 4
(5.4) j < n(y—1), wherey = f_____g____ (as in Section 2).

We also have that o is a real root if and only if

(a, a)

(5.5) B

=Q-anmn+j)+2=1.

This is equivalent to the condition that
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(a—2)+\/(az—4)+i2
(5.6) j=n[ 5 "]ez

If the right-hand side is integral, then there is a real root (with multiplcity 1)
—na,— (m+ Da,, for j=In(y —1)] +1 (where lz] indicates the greatest
integer less than or equal to ) and so p = ln(y — 1)] + 1.

If the right-hand side of (5.6) is not integral, then the last root in the chain is
imaginary and p = ln(y — 1) 1.

3+ 5
ExaMmpLE 5.3 Fix @ = 3. Then 7y = 2‘/_, and the right hand side of (5.6)

[1+/5+%
n

D) ] Thus, for n = 3,

becomes #

1+ [5+4

I
1+¢§>

and there is a (real) root with j = |3 ( 1 +1=5 Thatis, a = — 3, —

8a, is a real root of g(3). For n = 5,

[\]

4

1+ 5+§ﬂ

5[5
+
and so the last root has j = lu(y — D] =15 <1 2‘/§>J = 8. That is, @ =

ZZ

— b, — 13« is a root, but — 5y — 14q;, is not. UJ

§5.2. Multiplicity monotonicity

As consequence of the symmetry displayed above, we show that, as roots get
“larger,” their multiplicity increases. More precisely, for the roots a =
(m, n) and B = (k, ), we define @ < B if and only if m < k and # < . Then, in
the fundamental chamber, we have that if @ < B, then mult @ < mult 8. In general,
we have mult(m, #) < mult(m + 1, n + 1).

As in the previous subsection,we fix @ = 3, and consider the roots of the
algebra g(a). Making the identification of the point (m, #) with the root ma, +
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y=rx
P y=ax/2
Q y=x
R
y=2x/a
S
y=xly
Fig 1.

na,, from Section 4 we have that the imaginary roots of g(a) are the integral
points inside the cone P U @ U R U S of Fig 1. (See also Tables 8 and 9 for ex-
amples.)

Further, the analysis of the previous subsection showed that the root multipli-

) a
cities on a vertical line (that is, for a fixed m) are symmetric about the line y = 5

X, increasing monotonically as they approach this line. By symmetry of the root
system, the root multiplicities in the horizontal direction are therefore monotonic

2
and symmetric about the line y = RS A consequence of this observation is that,

if @ = (m, n) is a root in the fundamental chamber @ U R, then any root in the
region defined by the intersection of @ U R, x = m and y = #, has multiplicity at
least equal to that of a. Thus we have

PrOPOSITION 5.4.  Suppose &, 8 are in @ U R, with @ < B. Then mult @ <
mult B. U
Notice that Proposition 5.4 implies that if a = (n,, kn,) and B = (n,, kn,)

2 a
with n, > n,, (ie, @ and B both lie on the line y = kx), and Z <k< o then
mult & < mult 8. The Weyl reflection #; rotates (integral points on) a line y = mx

1 2
to (integral points on) a line y = (@ — m)x. In particular, if — < k < 2 S0 that a
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root « = (n, kn) € S, then 7, € @ U R. The remaining case is similar, and we
obtain

CoroLLaRY 5.5 Let @ = (ny, kn)), B = (n,, kn,) with n, > n,. Then mult
< mult 8. U

This observation was pointed out to us by V. Kac.
Now we may prove our general result.

ProposiTION 5.6. If @ = (m, n) and B= (m + 1, n + 1) are rots of gla),
a = 3, then mult o < mult B.

Proof. We may suppose without loss of generality than m = #. From above,
if m > ny, we must that m = |ny] + 1 and a is real root. Thus & has multiplicity
1 and mult 8 = mult @« = 1. From now on we will suppose that « (and hence f)
is an imaginary root.

Ifa€ QU R, then 8E€ @ U R, and by Proposition 5.4 we are done. Hence,
we may suppose & & Q U R. By the hypothesis that m = n, @ € S.

