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Abstract

We study the locally analytic vectors in the completed cohomology of modular curves and determine the eigenvectors
of a rational Borel subalgebra of gl,(Qp). As applications, we prove a classicality result for overconvergent
eigenforms of weight 1 and give a new proof of the Fontaine—Mazur conjecture in the irregular case under some
mild hypotheses. For an overconvergent eigenform of weight k, we show its corresponding Galois representation
has Hodge—-Tate—Sen weights 0, kK — 1 and prove a converse result.
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1. Introduction

Let p be arational prime. In his pioneering work [Eme(06b], Emerton introduced completed cohomology,
which p-adically interpolates automorphic representations, and explained how techniques of locally
analytic p-adic representation theory may be applied to study it. In this article, we will focus on the
simplest (non-abelian) case: completed cohomology of the modular curves. More precisely, let K be an
open subgroup GL,(A ), where A ; denotes the ring of finite adéles of Q. We have the modular curve
of level K

Yk (C) = GLy(Q)\(H*! x GLy(A)/K),

where H*! = C - R is the union of the usual upper and lower half-planes. Denote by A‘;’. the prime-to-p

part of A ;. For an open subgroup K” of GLz(A?), the completed cohomology of tame level K7 is
defined as

A'(KP.Zp) =lim  lim  H'(Ykrk,(C).Z/p").
n K,cGLy(Qp)

It is p-adically complete and equipped with a natural continuous action of GL,(Q),). Our main tool
to study this will be (p-adic) Hodge theory. Hence, we would like to extend the coeflicients Q, to a

complete, algebraically closed field. So let C = C,,, the completion of an algebraic closure @ of Qp,
and Oc¢ be its ring of integers. Consider

H'(K?,Oc) :=lim  lim  H'(Ykrk,(C).Oc/p").
n K])CGLZ(Q]))

Then H'(K?,C) = H'(K?,Oc¢) ®o. C is a Q,-Banach space representation of GL2(Q,). As in
[ST03], we can consider its locally analytic vectors A (K?, C)'2. Let

o g =C®q, gl,(Qp): the ‘complexified” Lie algebra of GL(Qp);
o B c GL,(Qp): the upper-triangular Borel subgroup;
o b C g: the ‘complexified’ Lie algebra of B.

The Lie algebra g (in particular b) acts naturally on H? (K?”, C)' by the infinitesimal action of GL,(Q p)-
Given a character i : b — C, one main goal of this article is to study the p-isotypic part H (K?,C )}f‘.
We can pass to the direct limit over all tame levels K7:

al la ._ . i la
A= lim  H(KP,O)
Kr CGLz(A?)

Clearly, there is a natural action of GLg(A?) X B on it.

To state our result, we need more notation. The open modular curve Yk (C) has a natural compacti-
fication Xk (C) by adding cusps. This complete curve Xk (C) has a natural model Xk over Q, and we
denote by Xk ¢ its base change to C. Let k be an integer. We have the usual automorphic line bundle

https://doi.org/10.1017/fmp.2022.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.1

Forum of Mathematics, Pi 3

w* on Xk ¢ whose global sections correspond to level-K modular forms of weight k (with coefficients
in C). Denote by

— ; 0 k
My = lim  H(Xk.c,w),
KCGLz(Af)
Lo ky . : 1 k
H'(w") = lim  H'(Xgc,0),
KCGLz(Af)

where both limits are taken over all open compact subgroups of GL, (A ). Both spaces have natural ac-
tions of GL; (A r ) and relate to automorphic representations of GL;(A) (after choosing an isomorphism
C = C). Here A denotes the ring of adeles of Q.

We also need players which are special in this p-adic story: overconvergent modular forms. This will
be slightly different from the usual one in the literature as we want an action of the Borel B. We denote by
Xk the rigid analytic space associated to Xx c.LetI'(p") = 1+p"M>(Z,) € GL»(Z,,) be the principal
congruence subgroup of level n > 2 and let K” be a tame level. As explained by Katz—Mazur [KMS5,
Theorem 13.7.6], Xg»rr(pn),c has a natural integral model over Oc, and the irreducible components
of its special fibre can be indexed by surjective homomorphisms (Z/p")> — Z/p". We denote by
Xkrrpn),e € Xgpr(pn) the tubular neighbourhood of the non-supersingular points of irreducible
components of indices sending (1,0) € (Z/p™)? to 0. Let MZ (KPT'(p™)) be the space of sections of
w* defined on a strict neighbourhood of Xgpr(pn),.. Overconvergent modular forms of weight  are
defined as

MZ = h_H)l li_n}MZ(KpF(p”)).
KP cGLz(A;'Z.) n

One can check that there is a natural action of GL, (A?) X B onit.

Since modular curves can be defined over Q,, the absolute Galois group Gg,, = Gal(QT,, /Qp) acts
on C and everything we have defined and commutes with the action of GLZ(A;’) X B. Our main results
describe H'(C);* as a representation of GL, (A?) XBxGg,.

We need the following characters of GL, (A" ) x B for stating our result. Denote by ¢ : AJXC /Q%y — Z;,
the p-adic cyclotomic character (via class field theory, which sends a uniformiser / # p to a geometric
Frobenius). We define ¢ : GLy(Af) — Z[X, as € o det and view it as a character of GL; (A?) X B by
aq b
0 an
characters of GLg(Ai) X B by projecting onto B. We write - rather than ® when twisting by such a
character. One main result of this article is as follows. (This is obtained from Theorem 5.4.2 by taking
direct limit over all K”. There is a small difference as we do not put a Galois action on ey, 3, ¢ here.)

restriction. For i = 1,2, we define ¢; : B — Q; by sending ( ) € B to a; and view them as

Theorem 1.0.1. Let k € Z and let u = uy : b — C be the character sending (g Z) to kd. Assume

k # 1. There is a natural decomposition
H'Y(O), = Nt - €1 @ Ny (k = 1) - ey e5 711,

where (k — 1) denotes a Tate twist by k — 1. Moreover, we have the following description of Ny 1 and
Nk,w~'

(1) New = M;_kfor k # 2. When k = 2, we have
0 — M /My — Ni,,w = My — 0.
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(2) If k < —1, then there is an exact sequence
0— H' (") - Nig — MZ — 0.
) If k =0, then there is an exact sequence
0— H! (a)o) — Ni1— Mg/M() — 0.

@) Ifk > 2, then Nij = M | Mj.
All of the maps and isomorphisms here are GL, (A;) X B X Gq,,-equivariant.

One may view this as a Hodge—Tate decomposition into weight 0 and 1 — k components. Hence,
this is a p-adic analogue of the Shimura isomorphism. Our convention is that the cyclotomic character
is of Hodge—-Tate weight —1. We have a similar (Hodge-Tate—Sen) decomposition if £ ¢ Z (Theorem
5.4.2). Unfortunately, we can only determine half of the decomposition, which roughly is given by
overconvergent modular forms of weight 2 — k. We will give a definition of this space for nonintegral
weights in Definition 5.2.3.

When k = 1, we do not get a decomposition because of the existence of non-Hodge—Tate represen-
tations with equal Hodge—Tate—Sen weights. Here is our result (which follows from Theorem 5.4.6 by
taking the direct limit over all K7).

ab

Theorem 1.0.2. Suppose u = puy : b — C sends (O d

) to d. There is a natural exact sequence

0> Ny-ej't > HY(O)R > M -ei't >0,

where N sits inside an exact sequence:
0— M| /My - Ny - H'(w) > 0.

Moreover, let H' (C),llal’(l’o) cH' (C)/lf‘] be the pullback of M - e;lt c Mr . el’1 t, so that there is an exact
sequence

la,(1,0)

0— Ny-ej't > H(C):""Y - My et > 0.

Then (H' (C)}fl yCer c A! (C),],a]’(l’o). Again, all of the maps here are GL, (A?) X B X Gq, -equivariant.
In fact, we will generalise the usual Sen operator to this situation in Definition 5.1.5 and then show it is
nilpotent on A'(C),? and factors through the quotient M -e7'tand mapsitto M /My -e7't € Ny-e7't.
Both theorems give a concrete relation between completed cohomology and overconvergent modular
forms. As a first application, we are able to prove a classicality result for weight 1 overconvergent eigen-

forms. Fix a tame level K? = KSK s\{p} for some finite set of primes S containing p and suppose K S
is a maximal open compact subgroup of GLz(AJSC ), where A]Sc is the prime-to-S part of A . Denote by

Tkr :==Z,[GL, (A? )//KS] the abstract Hecke algebra of K*-bi-invariant compactly supported func-
tions on GLZ(A? ), where the Haar measure gives K® measure 1. Then Tk » acts on H! (Yx» k,(C),Z))
and we denote its image in Endgz, (HI(YKpr (©),Z,)) by T(KPK),) and let T := liile T(KPKp). It

can be shown that T is independent of S. Let 1 : T — @ be a Z,-algebra homomorphism. We can
associate to A a 2-dimensional semi-simple Galois representation

pa : Gal(Q/Q) — GL»(Q,)
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satisfying tr(p.(Frob;)) = A(T;)I~! for I ¢ S. Here T) = [KS ((l) (1)) K*S]and Froby is a lift of geometric
Frobenius at /. See Section 6.1.1 for more details.

