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SOME REMARKS ON ANGULAR RANGES AND SEQUENCES
OF p-POINTS FOR HOLOMORPHIC FUNCTIONS

H. YOSHIDA

1. Introduction

In this paper, we will give examples of holomorphic functions in the
unit disc having singular connections between the growth of maximum
modulus and angular ranges (Theorem A) as well as singular connections
between the growth of spherical derivative and sequences of p-points
(Theorem B).

Notation and preliminaries

In the following, we denote the unit dise {z:]|z| <1} by D, the unit
circle {z:|z] = 1} by C and the finite w-plane by W.

Let f(2) be holomorphic in D. The set of all values w e W such that
the equation f(z) = w has infinitely many solutions in a Stolz angle 4(%)
having the vertex at {eC is called the range of f(z2) in 4(¢), and is
denoted by R,.(f). The angular range A(f,?) of f(2) at {e C is defined
to be

A(f, C) = A((D) RA(c)(f) ’

where the intersection is taken over all Stolz angle 4(¢) having the
vertex at {eC.

For a number ¢ 0 <e<1, and a point 2’ ¢ D, we shall denote by
D(?’,¢) the open disc {z:]|2 — 2’| <e(l — |2’D} and shall denote by D*(z/,¢)
the open non-Euclidean disc with non-Euclidean center 2z’ and non-
Euclidean radius

1 14
—-lo .
2 gl——e

Let f(2) be meromorphic in D. A sequence of points {z,} in D is called
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a sequence of p-points for f(z) if there are two strictly decreasing se-
quences {L,}, {e,} satisfying L,—0 (n— 0),¢,—0 (n—o0) and there exists
a sequence {D,},D, = D(2,,¢,), of open dises in D, having the following
property: In each disc D,, the function f(z) assumes all values of the
Riemann sphere with the possible exception of two sets of values F,
and F', whose chordal diameters do not exceed L,. In the following,
because of the geometrical simplicity, we use this as a definition for a
sequence of p-points.

Remark. This definition is equivalent to the usual definition of a
sequence of p-points (e.g., see ([3], pp. 279)). This is evident from the
fact: Let 2z’ be a point in D and ¢ be a number satisfying 0 <e < }.
Then, we have

a.1n D(#’, %e) C D*(2,¢) C D(/, ¥/3e) .

Here, we shall give the proof of this fact.

Consider the linear transformation z = (¢t + 2)/(1 + 2’-t) from |t| < 1
to |z < 1. Then, since D*(2’,¢) is the image of the set {t:|t| < e} by 2z =
t + )/ + Z-t), any z, ze D*(2/,¢), satisfies the inequality

1 — |2 2.1t

"o t<a ’ < J/3TE(A — |2
Iz—zl——|1+z—,.t|ll_—( Izl)1 = [2]( [z’])
and
/ It ’2 [t] ,
z—2=—" A —-1ZPH=L2A-1|2).
o= ¥l 2 g = 12 = 5~ 12!

From these inequalities, (1.1) immediately follows.

In the following, we denote the maximum modulus of f(z) by M(r, 1),
M(r, f) = max,, ., | f(?)], and the spherical derivative of f(z) by f*(2),

oy - @1
@ =1 rar

2. Statements of results
A. Maximum modulus and angular ranges

THEOREM A. There exists a function f(z) holomorphic in D, whose
maximum modulus tends to infinity as slowly as one wishes, with the
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property: For every e C, A(f,0) = W.

This Theorem A is sharper than two results of Seidel ([7], Theorem
6 and Theorem 7) and a result of Yoshida ([8], Theorem 4). Further,
from (38.4) in the below and Remark in section 1, we see that this
Theorem A is sharper than two results of Lange ([6], Corollary V and
Corollary VII).

Let f(2) be holomorphic in D. By an angular Picard point of f(2)
we mean a point {e C at which the set W — A(f,?) contains at most
one value. Bagemihl ([1]) proved the existence of a holomorphic func-
tion y(2) in D with the property: Almost every and nearly every point
of C is an angular Picard point of y(z). But, from this Theorem A,
we obtain the sharper result: There exists a function f(z), holomorphic
m D, whose maximum modulus tends to infinity as slowly as one wishes,
with the property: Every point of C is an angular Picard point of f(z).