Consider the Weyl reflection #; and the root permutation o defined for a =
(m, n) by:

r(a) = (m, am — n),
(5.7)
ola) = (n, m).
Both ¢ and 7, preserve the root multiplicities. Geometrically, o is the reflection in

a
the line y = x, and 7, reflects a root vertically about the line y = 52

Define the following sequences:

(5.8) a, = a, BO.ZBv . |
;= (rnoa, B,=na'p G=1).

Recall the sequence {B,} from (4.2) and introduce the sequence {C,} defined by:

B,=0, B,=1, B,,,=aB,,,— B, (n=0),

(5.9)
CO = 1! Cl = 1’ Cn+2 = acn+1 - Cn (n 2 0)
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Then
a; = (B — B;_ym, B;.,n — B;m),

(5.10) ‘
B;=Bn—B_m+C;, B,n—Bm+C,), j=1.

Note that both {B,} and {C,} are positive and increasing for a = 3. Hence, @,
< B, for all j (and so oa; < of,).

2
Let n = (p,q) € S, and consider 7,07 = (g, ag — p). Since p € S, ¢ < b

Hence%qﬁp,aq—%qﬁpandaq—pégq.Thatis, rnon € QU RU S. In

1 1
fact, if q>a_1p, then aq — p > q and ron € @, and, if a_lpéq

a
2

a —2
Let s be the smallest non-negative integer such that 8, € @ U R. Note that,
although a, € S, it is possible that 8, € R. Then, for j < s, we have B, € S.

<

2
p, then ag — p = 29 and r,0m € R

CLam. IfB; €S, thena; € S.

Proof. Geometrically, B; =a; + (C;, C;,). Thus the slope of the line

; 2
joining a; to B; (recall a; < B,) is ~(’/%1 > 12> for @ = 3. Hence 3; is closer to
j

2
the line y = VEd than @;, and, if §; € S, then so is ;. U

If a; € @ U R, then we have a, < B, a,, B, € @ U R, and, by Proposition
5.4, we are done.

Now suppose a;, € @ U R. That is, ay € S. Note that, in general, for n =
(p, @ € S, r,on L7, but ar,on < 7, or, equivalently, 7,0m < o7. To see this, re-
call that since r,0m = (q, ag — p), we have ¢ < p, but ag — p may be greater

2 4 :
than g, However, ag — p < p, since ¢ < _ p. Hence, (r,0)’'n < o'n.

Let # be the smallest such that @, € @ U K. Then
a, < (ro) e, < 0 e, < 0’ B,

That is, either a, < B, or o, < . In either case, we have mult @ < mult 8. []
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CoROLLARY 5.7. Ifa = (m, n) and 8= (m + 7, n + J) are voots of g(a), a =
3 with j a non-negative integer, then mult o < mult 8. ]

§5.3. Multiplicity questions

In this final section we raise some questions concerning further possible re-

lationships among the root multiplicities for given algebras.

The analysis of Section 4 revealed a connection between the root multiplicity
and the root length. Specifically, we showed that an imaginary root of g(a@) of
length — 2k lies on the hyperbola #, and is W-conjugate to some root in £,. If
| 2,1 =1, all roots of length — 2k must have the same multiplicity. If | 2,] > 1,
this need not be the case and there may be roots of the same length, but with
different multiplicities. For example, the roots (9,17) and (11,11) of g(4) both
have length — 484, but have multiplicities 18900 and 18901, respectively.

A natural question is whether relationship between length and multiplicity is
monotonic. That is, does the multiplicity always increase as (the magnitude of) the
length increases? Geometrically, this would imply that the multiplicity of any root
“inside” a hyperbola is greater than or equal to the multiplicity of any root on the
hyperbola. In general, this is not true. We do not know of any counterexamples for
the algebras g(3) and g(4), but in g(5), the root @ = (3,7) has length — 2k =
— 94 and multiplicity 9, while the root 8 = (4,4) has length — 96 and multiplic-
ity 8. There are similar examples for a = 6 and 7. In view of the apparent ex-
ponential increase in multiplicity with respect to length, it would be very interest-
ing to discover precisely the conditions required for this to happen.