. 12
Let M| (KP) = lim M (KPT(p")) and Ny = (

0 lp ) C GL»(Qp). We have the usual U ,-operator

acting on Ny-invariants by

Since T acts on H' (KP,Zp), it follows from Theorem 1.0.2 that T acts on MI (KP?). We denote by p,
the kernel of A and by M}L (KP)[pa] the A-isotypic part of Mf (KP).

Theorem 1.0.3 (Theorem 6.2.2). Suppose

o M;L (KP)[p2)No # 0 has a nonzero U -eigenvector;
op ’llGQp is Hodge—Tate of weights 0, 0.

Then A comes from a classical weight 1 eigenform, that is, M| (KP)[pa] # 0.

In the ordinary case, this reproves a result of Buzzard—Taylor [BT99]. Note that we do not assume the
U ,-eigenvalue is nonzero. This will allow us to attack the Fontaine-Mazur conjecture in the nonordinary,
irregular case.

Proof. We give a sketch of the proof here. We may assume p, is irreducible. Let u; be as in Theorem

1.0.2 and denote by 4 -t : T — Q,, the map which sends 7; to A(T;)I7!'. The key point is that by

the Eichler—Shimura relatlon HY(K?,C )M1 [Pas] = pa ® W for some W. Since p, is Hodge-Tate of
P

weights 0,0, we have H'(K?,C)2 [pa.] = H (C),l,a]’(]’o) [p1.:]. Now assume A is not classical. Then it
follows from the second part of Theorem 1.0.2 that

(M](KP)[pa] - €7 )™ = A (OO [pa 1M = AY(KP, O)ff [pa 1™ = pa @ WM.

By choosing suitable K” and taking suitable eigenvectors of Hecke operators U; and diamond operators
at ramified places, the nonzero U ,-eigenspace of the first term will be 1-dimensional by the g-expansion
principle. However, the corresponding subspace of the last term will always have dimension at least
dim p, = 2 if it is nonzero! Contradiction. This shows that A has to be classical. O

Thanks to Emerton’s work on local-global compatibility, we have a good understanding of
H'(KP,C)[p,] in terms of the p-adic local Langlands correspondence. Colmez’s Kirillov model then
shows that a U ,-eigenvector always exists (see Corollary 6.4.6).

Theorem 1.0.4 (Theorem 6.4.7). Suppose

o p, is irreducible;
o p,1|GQp is Hodge—Tate of weight 0, 0.

Then A is classical; that is, M1 (KP)[pa] # O for some tame level KP.

We say a Galois representation p is pro-modular if p = p, for some K?” and A. Combining Theorem
1.0.4 with work on promodularity of a Galois representation ([Emel I, Theorem 1.2.3], which is based
on previous work of Bockle, Diamond-Flach—Guo, Khare-Wintenberger and Kisin), we give a new
proof of the Fontaine-Mazur conjecture in the irregular case under some mild hypotheses.

Theorem 1.0.5 (Theorem 6.4.8 and Corollary 6.4.9). Let p > 2 be a prime number and p : Gal(Q/Q) —
GL2(Qp) a continuous irreducible 2-dimensional representation. Assume
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(1) p is unramified outside of finitely many primes;

(2) detp(c) = —1 for a complex conjugation ¢ € Gal(Q/Q);

3) p|GQp is Hodge—Tate of weights 0, 0;

(4) the residual representation ﬁlGa](@ 1)) is irreducible;

(5) (ﬁIGQp )*$ is either irreducible or of the form ny @ n, for some characters ny,1n, satisfying

m/m # 1wl

Then p is modular in the sense that it is isomorphic to the representation attached to a classical weight
1 cuspidal eigenform by [DS74]. In particular, p has finite image.

Remark 1.0.6. This result was already known by the work of Pilloni—Stroh [PS16]. Before their work,
much work on this problem was done in the ordinary case (Buzzard—Taylor [BT99], Calegari—Geraghty
[CG18] and others) and has been generalised to the case of Hilbert modular forms. I hope this article
gives a new perspective on this problem.

If the results of this article can also be generalised to Hilbert case, one should be able to remove the
last two conditions by invoking our previous work on promodularity [Pan19].

For overconvergent eigenforms of weight not necessarily 1, we have the following result.

Theorem 1.0.7 (Theorem 6.4.11). Suppose p, is irreducible and M]Z (KP)[pa] # O; then p,ll(;Qp has
Hodge—Tate—Sen weights 0, k — 1. Conversely, suppose

o p /llGQI’ is irreducible and has Hodge—Tate—Sen weights 0,k — 1;

then M, (KP)[pa] # 0.

Remark 1.0.8. As pointed out by a referee, Gouvéa in [Gou94, Conjecture 4] conjectured that the
Hodge-Tate weights of the Galois representation associated to an overconvergent eigenform of weight
k are 0, k — 1 and guessed that this should be an equivalence. Our result confirms his conjecture and his
guess under the given hypotheses.

We note that Sean Howe also proved Gouvéa’s conjecture in [How?21] independently. Recently, we
found a more direct way to prove Gouvéa’s conjecture in [Pan20] using Scholze’s fake-Hasse invariants.
But the method in [Pan20] does not seem to be enough to give a converse result. Indeed, one key
ingredient in our proof of Theorem 1.0.7 here is Colmez’s Kirillov model [Col 10, Chap. VI], which is
a deep result in p-adic local Langlands correspondence for GL>(Q),).

Now we explain our strategy to compute A (C)}f‘. As mentioned before, our main tool is p-adic Hodge

theory. Fix a tame level K”. By the work of Scholze [Sch15], there is an adic space Xxr ~ liLnK Xk p Kp
P

(the modular curve at infinite level) with Hodge—Tate period map myt : Xxkr — FC = P!, where #¢

denotes the adic space associated to the flag variety of GL;/C. Let Okr be the pushforward of the

structure sheaf of Xk along myt. Then Scholze shows that there is a natural isomorphism

H (KP,C) = H (Ft, Ok»),
where the right-hand side is computed on the analytic site of #¢. In order to study the (GL,(Q),)-)locally
analytic vectors, we consider the subsheaf of locally analytic sections Olfép C Okp (Section 4.2.6).
Theorem 1.0.9 (Theorem 4.4.6). There is a natural isomorphism

A (KP,C)"* = H (7, O8,).

la

Next we need a careful local study of the sheaf OF . This part is largely inspired by the work of
Berger—Colmez [BC16]. There are two key ingredients:

1 (91,§ » satisfies a differential equation on F;
(2) an explicit description of sections of (9'12 » (Theorem 4.3.9).
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We will only explain the differential equation in detail here. It turns out to be nothing but the horizontal
nilpotent subalgebra. To be more precise, we follow some constructions on the flag variety from [BB&3].
Recall g = gl,(C). For a C-point x of the flag variety Fl of GL,/C, let by, n, C g be its corresponding
Borel subalgebra and nilpotent subalgebra. Let

g’ := Op ®c g,
8 := {f € ¢’ | fr € by, forall x € FI(C)},
n% = {f € g°| fx € ny, forall x € FI(C)}.

By abuse of notation, we also view these as vector bundles on F¢. Then g° acts on (’)';’{,, in an
obvious way.

Theorem 1.0.10 (Theorem 4.2.7). n° acts trivially on (’)1;} p-

In fact, we will show the existence of such a differential equation in a very general setting.
Theorem 1.0.11 (Theorem 3.1.2). Suppose
o X =Spa(A, A*): a I-dimensional smooth affinoid adic space (over Spa(C, O¢));
o G: a finite-dimensional compact p-adic Lie group;
o Spa(B, B*): a Galois pro-étale perfectoid covering of X with Galois group G.
Then under some smallness assumption on X (cf. Section 3.1.1), there is an element of B ®q, Lie(G)

that annihilates the G-locally analytic vectors in B. It is nonzero if Spa(B, B*) is a locally analytic
covering in the sense of Definition 3.5.4.

Remark 1.0.12. This can be viewed as a p-adic analogue of the Cauchy—Riemann equation in classical
complex analysis. See also Remarks 3.1.4, 3.1.7 for the relation with classical and relative Sen theory
(also called the p-adic Simpson correspondence in the literature). We can also allow some ramification;
cf. Theorem 3.1.2.

Example 1.0.13. One simple example is
o X = Spa(C(T*"), Oc(T*")), the 1-dimensional torus;
= . s s L s L
o X =Spa(C{T™r™), Oc(T rT)), the perfectoid inverse limit of Spa(C{(T~?" ), Oc({T~?™));
o G=Zp.
In this case, the G-locally analytic vectors in C (Til%"“) are the smooth vectors |,,,eny C (Ti#). Our
differential operator is simply a generator of Lie(G).

Back to the flag variety. Since n° acts trivially on O ,, there is an induced action of b*/n® = h® Oz,
where }) is a Cartan subalgebra of g. We choose it as the Levi quotient of b; that is, the diagonal matrices.
Hence, we have an (horizontal) action 8y of h on (91;} »- By Harish—Chandra’s theory, this action is closely
related to the action of the centre Z(U(g)) (Corollary 4.2.8). In the study of cohomology of locally
symmetric spaces, the infinitesimal group action is related to Hodge theory. Our next result gives a
p-adic Hodgetheoretic interpretation of 6.