B. Spherical derivative and sequences of p-points

Gauthier ([3], Theorem 3) proved the following property: A function
f(z) meromorphic in D is normal if and only if f(z2) has no sequence of
p-points. Hence, we can say: For a function f(z) meromorphic in D,
A — |2Df*(z) is bounded in D if and only if f(z) has no sequence of p-
points. In comparison with this fact, we ask the following question:
How many sequences of p-points can appear by the unboundedness of
A — |2Df*(z)? The following Theorem B answers this question in a di-
rection.

THEOREM B. There exists a function f(z), holomorphic in D, such
that (1 — |z)f*(z) tends to infinity as slowly as one wishes, with the
property: For every {eC, every chord terminating at { contains a
sequence of p-points for f(z).

3. Proof of Theorem A

The proof of this Theorem A bases on the following Lemma 1 and

Lemma 2 which will be proved later.

LEmMMA 1. Let n, (k=1,2,3, --.) be an increasing sequence of posi-
tive integers satisfying

(a) N = Qk — 1)'ny, k=1,2,3,--), n,>n>1.
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Then, the function

18 holomorphic in D and has the property: For every e C,A(f,8) =W.

LEMMA 2. Let u(r) be any real, positive, increasing function defined
m 0 < r <1, such that

lim p(r) = oo .

-1

Let n, (k=1,2,8,-..) be an increasing sequence of positive integers

satisfying
(8) %—’Lﬁ-—gn (b =8,4,5-), m>n>1,
k-2 k-1
and
1 1
1— _) > (_ 42k+4) .
(r) ”( m) =P ge T
Then, the function
o @j-ny
3.2 - {1 - (#) }
3.2) J(®@ ,El 1=y

18 holomorphic in D and has the property: Foreveryr,1 — (1/ny) <r <1,
M(r, f) < ) .

Proof of Theorem A. For any real, positive, increasing function
w(r), lim, _, 4(r) = oo, defined in 0 < r <1, choose an increasing sequence
{n} of positive integers satisfying (a) in Lemma 1 and (B), (y) in Lemma
2. Then, we see from Lemma 1 and Lemma 2 that the function for

this sequence {n,}

L=

J

has the required properties.

Proof of Lemma 1. This infinite product (3.1) converges absolutely
and uniformly in every disc {z:|2| < r < 1}, and hence f(z) is holomorphic
in D.
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The zeros of f(z) are

_ 1 ) [ 2my ]
= (1 - _1). _ am
P ( ) P ek — Dm,

*k=12,38,..-;v=0,1,2,-. -,k — Dn, — 1) .
We denote the set {z;,}(» =0,1,2,...,2k — D)n, — 1) by Z,. We set
Iy, ={2:12 — 2,,,| <1/@2k — 1)*n;}
and denote by G the set

(

Cs

2k—-1)ng—1
D — UO Iy, .
y=

k=1

)

Now, we need the following Lemma 3 which will be verified later.

LEMMA 3. Let {¢;} be a sequence of positive numbers satisfying
lim;..e; = 0. Then, any sequence {z;}, z;€ Z;, contains o subsequence
{zi,} of {#z:} such that the image by f(z) in (8.1) of the disc D(2;,¢;)
covers W with the possible exception of a set {we W:y(w, o) < e,;}, where
x(w, o) denotes the chordal distance between w and oo.

We continue the proof of Lemma 1. Let ¢ be any point on C. For
any chord y terminating at {, we write

zk=xﬂ{z:|z|=1—i}.

k

Then, for some sequence {z;}, 2, € Z,, we have

M<(1__1_)_2”_«
1— |z = ) @k —1)

Here, we put

( 1 ) 2
Sj = 1 - ).
n;/ 25— 1)
Then, by Lemma 3, for this {¢;} and this sequence {z;}, we can choose
a subsequence {z;} of the sequence {z;} such that the image by f(z) in

(8.1) of the disc D(z},,¢;) covers W with the possible exception of a set
{weW: y(w, ) <¢;}. Hence, if we note the fact

D(%,e) C D(212+¢9) »
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we see that

the image by f(z) in (3.1) of the disc D(2,2-¢;) covers W with

3.3
3.8) the possible exception of a set {we W: y(w, o0) < ¢}

(Here, we remark the following fact: This (3.3) shows that {z;} is a
sequence of p-points for this function f(2). Hence, we obtain the con-
clusion that

for every e C, every chord terminating at { contains a sequence

(3.4) ] .
of p-points for f(z) in (3.1).)