Note for comparison the mysterious formulas of [FF] and [FFR] for HA;D,
[KMW)] for E,,, and [KM] for HA.",

certain hyperbolic Kac-Moody algebras, the multiplicity depends only on the

which showed that, for roots of low level in
length of the root and increases monotonically with the root length.

In the previous section, we showed that root multiplicities increase monotoni-
cally along the linesy =x +j,j € Z,j = 0. It is also interesting to consider the
lines perpendicular to these, the integral points of which represent roots of a
given height £. It can easily be seen that, for the roots in the tables, the multiplici-
ties increase monotonically to maximum at (m, m) for t even, and (m — 1,
m + 1) for t odd. We believe that this may be true in general. That is, we have
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the following conjecture:

CONJECTURE 5.8. Let m, n be non-negative integers with m < n — 2. Then, for
any g(a@), a = 3, mult(m, n) < mult(m + 1, n — 1). 0

6. Root multiplicity tables

In this section we present some tables of root multiplicities of the rank 2
Kac-Moody algebras g(a) to illustrate the relationships explained in the text.

In Tables 1-7, we consider the roots of the form na, + (# + j)a, in various
different settings. First, in Tables 1-4, we consider the root multiplicities in a
given algebra as # and j vary. That is, we have a fixed @ = 3,..., 6 in each table.
For comparison, Table 5 then gives the root multiplicities for the same roots in
the free Lie algebra of rank 2. Tables 6 and 7 rearrange the roots to illustrate the
stability theorem of Section 3. Here we fix j = 0 and j = 1, respectively, and
allow a and # to vary. The stability .theorem and the precise relationships indi-
cated in (2.24) and (2.25) can be seen clearly.

Tables 8 and 9 present a different view of the algebras. In these tables we
give the multiplicities for roots written in the form ma, + na, for g(a), a = 3
and 4, with the regions P, @, R, S from Fig 1, and some of the hyperbolas #, su-
perimposed. The reader will easily be able to see Proposition 5.6 and the force of
Conjecture 5.8.

The root multiplicities were calculated using the Kacmoody algorithm of A.].
Coleman of Queen’s University. The program itself was written by R. McCann and
I. Wilmott, and modified by R. McCann and M. Roth. The algorithm is based upon
Berman-Moody’s formula (1.14).
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j\n |1 |2 |3 |4 5 6 7 8 9 10

0 1|13 |6 16 39 107 288 808 2278
1 11214 |9 23 60 162 449 1267 3630
2 1114 |9 27 73 211 600 1754 5130
3 0113 1|9 27 80 240 720 2167 6555
4 0|02 |6 23 73 240 758 2407 7554
5 00 |1 |4 16 60 211 720 2407 7936
6 010 |0 |1 9 39 162 600 2167 7554
7 0010 |O 4 23 107 449 1754 6555
8 01010 |O 1 9 60 288 1267 5130
9 01010 |O 0 3 27 162 808 3630
10 0010 |0 0 0 9 73 449 2278

Table 1
Root multiplicities for a = 4

j\n |1 |2 |3 |4 5 6 7 8 9 10

0 111 1(3 |8 23 64 195 590 1850 5861
1 112 |5 |13 36 106 321 995 3144 10088
2 11|12 |6 |16 50 151 480 1521 |4928 16070
3 112 |6 |20 63 202 660 2169 | 7185 23990
4 0116 |20 72 243 840 2860 9810 33605
5 011 |5 |20 75 276 995 3550 | 12590 |44498
6 0|0 (3 |16 72 283 1100 |4115 |15238 |55717
7 0102 |13 63 276 1137 | 4510 |17441 |66284
8 010 |1 50 243 1100 |4635 |18900 | 74886
9 0|0 [0 |5 36 202 995 4510 ]19409 |80600
10 010 |0 |2 23 151 840 4115 | 18900 |82543