Theorem 1.0.14 (Theorem 5.1.11). 6’1)((8 (1))) is the unique Sen operator on the cohomology
H(F,0%,) = A (KP,C)" for any i.

Remark 1.0.15. Since the usual Sen operator is defined for a finite-dimensional C-semilinear repre-
sentation of GQP, we will generalise this notion to this situation in Definition 5.1.5. For example, for
any finite-dimensional C-semilinear subrepresentation V of Gg,, in Hi(KP,C)", this result implies that

00
O ( ( 0 1)) agrees with usual Sen operator when restricted to V. We also sketch a more direct construction

of the Sen operator on H*(K”, C)" in Remark 5.1.16.
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Remark 1.0.16. In Beilinson—Bernstein’s theory of localisation (see Section C of [Bei84]), (9'12 pisa
2-module. Note that everything here is also GL,(Q),)-equivariant. Hence, we obtain a (2, GL»(Q)))-
module on F¢, which is very similar to the picture in the complex analytic setting (for example, the
work of Kashiwara—Schmid [KS94]).

As a corollary, this implies that on the locally analytic vectors in the completed cohomology, the
infinitesimal character of GL2(Q),) (i.e., action of Z(U(g))) and the infinitesimal character of Gg, (Sen
operator as an element in the centre of ‘C ®q,, Lie(Gq,)’) are closely related. This directly implies the
(Hodge—Tate) decomposition in Theorem 1.0.1.

Remark 1.0.17. The same strategy of this article should give Theorem 1.0.11 for higher dimensional
rigid analytic varieties, Theorem 1.0.10 for general Hodge—Tate period maps and Theorem 1.0.14 for
Shimura varieties of Hodge type. I plan to report about this in a future paper. We also note that the
relation between the action of the centre of the universal enveloping algebra and Sen operator on the
locally analytic vectors in the completed cohomology (not necessarily of the modular curves) was
already vastly studied by Dospinescu—PaSkiinas—Schraen in [DPS20].

After writing up this article, I was informed by Sean Howe that very recently he also obtained some
part of Theorem 5.4.2 and the easier direction of Theorem 1.0.7 in [How21].

For people who are interested in the relation between our work and the higher Coleman theory
recently developed by Boxer—Pilloni in [BP21], it is worth pointing out that one can show that the
Ni,1 (k > 2) in Theorem 1.0.1 and N; in Theorem 1.0.2 are nothing but the direct limit of the first
cohomology of w* on X » r(pm With support in the closure (in the adic topology) of Xk rr(pm),c. See
also [Cam21, Theorem 1.0.3].

This article is organised as follows. We first collect some basic facts about locally analytic vectors in
Section 2. One important notion is a derived functor R? @ of taking locally analytic vectors introduced
in Definition 2.2.1.

In Section 3, we explain how to derive the differential equation claimed in Theorem 1.0.11 from
relative Sen theory. Along the way, we also prove a vanishing result for R € which later will be used to
prove Theorem 1.0.9. Nothing is new in the sense that all of the techniques were probably well-known
in Sen’s theory.

In Section 4, we apply our theory developed in the previous section to modular curves at infinite level.
The computation of the differential equation in this case is a simple reinterpretation of an old result of
Faltings. We also give an explicit description of the sections of (911? » and use it to prove Theorem 1.0.9.

In Section 5, we first give a proof of Theorem 1.0.14. Using our explicit description of Ollg p, it s

easy to verify that 6y ( (8 (1))) behaves as a Sen operator on (’)112 » and its cohomology. Next we compute

H' (K?,C )}j‘ Fix a character y € h* and denote by O™X the 0y = x-isotypic part. Let n be the nilpotent

KP
subalgebra of b. Basically we are reduced to computing the n-cohomology of the sheaf (’)1131),‘ and the

cohomology of the n-invariants and n-coinvariants of Olla(ff on ¢ (at least for nonsingular weight).

In Section 6, we give the global applications mentioned earlier. To do this, we need Emerton’s work
on local-global compatibility and Colmez’s work on Kirillov models. It should be mentioned that we
slightly generalise Emerton’s local-global compatibility result so that it is now valid when localised at
a Eisenstein maximal ideal.

Notation

Fix an algebraic closure Q of Q. Denote by G the absolute Galois group Gal(@/Q). For each rational
prime [, fix an algebraic closure Q; of Q; with ring of integers Z;, an embedding Q — Q; which
determines a decomposition group Gg, C Gq at / and a lift of geometric Frobenius Frob; € Ggq,. Our
convention for local class field theory sends a uniformiser to a lift of geometric Frobenius. We denote by
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& the p-adic cyclotomic character Gg — Z; and, by abuse of notation, also the corresponding character
A} /QZ%, — Z}, via global class field theory. Similarly, we denote by &, the p-adic cyclotomic character
Gg, — Zj andalso the character Qj; — Zj; sending x to x|x|. Suppose S is a finite set of rational primes.
We denote by Gg,s the the Galois group of the maximal extension of Q unramified outside S and co.

All completed tensor products mean ‘p-adically completed tensor product’. For example, if V and W
are two Q,-Banach spaces, then V@Qp W = (liﬂln(V" ®z, W?/p")) ®z, Qp, where V° and W denote
the open unit balls of V and W.

If p: ' = GL,(Qp) denotes a continuous representation of a profinite group I', we denote by
P — GLZ(I_FP) the semi-simplification of its residual representation, which is well-defined up to
conjugation. If p*¢ is irreducible, we simply write p. Here ]i:*“p denotes the residue field of Z p-

For an adic space X, an open set V C X and a sheaf F on X, we sometimes write F(V) instead of
H°(V, F). For example, Ox (V) denotes analytic functions on V.

For atuple k = (ky,--- , kyq) € N¢, we denote the sum Zid:1 k; by |Kk|.

Suppose G is a group and f is a function on G (valued in some group). Let g € G. The left translation
action of g on f is denoted by ‘g - f, which sends x € G to f(g~'x). Similarly, the right translation
action of g on f is denoted by "g - f and sends x € G to f(xg). Note that both actions are left actions.

2. Locally analytic vectors

In this section, we collect some basic results in the theory of locally analytic representations studied by
Schneider and Teitelbaum [ST02, ST03]. We will first recall the (naive) definition of locally analytic
functions on a compact p-adic Lie group, following Subsection 2.1 of [BC16]. Then we will introduce
a derived functor of taking locally analytic vectors.

2.1. Definition and basic properties

2.1.1. Let G be a p-adic Lie group of dimension d. By Theorem 27.1 of [Sch11], there exists a compact
open subgroup G of G equipped with an integer-valued, saturated p-valuation. As a consequence, there
exist g1, -+, 84 € Gy (an ordered basis) such that the map c : Zg — G defined by (xq,- - ,xg4)
gf' » -g:l" is a homeomorphism. Let G,, = Gg" = {gP",g € Gy} for n > 1. This is in fact a subgroup,
and ¢ 1(G,) = ( p"Zp)d . S0 {G, }, forms a fundamental system of open neighbourhoods of the identity
element 1 in G. We will fix such a c in the following discussion, but all of the definitions we make below
will not depend on the choice of c. See Section 23 and Section 26 of [Sch1 1] for more details.

If B is a Q,-Banach space with norm || - ||, we denote by € (G, B) the space of B-valued continuous
functions on G, and by €*(G,, B) the subspace of B-valued analytic functions. More precisely,
f : G, — Bis analytic if its pullback under ¢ can be written as

k k
x=(x1,00e0xa) € (P"Z) e Y bl
k=(ki, ,ka) eNd

for some by € B such that p"lp, — 0 as |k| — co. We define || f|lg, = supxeya ||p"*!bk|| and
€ (Gn, B) is a Q,-Banach space under this norm. There is a natural norm-preserving isomorphism
" (G, Qp)éQpB = ¥* (G, B) induced by the Q,-linear structure of B. When B = Q,,, the usual
point-wise multiplication of two functions defines a natural Q,-algebra structure on €*"(G,, Q).

To see this definition is independent of the choice of gi,--:,gq, we introduce another set of
coordinates of G, given by the the exponential map. These coordinates are called coordinates of the
first kind in Section 34 of [Sch11]. More precisely, let Lie(G) be the Lie algebra of G and consider the
logarithm map

log : Gy — Lie(G),
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which is a homeomorphism onto its image. In fact, its image log(Gy) is a free Z,-module with a basis
log(g1),--- ,log(ga). Hence,

e Z% — Go, (y1.-++ »ya) — exp(y1log(gr) + - - + yalog(ga))

defines a homeomorphism. Here exp is the inverse of log (exponential map). Under this parametrisation,
G, is identified with the image of ( p"Zp)d . As before, a function on G, is called analytic if its pullback
under e can be written as a power series in y; with certain growth conditions on its coefficients. This
definition of analyticity agrees with the previous definition as the transition functions between the
coordinates (x1,--- ,xq) and (y1,- -+, yq) are given by convergent power series with coefficients in Z,;
cf. Proposition 34.1 of [Sch11].