This fact (3.3) shows that for any Stolz angle 4(¢) having the vertex at
¢, meeting with y, B, (f) = W. Thus we conclude that for any Stolz
angle 4(¢) having the vertex at ¢, R, (f) = W and hence A(f,{) = W.

Proof of Lemma 2. Let r be an arbitrary number satisfying
1-QA/n) £r<1. Put

p_l(z 1 1)
= (2 - 2 —
2 N N 41

and choose k& so that
0 =7 < Pra1 -
Here, we need the following Lemma whose proof will be given later.
LEMMA 4. This function f(z) in (3.2) has the property: For any
212l = (b 2 1),

@.5) | f(®)] < exp (91% + 42k+2> .

Now, from this Lemma 4 and (), we have

M(r, f) < M(pe,) < exp (9%6 + 4) < p(l - ni) < o) < (1)
(4

(1_ 1 §r<1).
n,

Thus, we obtain the conclusion of Lemma 2.

Proof of Lemma 8. First of all, by the method analogous to
Bagemihl, Erdos and Seidel ([2], pp. 137-138), we shall prove a prelimi-
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nary fact:

3.6) lim f(2) = oo .

For an arbitrary integer % = 1, consider the annulus

sz{z:l——1—§|z|<1— 1 }
g,

nk+1

and decompose the product (3.1) into four subproducts P,(2) ¢ = 1,2,3,4)
composed, respectively, of the factors corresponding to 1 <7<k —1,
j=kj=k+1,7 =k + 2, so that

3.7 1@ =j1jl P2 .

Let z,e R, N G. Now, we shall determine lower bounds for P,(z,) (¢ =1,
2,3,4).
First, we have

Pz ] {(F= )™ — 1)

i=t \1 — 1/n;
Here, from the inequality
(3.8) e < (1 _ »1_)*"’ <4
n;

and («), we obtain that for k = 5

(1 - Unk)(zj_l)nj > e”_1<1 - L)(%_3)%'1 > ¢4~ W=D > 4-0g > 9
1— 1/n, ng B -

Hence, we have for £k = 5
3.9 [Pi(z)] = (47"Pe — 1)F1,

Next, the function |P,(z,)| in the set obtained by deleting the discs
ry,»=01,23,.--,2k — n; — 1) from D, attains its minimum at
some point 5 on the circumference of one of these disc. Hence, we have

|Py(20)| = |1 — (i__v_l/n})@k-nm

’

where 7 is of the form
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1 . 2my 1
=(1— —) .ex [z ] el .,
7 ( w) P ek — ol T @k = Dy

Thus, it follows easily that

c

(3.10) [Py(20)| = (210—_1“‘1—)‘2

’

where ¢, is a positive constant.
By the similar argument, we have

¢
(3'11) IPS(zO)l g m ’

where ¢, is a positive constant.
Finally, we have

Pl = 11 {1 — (Mﬂ)w "1’”’} ,

J=k+2 1—1/n;

Here, from (3.8) and («), we obtain that for j >k + 2 and k& = 2,

(1 —_ l/nk+1>(2j—l)nj < 42j—1<1 _ 1 )(2'7_1)”/
1-— 1/7’&1 - Mg 41

< 425V gxp [— (k)]

< exp 225 — 1) — @k < %

and

i exp [2(2] — 1) — (2k)1+¥7F71] = gtk+2 i (6-24) @ 12k -1)/k
J=k+3 J=k+3
— etk+? = e~k (2k)2— (2/k) 1
]Zﬂ( )

é e4k+2 Z (e-Zk)j § 2'62 .
i=2

Hence, from the inequality
log(1 —x) > —22 o<ze<yP,

it follows that for k = 2

(8.12)  |Py(z)| = exp {—2j;2;2 exp [227 — 1) — (2k)‘”""“]} >e e >0,
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Thus, the relations (3.7), (3.9), (8.10), (3.11) and (3.12) yield

(4-neg — 1)k-1 k=5,

e N =

where ¢, is a positive constant, and this shows (3.6).