Table 2
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Root multiplicities for @ = 5
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J\mn |1 |2 |3 |4 5 6 7 8 9 10
0 1113 |8 25 73 232 734 2400 7935
1 112 |5 14 41 125 395 1277 4207 14073
2 11217 |19 61 190 {625 2059 |6930 23511
3 113 |8 |26 84 276 | 928 3150 |10800 (37361
4 1 (219 |30 108 | 370 1300 |4540 |16005 |56536
5 012 1]9 |35 130 | 475 1725 |6250 |22628 |81950
6 0|18 {35 147 | 566 |2175 |8177 |30612 |113869
7 0|17 |35 156 | 650 |2612 |10262 |39725 |152243
8 0|0 |5 130 156 | 698 |2993 |12300 |49525 |195928
9 0|0 |3 |26 147 720 3275 | 14175 | 59400 |243339
10 |0 |0 |2 |19 130 | 698 |3425 |15645 |68625 |291685
Table 3
Root multiplicities for a = 6
J\n |1 |2 |3 |4 5 6 7 8 9 10
0 1|1 (3 |8 25 75 243 785 2616 8815
1 112 1|5 |14 42 131 421 1387 | 4654 15855
2 112 |7 |20 65 206 686 2297 7857 27111
3 11319 |29 94 312 1059 | 3641 |12660 |44450
4 113 111136 128 | 441 1557 | 5489 |19558 |69943
5 113 1(12 145 165 | 602 2189 | 7967 |29050 |106162
6 0|2 |12 |50 203 | 774 2951 11085 | 41594 | 155545
7 0 (2 |12 56 238 |966 |3283 |14904 | 57540 |220728
8 0|1 |11]|56 266 | 1143 | 4769 |19305 | 77028 |303534
9 0 (119 |56 284 | 1311 [5737 24228 (99932 |405426
10 |0 |0 |7 |50 290 | 1436 | 6664 |29389 | 125804 (526177
Table 4
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J\n |1 |2 |3 |4 5 6 7 8 9 10
0 11113 8 25 75 245 800 2700 9225
1 1 (2|5 14 42 132 429 1430 4862 16796
2 112 (7 |20 66 212 715 2424 8398 29372
3 1 1319 |30 99 333 1144 3978 13995 | 49742
4 1 13 |12 |40 143 | 497 1768 6288 22610 | 81686
5 1 |4 |15 |55 200 | 728 2652 9690 35530 | 130750
6 1 |4 18|70 273 | 1026 | 3876 14520 | 54477 | 204248
7 1 |5 (22|91 364 | 1428 | 5537 21318 | 81719 | 312455
8 1 |5 |26|112 | 476 |1932 | 7752 30624 | 120175 | 468611
9 1 {6 |30]140 | 612 |2583 |10659 [43263 | 173583 | 690690
10 1 |6 |35]168 | 775 |3384 |14421 | 60060 | 246675 |1001400
Table 5
Root multiplicities of g(a), for j = 0
a\n|1 |2 |3 |4 5 6 7 8 9 10
3 1 ]1 (3 |6 16 39 107 288 808 2278
4 1]1 |3 |8 23 64 195 590 1850 5861
5 11113 8 25 73 232 734 2400 7935
6 1 (1|3 |8 25 75 243 785 2616 8815
7 1 (1|3 |8 25 75 245 798 2683 9121
8 1 ]1 |3 |8 25 75 245 800 2698 9206
9 1 ]1 (3 |8 25 75 245 800 2700 9223
10 11113 |8 25 75 245 800 2700 9225
Table 6
Root multiplicities of g(a), for j = 1
a\n|1 |2 |3 |4 5 6 7 8 9 10
3 112 |4 23 60 162 449 1267 3630
4 1 (2 1|5 13 36 106 321 995 3144 10088
5 112 1|5 14 41 125 395 1277 | 4207 14073
6 112 |5 14 42 131 421 1387 4654 15855
7 112 |5 14 42 132 428 1421 4809 16522
8 1|12 |5 14 42 132 429 1429 4852 16732
9 112 1|5 14 42 132 429 1430 4861 16785
10 112 |5 14 42 132 429 1430 4862 16795
Table 7
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Roots of g(3)

— T T T T [ T 78

[

{ 449 808 1267

: “.288 449 600
162 21240

0.00 P TR RS P U N S SO S
0.00 2.50 5.00 7.50 10.00
Table 8
Roots of g(4)
10.00 T T 75 2486607 1521314475861
: 2 202 480 4
- 63 151 321 21
7.50
60
151 202 243
5.00
250 | i /% e e
0.00
0.00 2.50 5.00 7.50 10.00

Table 9
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