Different choices of ordered bases gi, - - , gq give rise to different bases of log(Gy) over Z,, (as a
Z,-module). It is easy to see now that €*"(G,, B) and || - ||, are independent of choice of an ordered
basis. As a corollary, €*"(G,, B) and || - ||, are invariant under both the left and right translation
actions of Go. We sketch a proof for the left translation by G here. The case for right translation and
general n will be exactly the same. Let x be a nontrivial element of Gy. It suffices to prove the claim
under the assumption that x is not a pth power. Choose an ordered basis g1, - - - , g4 with g1 = x. This is
possible by our assumption on Gg; see Section 26 of [Sch11]. To compute the left translation action of
x, we are essentially reduced to the case Gy = Z,,, which can be verified directly. In fact, this argument
shows a bit more.

Lemma 2.1.2. For any integer n > 0, let €*"(G,,Q,)° € €*"(G,,Qp) be the unit ball with

respect to the norm || - ||g,. Then both left and right translation actions of Gy are trivial on
€*"(Gn,Qp)°/p-
Proof. One can reduce to the trivial case G,, = Z,, by the same argument. O

The following density result will be used later.

Proposition 2.1.3. For n large enough, there is a dense subspace li_n)lkeN Vi € €*(Gn,Qp), where

each Vi is a finite-dimensional subspace of €*" (G, Qp) stable under both the left and right translation
actions of G, and such that for any k,l € N, fi € Vi, fi € Vi, we have fi fi € Vi

Proof. This is essentially proved in the proof of Theorem 6.1 of [BC16]. We recall their argument here.
The rough idea is to reduce to the case G = GLy (Z,), in which case the algebraic functions on GLy
are dense in the space of analytic functions.

For n large enough, we may find an embedding G, into 1 + p>My (zp) € GLn(Z),) for some N,
where My (Z,,) denotes the space of N X N matrices over Z,. We sketch a proof of this well-known
result here because it seems to lack a suitable reference. By Ado’s theorem (Section 7, 3, Theorem 3
of [Bou60]), there is a faithful representation of Lie(G) over Q;‘EN for some N. Choose n large enough
so that log(G,) maps to p>My (Z,). Then this Lie algebra morphism can be integrated to a group
homomorphism G,, — 1+ p>My (Z), which is necessarily a closed embedding. This can be deduced
from results in Section 31, notably Theorem 31.5 of [Sch11].

Fix such an embedding. G,, is now viewed as a subset of My (Q),). For k € N, let Vi be the space
of Qp-valued functions on G, that are restrictions of polynomials of degree < k on My (Q,). Here we
identify My (Q,) with an affine space of dimension N? (over Qp). We claim that the union of all Vy is
dense in €*"(G,, Q). To see this, note that the space of polynomial functions on My (Q,,) is dense in
(1 + p*My (Z ») Qp) when restricted to 1 + p*Mn(Z »). Hence, its pullback under the exponential
map is dense in € (p> My (Z,), Q,). As the image of € (p>*Mn (Z,), Q) — € (log(Gr), Qp) is
dense, this implies our claim.

It is clear from the construction that all V} are stable under left and right translation actions and
closed under multiplications. O
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2.1.4. Now if B is a Qp,-Banach space equipped with a continuous action of G,, then we denote by
BCn~3" c B the subset of G ,-analytic vectors. One can define this as follows: there is a left action
on €*(G,,B) by (g- f)(h) = g(f(g™'h)),g.h € G, f € €*(G,,B). We define B2 as the
image of €"(G,, B)®* — B under the evaluation map at the identity element in G,. Equivalently,
v e BO W if f, - G, — B, f,(g) = g v lies in (G, B). It is clear that || - ||, induces a norm
on B¢»~3 which we denote by the same notation. Now G,, acts on BE»~3 = €4(G,,, B)®" by right
translation. One checks easily that this action is unitary and equivariant with respect to the inclusion
BCn—an c B,

We say B is an analytic representation of G, if B = BO»~",

One has the following lemma (cf. Lemme 2.4. of [BC16]).

Lemma 2.1.5. Let B be a Banach representation of G,,. If b € B then

(1) b € BGm—an,

@ 1bllG,. < lIbllG,-
3) Ibllg,, agrees with the norm of b in B for m sufficiently large.

Definition 2.1.6. Suppose B is a Banach representation of G. The space of locally analytic vectors in
Bis B = | J,;5 B9~ with the direct limit topology.

Remark 2.1.7. If B is a representation of G, then B'* can be defined by restricting to the action of Gj.
It is easy to see that B' is independent of the choice of G and B' is G-stable.

The Lie algebra Lie(G) acts on the locally analytic vectors. One can check this in the universal
case (G, Q,). Indeed, one writes B9~ = (€*(G,,Q,)®q, B)". The Lie algebra action of
Lie(G) on B®»~® comes from the action on €**(G,,, Qp) induced from the right translation action.
The following lemma is Lemme 2.6 of [BC16].

Lemma 2.1.8. Suppose B is a Banach representation of Gy. If D € Lie(G) and n > 1, then there exists
a constant Cp_, such that ||D(x)|lG, < Cp.allxllG, for any x € B,

The following example will appear naturally later.

Example 2.1.9. Suppose G = Gy = Z,, and B is a Q,-Banach space representation of Z,. Let B be
the open unit ball of B. Suppose there exists an integer m > 0 such that

(y-1D"-(B?) c pB’

for any y € Zp. Then B is an analytic representation of pth for h sufficiently large. To see this, it
suffices to prove that B is an analytic representation of Z, if (y — 1) - (B°) C p*Be forany y € Zp. Let
y=1€Z,. Forany f € B, consider g : Z, — B defined by g(x) = 3,5, (2) (y = 1) - f. One checks
easily that g is analytic and g(x) = x - f. Hence, f € BZ»~® and B = B*» ™",

2.2. Derived functor

Let G, Go, G, be as in the first paragraph of Section 2.1.1 and let B be a Q,,-Banach representation of G.
Recall

B" = lim B9~ = lim(B®q, 6" (G, Q)" = lim Hoon (G, B8, € (G, Qp)).

Write 22 (B) = B'®. We can also consider the following ‘right derived functor’ of 2.

Definition 2.2.1. For a Q,-Banach representation B of G, let

R'QU(B) := lim H{; (G, BOG, € (G, Qp)).

n
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We say B is

o LU-acyclic if R'QA(B) = 0,i > 1;

o strongly 8U-acyclic if the direct systems {H! (G, B@Qp G (Gn,Qp))}n,i > 1 are essentially
zero; that is, for any n, the image of H' (G, B®g, €™ (Gp, Qp)) — Hi\ (G, B®g, €™
(G, Qp)) is zero for sufficiently large m > n.

We put a quotation mark on right derived functor as we do not plan to discuss the abelian category
we are working with. Clearly, R’ @A measures the failure of exactness when taking the locally analytic
vectors and does not depend on choices of Gg. This ad hoc definition will be enough for our purpose in
view of the following simple lemma.

Lemma 2.2.2.

(1) Suppose 0 — M° — M' — M? — 0is a short exact sequence of Qp-Banach representations of G
with G-equivariant continuous homomorphisms (which are necessarily strict by the open mapping
theorem). Then there is a long exact sequence:

0— (M) — (MY — (M*)* - R'8UM") - R'EAM") > R'LAM?) — ...

(2) Let M® be a bounded chain complex of Q,-Banach representations of G with G-equivariant strict
homomorphisms. If M9 and HY(M*) are @0-acyclic for any q, then (H? (M*))'"® = H1((M*)'?).

(3) Let 0 - B — M° — M' — ... be an exact chain complex of Qp-Banach representa-
tions of G with G-equivariant strict homomorphisms. Assume M7 is &W-acyclic for any q. Then
RIQA(B) = H'((M*)'?). Moreover, if all M9 are strongly U-acyclic and the direct systems
{HI(M*)Gn=a)} i > 1 are essentially zero, then B is strongly @0 -acyclic.

Proof. For the first part, since all of the homomorphisms are strict, H (M*°) can be killed by a bounded
power of p, where M*° denotes the open unit ball of M*. Therefore, M* @Qp €*(Gn,Qp) remains
exact for any n and we obtain the desired long exact sequence by taking G,,-cohomology and passing to
the direct limit over n.

The second and third parts follow from the first part by a simple induction argument. For example,
one can prove that the kernel and image of M9 — M9*! are 8 A-acyclic by induction on g. This certainly
implies that (H9(M*))" = H7((M*)'%). We leave the third part as an exercise. O

A result of Schneider—Teitelbaum says that admissible representations are €-acyclic (Theorem 7.1
of [STO03]). In fact, their argument also essentially proves strong £U-acyclicity.

Theorem 2.2.3. Any admissible Q,-Banach representation B of G is strongly LU-acyclic.