Now, we proceed to the proof of Lemma 3.

Since any circle {z: (2 — 2;,] = 1/@2k — 1)’n,} lies in G and f(z) has
a zero only at z,, in the disc {z: |z — 2;,,| <1/@k — 1)’n;}, the prelimi-
nary fact (8.6) and Rouche’s theorem (e.g., see ([5], pp. 254)) shows that
any sequence {2;}, 2, € Z;, contains a subsequence {z;} of {z;} such that the
image by f(z) of the disc {z:|z — 24,| <1/(2k; — 1)’n;} covers W with
the possible exception of a set {we W:y(w, o) <e¢,;}. Here, we can sup-
pose that the subsequence {z;} is chosen so that

1
1 <.
@k, —1y

Hence, if we pay attention to the fact

1

e — 2| <
{z Iz zkj] (2]0]——-1)2%]”

} C D(Z,e))

the image by f(z) of the disc D(z;,¢;) covers W with the possible ex-
ception of a set {we W: y(w, o0) <e¢;}. Thus, Lemma 3 is proved.

Proof of Lemma 4. Let k be an arbitrary positive integer. We
decompose the product (3.2) into two subproducts I;(z) (¢ = 1, 2) composed,
respectively, of the factors corresponding to 1<;<k+1,7=2k+ 2, so
that

(3.13) F2) = ﬁ 1) .

Let 2, be a point satisfying |z, = p,. We shall determine the upper
bounds for I,(z,) ¢ = 1,2).
First of all, from (3.8) we have

11(z))] < ’:[ji {1 + <T:'Tl17@)w_lm}

3.19) . .
<1 {1+4%7 <exp (Z 421—1> < exp (47%*?) .
j=1 =

Next, we have
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. (24 -)nj
Lz)| < {1 (p—k) } '
[1,(z))] = k]:L + 1—@A/ny
Here, since

(2] bny — (1 . 1/ 2. WM 41 )[ Z-nknk+1/(ng+1+nk)][-(ntc+1+ma)(2J'—l)nf/2~nknk+1]
Ny1 + Mg
< AL~ e+ 14 7) (2] =15/ 2 nkng 4 1]

by the fact analogous to (3.8), we have from (3.8) and (p)

1 \@i-Dny
(Pk/l — ) g 4~ @7 =D {[(nk+1+7k) Nk + 2~ 2 nENE + 11/ 2100k + 1}
J
=47 Gzk+2).

Hence, we have

(3.15)  |L@) = J]{L + 497} < exp [Z 47 1’] exp (5‘(%) k=1).

Thus, we obtain the conclusion of Lemma 4 from (3.13), (8.14) and
(8.15).

4. Proof of Theorem B

The proof of this Theorem B bases on Lemma 1 which was already
proved and the following Lemma 5 which will be verified at the end of
this proof of Theorem B.

LEMMA 5. Let {n;} (k=1,2,3,.---) be an increasing sequence of
odd integers satisfying (B), (¢) and (x), where

(¢) Menznt (k=1,23-., m>1,
() M =S 4@ — Dy, (k2 2).
j=1

Then, the function

f@@) = j]jl {1 _ ( Tj_(zfm;)_ )(2;‘—1>n,}

s holomorphic in D and has the property: Forany z, 1 — (1/n) < 2| <1,

(A — [2DS*(@) < (5-¢-4% + o)-exp (5(15_0 + 4) ,

https://doi.org/10.1017/5002776300001669X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300001669X

ANGULAR RANGES AND SEQUENCES OF 0-POINTS 79

where k is determined in such a way that

@.1) 1—%§|z|<1— 1

Ic N 41

and c is o positive constant.

Proof of Theorem B. For any real, positive, increasing function
2(r), lim,_, u(r) = oo, defined in 0 < r <1, choose an increasing sequence
{n;} of positive, odd integers satisfying (a), (8), (1), (¥) and (1), where

1 1
A (1 —__) > (5.¢.4%% 4+ ¢).e ( 42k+4) .
(1) 7 o > ( + 0)-exp (o +

Then, we shall prove that the function

© 1 z (25 ~Yyny
f(z)_jll{ - 1—(1/nj)) }
has the required properties.