Proof. Since B is admissible, there is a Go-equivariant embedding B — € (G, Q) ®d for some d. Then
the quotient C is an admissible Q,-Banach representation of Gg. Note that € (Go, Q,) = € (G, Qp)@d"
as a representation of G,, for some d,,. It follows from Shapiro’s lemma for continuous cohomology that
H 1 (Gn, B (Go,Qp)80, €™ (Gr, Qp)) = 0. Hence,

(%(GO,Qp)ﬂ)d)Gn_an—>CG"_an—>Hgom(Gn,BéQl,%an(Gn,Qp))—>0-
By Corollaire IV.14. of [CD14], we have an exact sequence
0= B™ — (€(Go.Qp)*")™ — ™ 0.
See [CDI14, §IV] for the notation here. One can check CEr—2 < (D) c  (CGnu-an
This means that the image of (%(GO,QP)$d)G"+1_a“ in CY=~a contains C%»~2". Hence,

Hclom(Gn, B@Qp%a“(Gn, Qp)) — Hgom(G,H] , B@JQP € (Gn+1,Qp)) has zero image. A simple induc-
tion on cohomology degree i > 1 proves the theorem. O

We need the following variant for later applications.
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Corollary 2.2.4. Let B be an admissible Q,,-Banach representation of G and M be a Qp,-Banach space
with trivial G-action. Then B@)Q , M is strongly 8U-acyclic.

Proof. Let B° be the unit open ball of B. Take n large enough so that B® is G,-stable. We claim
that HZ, (G, B°) is a finitely generated Z,-module and hence has bounded p-torsion. Indeed, since
B is admissible, there exists a Z,[G,]-equivariant injection B° — %(Gn,Zp)GBd for some d, whose
quotient is p-torsion free. An induction argument on i implies the finiteness here. It is well-known that
H? (G, B) can be computed by a cochain complex (6(G n,AB)eai ,d"). Thisis a st/r\ict complex because
(€(Gn,B%)®,d") computes He, (G, B®). Since €(G,, B®g, M) = €(G,, B)®qg, M, we know that

(6(G,, B)@’@Qp M,d" ® 1) computes H:  (Gp, B@Qp M). Therefore,

0
Hc.ont(Gn’ BéQpM) = Hc.ont(Gn’ B)§QPM'

Our claim now follows from the previous theorem. O

3. Locally analytic vectors and relative Sen theory

The main goal of this section is to generalise results of Berger and Colmez [BC16] and Sen [Sen81] in
the 1-dimensional geometric setting. The main result roughly says that the locally analytic vectors satisfy
a differential equation given by a (relative) Sen operator. We claim no originality for most results here.
One strong tool in these works is the theory of decompletions. We will review the Tate—Sen formalism
of Berger—Colmez [BCO08], which is flexible enough to handle our situation. As an application, we will
show that taking locally analytic vectors is exact under certain conditions.

The results of this section are closely related to the work of Faltings [Fal05], Abbes—Gros—Tsuji
[AGT16] and Liu—Zhu [LZ17] on p-adic Simpson correspondences. See Remark 3.1.7.

3.1. Statement of the main result

3.1.1. Fix a complete algebraically closed non-Archimedean field C of characteristic zero. Recall that
a non-Archimedean field is a topological field whose topology is induced by a non-Archimedean norm
| - | : C — Ryop. It is naturally an extension of Q, for some p and we assume its norm agrees with the
usual p-adic norm | - |, = p~v4» () on Qp. Let O¢ be the ring of integers of C. Our setup is as follows:

o X =Spa(A, A*): a 1-dimensional smooth affinoid adic space over Spa(C, O¢);

o G: a finite-dimensional compact p-adic Lie group;

o X = Spa(B, B*): an affinoid perfectoid algebra over Spa(C, Oc¢), which is a ‘log G-Galois pro-étale
perfectoid covering’ of X. More precisely, this means that there is a finite set S of classical points in
X and X ~ l(iLniel X; in the sense of Definition 7.14 of [Sch12] for some index set I, where each
X; = Spa(B;, B}) is a finite Galois covering of X unramified outside of S, and B* is the p-adic
completion of li_r)nl_ B7. Moreover, the inverse limit of the Galois group of X; over X is identified with
G. When S is nonempty, we further assume for each point s in S, the ramification-index e; of
X; — X at s is a p-power for any i and {e; };¢; is unbounded;

o assume X is small in the sense that S contains at most one element and there is an étale map
X — T' = Spa(C(T*"), Oc(T*")) (respectively X — B! = Spa(C(T), O¢(T)) mapping S to 0)
when S is empty (respectively otherwise) which factors as a composite of rational embeddings and
finite étale maps.

Note that G acts continuously on the Banach algebra B and we can consider the locally analytic
vectors B c B. Let Lie(G) be the Lie algebra of G. It acts on B', and this action can be extended
B-linearly to a map B ®q, Lie(G) x B* — B.
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Theorem 3.1.2. Fix an étale map X — T' (respectively X — B!) if 'S is empty (respectively nonempty)
as above. For each ‘log G-Galois pro-étale perfectoid covering’ X of X, we can assign an element
0 = 05 € B ®q, Lie(G), satisfying

(1) 6 annihilates B™. In other words, locally analytic vectors satisfy certain (first-order) differential
equation.

(2) 6 is functorial in (G, X): if H is a closed normal subgroup of G so that X' = Spa(BH, (B*)!) is a
‘log G |H-Galois pro-étale perfectoid covering’ of X, then

05 = 6z mod B ®q, Lie(H),

where 95(;’ e BH ®q, Lie(G/H) is viewed as an element in B ®q,, Lie(G/H).
(3) 6 #0if X is a locally analytic covering in the sense of 3.5.4.

Moreover, if we start with another étale map X — T' (or étale map X — B'), then the element
9" € B ®q, Lie(G) obtained using this étale map will differ 6 by a unit of A. In other words, A0 C
B ®q,, Lie(G) does not depend on the choice of the étale map.

Remark 3.1.3. From the point of view of differential operators, one may regard 6 as some p-adic
analogue of Cauchy—Riemann operator in the classical complex analysis.

Remark 3.1.4. In the classical p-adic Hodge theory of p-adic Galois representations, this 6 is nothing
but the Sen operator; cf. Theorem 12 of [Sen&1], Théoréme 1.9 of [BC16]. So it is reasonable to call it
relative Sen operator.

Remark 3.1.5. It is natural to ask whether there is a canonical representative of 8 so that one can glue
them in some global situation. First, it turns out that the natural place for 8 to live is B ®4 Q,lq e (S) ®qg,
Lie(G)(-1), where QA / ¢ (8) denotes the continuous 1-forms of A over C with simple poles at S and
(1) denotes the usual Tate-twist. So 6 is viewed as a (log) Higgs field.

Secondly, if S is empty — that is, X is a G-Galois pro-étale perfectoid covering of X — then we can
make this element canonical using the functorial isomorphism Q}A e (-1)=H Clom(G, B) (Proposition

3.23 of [Sch13b]). Here HCIOm(G, B) denotes the continuous group cohomology group and is identified
with H' (Xproéts Ox) by an argument similar to the proof of Lemma 5.6 of [Sch13a]. By the functorial
property, it is enough to pin down this element 6 for a particular X, provided that 8¢ # 0. Indeed, if X’
is a H-Galois pro-étale perfectoid covering of X, we can consider X" := X xx X', the fibre product in
the category of pro-étale coverings of X. Then X” is a (G x H)-Galois pro-étale perfectoid covering
of X. Once 65 is determined, so is 65, and hence 6, by the functorial property.

Suppose G = Z,,. Then there is a canonical isomorphism

Q)¢ (1) 8, Lie(G) — Hioy(G, B) ®z, G — Bg,

where the first map is induced by the exponential map of G and Bg denotes the G-coinvariants of B.
Under this isomorphism, the canonical 6 is given by the image of 1 € B in Bg. It can be checked that
this is independent of the choice of such a Z,-covering.

The proof of Proposition 3.23 of [Sch13b] crucially uses the fact that when X is defined over some
finite extension of Q,,, then there is the Faltings’s extension (Corollary 6.14 of [Sch13a]) which produces
this canonical isomorphism. Faltings’s extension has also been generalised to the log case; cf. Corollary
2.4.5 of [DLLZI18]. Hence, it is conceivable that there is a canonical 6 in general.

Example 3.1.6.

o X = Spa(C(T*!), Oc(T*")), the 1-dimensional torus;
~ 1 1 1 1
o X = Spa(C(TilT‘o Y, O¢ (TiIT”)), the inverse limit of Spa(C(TiIT’" ), Oc(T*P™));
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1 k 1
o G =Z, whichactsby k - T»™ =r"Tr™, k € Z,, where {{,m }, is a choice of compatible system

of p™th roots of unity.

1 L
The locally analytic vectors in C{T™ 7% ) are just |_,, C{T™ ?™ ), the smooth vectors. This can be deduced
easily from the existence of Tate’s normalised trace in this situation; that is, there is a continuous left

inverse of the inclusion C(Tiﬁ) — C(Ttl%"’). See Lemma 3.2.5 or Théoréeme 3.2 of [BC16]. The
1

differential operator 6 in this case is dT—T ® 1, where 1 is the image of 1 € Z, = Lie(Z,) under

the logarithm. The same result holds for X = Spa(C(T), Oc(T)), the 1-dimensional unit ball and

~ 1 1

X =Spa(C(T7™),0c(T?7)).

Remark 3.1.7. As mentioned in Remark 3.1.5, 6 should be considered as a log Higgs field. This is
closely related to previous work of Faltings [Fal05], Abbes—Gros—Tsuji [AGT16] and Liu—Zhu [LZ17]
on p-adic Simpson correspondences. More precisely, for a finite-dimensional continuous representation
V of G, the p-adic Simpson correspondence associates a log Higgs field (after extending the coefficients
to B):

¢v : B®g, V — Q) (S) ® Beg, V(-1),

which is monoidal in V. Hence, from the Tannakian point of view, this gives rise to a log Higgs field
which is nothing but our 6. Basically, we will construct 6 by taking V as the space of analytic functions
on G (after taking a certain limit).

To see that 6 annihilates B'2, we remark that, as a B-module, ker(¢y ) are generated by the G-smooth
vectors in B ®g,, V. Hence, when V is the space of analytic functions on G, it is tautological that B is
in the kernel of 6. I hope this provides some intuition for the constructions below.

3.2. Relative Sen theory

In this subsection, we will first define a bigger perfectoid algebra B., containing B and construct
(functorially) an operator in the endomorphism group Endp_ (B« ®q, V) for any continuous finite-
dimensional Q,,-representation V of G.

3.2.1. Fix an étale map f; : X — Y which factors as a composite of rational embeddings and finite étale
maps, where Y is either T! = Spa(C(T*'), Oc(T*')) or B! = Spa(C(T), Oc(T)). In the latter case, we
assume the image of S in Y is 0. We will fix such a choice of f} : X — Y from now on.

For any n € N, when Y = T! (respectively B!), let

Y, = Spa(Ry, R}) := Spa(C{T*7"), Oc(T*7™)) (respectively Spa(C(T7™ ), Oc(T7™))),
Yo = Spa(R, RY) := Spa(C(T*7 ), Oc(T*7)) (respectively Spa(C{T7 ), Oc(T7))).

This is the example considered in Example 3.1.6. Note that Yo, ~ @'EN Y; is a Galois covering of Y

and R* is the p-adic completion of 1_1r_1)1 R’. We denote the Galois group by I', which can be identified
with Z,, noncanonically. For n > m, there is the usual trace map

. pt +
try nm : R, = R;,.

€ €
Concretely, it sends T#*, (I, p) = 1 to p™™T»* if k < m and 0 otherwise. Clearly, p%mtry,n,m are
compatible when n varies and extends to a R},-linear map

—t
try ,, : RY —> R},
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which is a left inverse of the inclusion R}, — R*. It commutes with the action of I as taking traces
commutes with the Galois action. Moreover, for any x € R*,
lim tT;, m(X) =x.
m—+co ’
After inverting p, we get a Ry,-linear map try ,, : R — R, (Tate’s normalised trace). Let y be any
topological generator of p™T. It is easy to see that y — 1 is invertible on ker(try ,,,). Moreover, the norm

— 1
l(y = )7!|| on ker(try_,,) equals [(&pmer = 1)‘1|p = pP™ -1 which converges to 1 as m — co.

3.2.2. The material here should be a consequence of some general results of Diao—Lan—Liu—Zhu on
log affinoid perfectoid spaces. See 5.3 of [DLLZ19]. For our later applications, we give a more explicit
presentation.

Now we base change everything along the map X — Y

X, = Spa(A,, A}) = X xy Yy,
Xoo = Spa(Ace, ALY) 1= X Xy Yoo,

where all of the fibre products are taken in the category of adic spaces over C. We remark that X — Y
is locally of finite type in the sense of [Hub96, Definition 1.2.1] and the fibre product exists by [Hub96,
Proposition 1.2.2]. All of the fibre products we consider below will exist for the same reason.

Lo

Lo

X —Y

X

oo We fix a

Recall that C is equipped with an non-Archimedean norm | - |. For any |p|¢ € |C*|] c R
choice of element in C, formally written as p©, with norm |p|€.

Lemma 3.2.3. Let (A}, ®&: R)'"" be the p-adic completion of the p-torsion free quotient of A}, ®g: R™.

(1) The natural map (A}, ®gs R*)'™" — AZ is injective and its cokernel is killed by p* for some
constant C,, with C,, —» 0 asn — O.

(2) AL is the p-adic completion of h_n)ln At

(3) (A, AY) is a perfectoid affinoid (C, Oc¢)-algebra.

Proof. As X — Y can be written as a composite of rational embeddings and finite étale maps, we may
apply Lemma 4.5 of [Sch13a] here. Strictly speaking, Lemma 4.5 assumes Y, is étale over Y, but the
same argument works here using that R is a perfectoid C-algebra and R* is the p-adic completion of
lim R},. o
—
Hence, we may extend (A,,-linearly) Tate’s normalised trace Ey,m t0 Xoo:

t_rX m - Aw — A,
which is a continuous A,,-linear left inverse of the inclusion A,, — A. Moreover, the image of A, is
contained in p’cm A}, for some constant Cy,, with C,, — 0 as m — 0. For any x € A, we still have

lim try ,(x) = x.

nm—+o0

Note that I' acts on X, and commutes with trx ,,,. For any topological generator y of p™T’, the action

of vy — 1 on ker(trx ;) is invertible. The norm of its inverse ||(y — 1)7!|| is bounded by some p for
some constant ¢,, > 0, and ¢,, — 0 as m — co.
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Remark 3.2.4. These properties of Tate’s normalised trace appear as (TS2), (TS3) in the Tate—Sen
conditions formulated by Berger—Colmez; cf. [BCO8] Définition 3.1.3.

A is a Banach space representation of I'. We can consider its I'-locally analytic vectors; cf. 2.1.4.
The following lemma is a direct consequence of the existence of Tate’s normalised traces. See also
Théoreme 3.2 of [BC16].

Lemma 3.2.5. (A.)?"T™2 = A, for any integer n > 0. In particular, the subspace of T-locally analytic
vectors in A is U, >0 An-

Proof. For m > n, as trx ,, is continuous and I'-equivariant, it can be restricted to the p"T-analytic
vectors
ny_. t7I‘X,m ny_. n
(Ax)? B (Am)? fran = (Am)? F= Ay

Note that the action of p"I" on A,, is trivial on p"T’; hence, the analyticity implies the first equality.
Now the lemma follows from lim,;; e trx ,, (x) = x. O

3.2.6. Next we base change the tower {X, },, to X. Suppose Gy is an open subgroup of G. Let
X, = Spa(B<, (B")%)

be the corresponding covering of X. We can take the fibre product in the category of adic spaces over C

’ . —
XGo,n = XGO Xx Xp = XGO Xy Yy,

and take its normalisation
XG(),n = Spa(BGo,n, BZ;O,,,)~

Note that by Abhyankar’s lemma for rigid analytic spaces (cf. Lemma 4.2.2, 4.2.3 of [DLLZ19], which
is based on earlier work of Liitkebohmert), X, , — Y, is unramified when 7 is sufficiently large; hence,
XGy,n — Xp is finite étale and

XGo,n = XGo,m XX, Xn = XGo,m Xy, Yn

for sufficiently large m < n. This implies that when r is sufficiently large,

XG0’°° = Spa(BGo,OO’ BEO,oo) = XGo,n XX, X = XGo,n Xy, Yoo

is independent of n. Since Xg,,, — Y, can be written as a composite of rational embeddings and finite
étale maps, Lemma 3.2.3 still holds in this setting. For example, B,  is the p-adic completion of

0,2
li_n}n BEM. For sufficiently large n, there exist Tate’s normalised traces X, .n BgGy,c0o = Bg,,n With

"T'—an

same properties as in the case { X}, },. In particular, (Bg,,c)” = Bg,,n for n large enough.

5(:00 — XGo,oo — Xoo — Yoo

S S A

52n —>XG0,n —>Xn —>Yn :

L b

X y Xa, s X %

Suppose G, is another open subgroup of G containing Go. We have compatible maps Xg, n — XGyn
which are finite étale when n is sufficiently large. Hence, XG .o — X¢; . is a finite étale covering of
affinoid perfectoid spaces. Let BY, be the p-adic completion of h_r)nG B’&O o over all open subgroups

0 ’
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Go of G and B, = B, [p] equipped with the norm induced from BJr . Then (B, BY,) is again
an affinoid perfectoid (C, Oc)-algebra as it is the completion of a dlrect hmlt of perfectoid affinoid
(C Oc)-algebras. We denote Spa(Bew, B,) by Xe. Note that X, also agrees with the fibre product of
= 11m XG, and X = l(in X, in the pro-Kummer étale site of X equipped with the natural log structure
deﬁned by S; cf. [DLLZ18].
Clearly, G xTI" acts on BY, and B. Then it follows from Faltings’s almost purity theorem (cf. [Sch12,
Theorem 7.9 (iii)]) that (BY,/(p))©° almost equals B /(p). Hence, (Bw)®" = Bg, .« and (B,)¢0

almost equals BG(J -

Proposition 3.2.7. B, satisfies the Tate—Sen conditions formulated by Berger—Colmez in [BCOS, Défi-
nition 3.1.3] with

S= Qp;

A = By, equipped with the valuation induced by its norm;
Go=G XTI, Hy=G x {1} as a subgroup of G X T';

Al . = Ba n, Ru n = tx,, . for any open subgroup H of Hy = G

O O O O

Proof. To see (TS1), for any open subgroups H; C Hj of G, we know that (Bw)™2 = By, o —
(B)™' = By, « is a finite étale map between perfectoid algebras; hence, by Faltings’s almost purity
theorem, B+ o B+  is almost finite étale. All of the claims in (TS2), (TS3) are essentially verified

in3.2.2 and the above dlscusswn O

Remark 3.2.8. It follows from the definition directly that B, satisfies the Tate—Sen conditions with
respect to the action of Gy X I' for any open subgroup G of G.