First, since the sequence {n,} satisfies («), we see from (3.4) that for
every {eC, any chord terminating at { contains a sequence of p-points
for f(z).

Next, since the sequence {n;} also satisfies (B, (¢), () and (1), we have
from Lemma 5, (1) and (4.1) that for any value 2z, 1 — (1/n) < [2| < 1,

(1 = [2)/*@) S G4 + )-exp (5os + 444) < (1 — 1) < e,

where k is chosen as shown in (4.1).
These facts prove Theorem B.

Proof of Lemma 5. We shall prove this lemma by the method
analogous to Gavrilov ([4], Theorem 3). We put

9,(2) = zlj, {1 — ( #1/1@{) >(2i—l)n¢} .

Consider the derivative

=t (1 — 1/my)@i-bm 2I7Ing,(2)

Then, from (3.8) we have
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A —[zDf*() = A — [2D]f(2)]
é; (1 - 'z[)_4<zj—1)(2j - l)nj-lzl‘”'“"f"[ﬁ {1 + (1 —lf]l./n'))(m-l)m}] )

i=1

Here, from the fact that n, is an odd integer, we have
4.2) (A - [zDf*@ = M(z, /) ,Z:%(l — [2])-44971(2] — D), -|2|@I-Dms1
Now, we shall estimate the sum in (4.2)
I(z) = ,-21(1 — |2)-4¥71 25 — Dn;-|z|®-Dmt

Let 2,1 — (1/n) £ |#2| < 1, be given arbitrarily in D, and k be chosen
as shown in (4.1). We decompose I(z) into three partial sums I,(2)
(t=1,2,3) composed, respectively, of the factors corresponding to
1<jfk—-1L,kE<j<k+1,7=k+2, sothat

4.3) 1) = z L),

and we shall determine the upper bounds for I,(2) (i = 1,2, 3).
First of all, from (x) we have

4.4) L) < 15 e —1n, < 1.
nk j=1

Next, using the inequalities
@45 z<e%® for 0<2<1 and z.e¢=*<1 for 2>0,
we have

L) < e-4*7'(1 — |2D@2k — L)n;-exp [— (1 — |22k — 1)n,]
(4.6) + €- 4%+ (1 — |2D2k 4+ Dngyp-exp [— A — |22k 4+ Dny,]
< 5.¢-4%% .

Next, using (4.1) and (4.5), we have

LAIS 3 @] — Dny-exp [~ — [)(@] — Dy — 1]
< 3 127 — Dn, — 21, — 1]-exp [—(2" = D@y = 2:1.) = 1]
J5T+3 N 41
+ 37 [0i = 1)-2-mg,, — 1-exp [ - B = DO = 2%) = 1]
J=k+2 N yr
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L2 F exp [_(2]- — D0y — 21, — 1] _
J=k+2

M1
Here, from (), we obtain
(2] — Dy —2-m,) =1 =1 Gk +2)
and
Ny — 2Ny = Mgy — 2 Nypyy = 2Ny yy G=k+2).

Hence, we have

L@ S 5 1@ = Dy — 2-m) — 1]
-exp [~ (2] — Dty — 2mp,) — 1]

o0

4.7 + 2 [@f —1)-2-n,, — 1]-exp [—{@2] — 1)-2-m,, — 1}}]

J=k+2

+2: 3 exp [—{2) — Diny — 2w, — 1)
=k+
< 2-r z-exp (—a¥)-dx + 2-r exp (—ad).dx = ¢’
0 0
where ¢’ is a positive constant.
Thus, from (4.3), (4.4),(4.6) and (4.7), we obtain
“4.8) H@| <1+ 5-¢.4% 4 ¢’ =5.¢.4* + ¢,

where ¢ is a positive constant.
On the other hand, since {n,} satisfies (8), we have from (3.5) and
“.1)

-9 M2, /) < M(pi11 J) < exp (ﬁ) + 42’“4) :
Thus, we obtain from (4.2), (4.8) and (4.9)

a1- Izl)f*(Z) =< (5-¢-4%* + c)-exp (% + 42k+4) .
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