Lemma 3.2.9. (B,,)" =

Proof. Recall that X = Spa(B, B*) is perfectoid and B* is the p-adic completion of the direct limit
li_r)nG BEO o over all open subgroups G of G. Let n be a positive integer. Note that by our assumption on
o ,

the ramification-index in Section 3.1.1 and Abhyankar’s lemma (cf. Lemma 4.2.2, 4.2.3 of [DLLZ19]),
XGy.n — XG,,0 is finite étale for sufficiently small Go. Hence, for a sufficiently small subgroup Gy, the
fibre product

= Spa(B,,B}) = X XXgq.0 XGoon

is independent of the choice of G and X, — X is a finite étale map between affinoid perfectoid spaces.

By the same argument as in the proof of Lemma 3.2.3, By is the p-adic completion of lim By,
—Gp Go.n’

Hence, it follows from our discussion in Section 3.2.6 that BY, is the p-adic completlon of 11_1’1)1 BJr By
n

Faltings’s almost purity theorem, we see that (B%,)' is almost B* and (Bu,)" = O

3.2.10. Now suppose V is a finite-dimensional continuous representation of G over Q,. We are going
to construct a morphism: Lie(I') — Endp_ (Bs ®qg,, V); that is, a Lie algebra representation of Lie(T")
on Bs ®g, V.

As G is compact, there exists a G-stable Z,-lattice T C V. Let (B)° C Bo be the subset of power-
bounded elements (equivalently elements with spectral norm at most 1). Note that (B«)° ®z,, T carries a
diagonal action of G and an action of I" on the first factor. This defines an action of GXI"on (B)°®z, T

Proposition 3.2.11. Fix a constant ¢ < % inside |C*| C R’;O. Suppose Gg is an open subgroup of
G acting trivially on T | pT. Then there exists a constant n(Gg), which is independent of T and only
depends on c, such that for any integer n > n(Go), the tensor product (Bx)® ®z, T has a unique free
Bgo’n—submodule D+Go’n(T) of rank dimg,, V with the following properties:

@) D+Go’n (T) is fixed by Go and G X T'- stable‘
(2) the natural morphism (By)° ®B+ Go A
(3) there exists a basis B ongoyn (T) over BGO,n such that (y — 1)(B) C pCDE(),n(T) foranyy eT;

T) = (Bx)® ®z, T is an isomorphism;
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@ (y- l)m(D+GO’n(T)) C pD+GO’n(T) foranyy € T and m > m(c,n), a constant only depending on
c,n.

Proof. This follows from Proposition 3.3.1 of [BCO8] by choosing c¢3 = ¢ and cy, ¢, sufficiently small
such that ¢; +2¢; +2¢3 < 1. Note that in our setup, we may choose the constants c1, ¢z, c3 in the Tate—
Sen conditions to be arbitrarily small. The first three parts are the same as [BCO8, 3.3.1]. The last part
is a consequence of the third one. O

Now we construct an action of Lie(I') on B ®g, V. Choose a constant c, a sufficiently small open
subgroup Gy and n > n(Gy) as in the proposition. By Amice’s result (see Example 2.1.9), the last
part of the proposition implies that the action of p™I" on DEM(T) ®z, Q) is analytic for sufficiently
large m. Thus, Lie(T") acts on DZ;M(T) ®z, Qp. Since Bg,,, is fixed by p"T, this action of Lie(T') is
Bg,,n-linear. By the second part of the proposition, we may extend it B-linearly to an action of Lie(I")
on (Bx)® ®z, T ® Q) = Bx ®g, V. This action commutes with the action of G X I as the two actions
commute when restricted to Dgo’n(T) ®Qp.

Note that the second part of Proposition 3.2.11 implies that

G G
(B ®Q, V)" = (Beo)™ ®Bz;0 GO "(T) BGy.eo ®Bz;(),h, DE()JI(T)'

Lemma 3.2.12. For any m > m(c,n), the subspace of p"T-analytic vectors in (Bs ® V)©0 is
BGy,m @B, DEO o(T). In particular, the second part of Proposition 3.2.11 implies that there is a
0.1 s

natural isomorphism
Go,p™T'—an ~
(B~ ®qg, V) ®BGym Boo = B ®q,, V.
Proof. For any k > m, the normalised trace EXG[),k 1 BG,,00 = Bg,,k induces a map
(B ® V)Go,me—an — (B Qn+ (T))p’"F an (B Qp+ (T))p’"F an.
00 DQ, Gy, 0 BGO G() n Go.k BGO G() n
As the action of p™I" on Bg, « is trivial on pk I, we have a natural decomposition

BGyk = @ BGy,k [x]

x:p™T/pkI'-C*

into the direct sum of y-isotypic components, where y runs through all characters of p™I"/p*T". Note
that y is an analytic function on p™I" only when y is trivial. Hence,

mr— mr
(BGok ®sy, DGy n (TP 7" = (BGo, ) @py, DG, o(T) = BGom @5y, DG, n(T)-

The rest of the proof is the same as the one of Lemma 3.2.5. O

If G is moreover a normal subgroup of G, we may choose n large enough so that Bg, , — Bg,,n is
finite étale. Then by Galois descent, there is a '-equivariant isomorphism

(DG() n(T) ®Zp QP)G ®BG,n BGOJl = DE(),n(T) ®Zp Qp~

Let DG n(V) = (DGO 2(T) ®z, Qp)G. By the second part of Proposition 3.2.11, there is a natural
isomorphism

Boo ®BG,n DG,n(V) = Boo ®QP \%4

and one can repeat all of the above discussion with G replaced by G. Hence, we may reformulate the
above construction into the following form, which clearly is independent of the choice of T, ¢, Gg, n
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Proposition 3.2.13. For each finite-dimensional continuous representation V of G over Q,, there exists
a (necessarily unique) Bu-linear action of Lie(I') on Bo ®q,, V

¢v : Lie(I') — Endp_ (B ®q, V)

extending the natural action of Lie(I") on the T'-locally analytic vectors in (B ®q, V)C. Moreover, it
satisfies the following properties:

(1) ¢y commutes with the action of G X T';

(2) ¢v isfunctorialin V; that is, suppose y : V. — W is a G-equivariant map between G-representations,
then1®y : Boo ® V — B, ® W intertwines ¢y and ¢wy .

(3) ¢v commutes with tensor products; that is, suppose V1, V, are two finite-dimensional representations
of G, then ¢y, ®1+1® ¢y, = ¢y, ®g, V2 ON (Beo R, V1) ®p., (B Rq, V2) = B Qq, % Qq, Vo).

Proof. Tt is easy to check all these properties on the I'-locally analytic vectors in (B ®g, V)G, We
omit the details here. ]

If we fix a generator of Lie(I"), then this proposition becomes the form claimed in the beginning of
this subsection.

Suppose Gy is an open subgroup of G. As B, satisfies the Tate—Sen conditions with respect to Gy XTI’
(see Remark 3.2.8), Proposition 3.2.13 still holds with all G replaced by Gg. Thus, Proposition 3.2.13
can be generalised as follows.

Proposition 3.2.14. For each finite-dimensional continuous representation V of G over Q,, there exists
a (necessarily unique) Bu-linear action of Lie(I') on B« ®q,, V, extending its natural action on the
G-smooth, T'-locally analytic vectors in Be ®q, V. Here an element in B ®q,, V is called G-smooth
if it is fixed by some open subgroup of G. Moreover, this action satisfies all three properties as in the
previous proposition.

Hence, this action of Lie(I") on B ®g,, V only depends on the restriction of the representation to any
open subgroup of G. As it commutes with I', it induces a B-linear action of Lie(I) on (B ®q, vl =
B ®q, V by Lemma 3.2.9.

3.3. Proof of the main result I: construction

3.3.1. We will first show that the action in Proposition 3.2.13 factors through B®Lie(G). As a byproduct,
this will imply Theorem 3.1.2. The strategy is to apply Proposition 3.2.13 to V = €*"(G, Q,), the space
of analytic functions on G. However, as this is an infinite-dimensional vector space over Q,,, it requires
a limiting argument plus some extra work.

Let Gy € G be a compact open subgroup equipped with an integer-valued, saturated p-valuation as
in Section 2.1.1. By Proposition 2.1.3, we may replace G by a smaller subgroup and assume that there
is a dense sub-algebra li_r)nk o Vi € €*(Go,Qp), where each Vi is a finite-dimensional subspace of
€*"(Go, Qp) stable under both the left and right translation actions of Go. We will always view Vy as a
representation of G using the left translation action.

Let *(Go, Q) )° be the unit ball of €*"(Gy, Q) with respect to the norm || - ||, (see Section 2.1.1
for the notation here). Then

Vi =ViNnE"(Go,Qp)°

is a G-stable lattice. Moreover, it follows from Lemma 2.1.2 that V/p is fixed by an open subgroup
G of Gy for all k. Now we apply Proposition 3.2.11 to Vi, with G = Gy: fix a constant ¢ as in the
proposition and n > n(Gy). There is DEI 2(V2) € (Bx)? ® VY such that

(B=)" ®p;, D, n (V) = (B)” ®2, VY.
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By the uniqueness of DJ(r},,n(Vl? ), these {Dglyn(V,f )}k form a direct system. Hence, we may take the
direct limit of this equality over k:

(Bw)® ®Bz?l,n “_T>HD+Gl,n(V;f) = (B)® ®z, h_f)nV;?
k k

By taking the p-adic completion and inverting p, we obtain
Bm@BG},nDGl’" = Bm@Qp E"(Go, Qp)

Here D¢,  is the p-adic completion of li_n}k D¢, (V) and Dg, n = D, ®z, Qp equipped with the
p-adic topology. The right-hand side becomes €*" (G, Q) as H_r}nk Vi is dense inside of it.
Now we can construct an action of Lie(I") as before: there is an integer m > 0 such that (y —

)mDG] (V) c pDJ&],n(Vlf) for all k > 0 and y € T'". Hence,

(y - 1)"D};, , € pD,

for any y € I'. By Example 2.1.9, the action of I on D, , is locally analytic. Its Lie algebra action can
be extended B -linearly to an action on Bm@BGI,nDGl,n = Bo®q, ™ (G, Qp):

G, : Lie(I") — Endp,, (Bo®qg, €™ (Go,Qp)).

Again this action uniquely extends the natural action of Lie(I") on the I'-locally analytic vectors in
(Boo@Q €™(Go,Qp))Y, where G acts diagonally on Bs and €%"(Gy, Q). In fact, let DJr =
(D+ )G‘) and Dg,,» = (Dg, n)G‘) = DJr » ®z,, Q). Then by arguments similar to Lemma 3.2. 12 and
the paragraph below it, we have the followmg lemma.

Lemma 3.3.2. For n sufficiently large, Dg,, is the subspace of p"I'-analytic vectors in
(BOO®QI,(€an(G0’ QP))GO = (Boo)Go_anx and BOO®BGO’HDG(],71 = BOO®Q1,%an(GO5 Qp)

The action of Lie(I') via ¢g, commutes with I" as both actions commute on Dg, .. Moreover,
it follows from the functorial property of ¢y, in Proposition 3.2.13 that the action of Lie(I") on
DEI . (V) ® Q) commutes with the right translation action of G. By passing to the limit, we see that
G, also commutes with the right translation action of Gg. Recall that the multiplication structure on
€ (Go,Qp) induces maps Vi ® V; — Vi,y; cf. Proposition 2.1.3. Hence, the last part of Proposition

3.2.13 implies that for any 6 € ¢, (Lie(I")), fi, f>» € €*"(Go,Qp),

0(f1) fo+ f10(f2) = 0(f112);
that is, 6 is a derivation. Hence, we have proved the following.

Proposition 3.3.3. ¢, (x) acts as a Go-right-invariant derivation on BDO@QP €™ (Go,Qp) for any
x € Lie(T"). Moreover, it commutes with T,

Corollary 3.3.4. ¢, factors through B ®q, Lie(Go) C Endg,, (BCX@QP €*(Go,Qp)). Here Lie(Gy)
acts on €*"(Go, Qp) by the infinitesimal action of the left translation of G, and we extend it B -linearly
to an action of B ®q,, Lie(Go) on Bo®q, €*"(Go, Qp).

Proof. Clearly, ¢, factors through B, ®q, Lie(Go). As it commutes with T, it also factors through
(B ®q, Lie(Go))' =B ®qg, Lie(Go) by Lemma 3.2.9. O

By abuse of notation, we also denote by ¢, : Lie(I') — B ®g, Lie(Go). Suppose we replace Gy
by a smaller subgroup G and consider the restriction of €"(Go, Q) — € (G|, Q)). It is easy to
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see that ¢, = ¢¢; once we identify Lie(Go) = Lie(G) = Lie(G). Hence, ¢g, is independent of the
choice of Gy and we denote it by

¢ : Lie(T) — B ®q, Lie(G).

Corollary 3.3.5. The image of ¢ 5 acts trivially on the G-locally analytic vectors in B.
Proof. Recall that (see Section 2.1.1)

B = (B8, ™ (Go. Q)P = (Bo®q, 6" (G0, Qp)) ™,

where the second equality follows from Lemma 3.2.9. Hence, by our construction of ¢¢,, the action of
Lie(T) is trivial on BY0~3" An easy computation shows that this action is nothing but ¢ - Note that
this argument works for all sufficiently small G, which clearly implies the claim in the corollary. O

Now if we fix a generator of Lie(I") and denote by 65 its image in B ®q,, Lie(G) under ¢, then we
obtain the form claimed in the first part of Theorem 3.1.2.

Our next result implies that ¢ is universal. Let V be a finite-dimensional representation of G over
Qp. The action of G on V is locally analytic; hence, there is a natural B-linear action of Be, ®q,, Lie(G)
on B ®q,, V. Therefore, ¢5 gives an action of Lie(I") on B ®g, V. On the other hand, we defined
another action of Lie(I") called ¢y in Proposition 3.2.13.

Corollary 3.3.6. ¢v agrees with ¢z for any V.

Proof. Let G be a sufficiently small open subgroup of G as in the beginning of Section 3.3.1. Moreover,
we may assume V is a Go-analytic representation. Let V* be the dual vector space of V. Then taking the
matrix coefficients of V induces a map

my 'V ®Qp V' — (gan(GO’Qp)’
my(vel)(g)=1(g™"-v), veV,leV* geGy.

This map is Go-equivariant where G¢ acts only on the first factor of V®V™* and acts via the left translation
on €*"(Go, Qp). The induced map

1z, ®my : Bo ®g, V&g, V' = Bwu®g, € (Go,Q)p)

intertwines ¢y gv+ = ¢y ® 1y and ¢, = ¢ 5. One can check this on the Go-fixed, I'-locally analytic
vectors. Trivially, this map also intertwines ¢z ® 1y~ and ¢ 5. Now for any nonzero v € V, there exists
[ € V* such that my (v ® [) # 0. From this, it is easy to see that ¢y has to factor through ¢ ;. O

Remark 3.3.7. This corollary gives a ‘practical way’ to compute ¢ 3: choose a faithful representation
V of an open subgroup of G. Then ¢y completely determines ¢.

Remark 3.3.8. B ®q, Lie(G) acts naturally on the G-locally analytic vectors (B ®g, V)" of B®g, V.
Hence, ¢ : Lie(I') — B®q, Lie(G) induces an action of Lie(I") on (B®g,, V)!2, Combining Corollaries
3.3.5 and 3.3.6, it is easy to see that this action is nothing but ¢y .

Corollary 3.3.9. ¢ is functorial in the pair (B, G); that is, suppose that H is a closed normal subgroup
of G such that X' = Spa(BH ,(BY)H) is a ‘log G /H-Galois pro-étale perfectoid covering’ of X as in
3.1.1, then ¢, : Lie(T') — BH ®q, Lie(G/H) ¢ B®q, Lie(G/H) can be identified with the composite

mod B®Q1)L16(H)
Lie(T") —> B ®q, Lie(G) ————— B ®q, Lie(G/H).

Proof. It is enough to check that the formulation of ¢y, in Proposition 3.2.13 is functorial in a similar
sense. But this basically follows from the construction. We omit the details here. O
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_ We mention the following results concerning the uniqueness of our differential equation. Note that
Xo = Spa(Be, BL) is a ‘log G x I'-Galois pro-étale perfectoid covering’ of X. Let B'2 be the G x I'-
locally analytic vectors in Be.

Proposition 3.3.10. If D € B ®q, Lie(G) and D(v) =0 for any v € B2 then D = 0.

Proof. We will freely use notation introduced in Section 3.3.1. Let G be a compact open subgroup of
G considered there. By Lemma 3.3.2, we have an isomorphism for sufficiently large n

B‘X’@Bco,n (Boo)Go—an,pnF—an — BM®QP cgan(GO’ Qp)

It follows from Section 2.1.4 that this is equivariant with respect to the following actions of G¢: the
natural action on (B, )C0~#P"I=2" the right translation action on €* (G, Q p) and trivial actions on
both B.,. Using this action of G, we get Bw-linear actions of B, ®g,, Lie(G) on both sides. In particular,
D annihilates both sides. However, if D # 0, we can always find a B-valued analytic function on G
which is not annihilated by D. Contradiction. This proves our claim. O

Corollary 3.3.11. Suppose D € B ®q,, Lie(G X I') annihilates B'2. Then D can be written as
D =bd,

where b € By, and d € ¢ (Lie(T)).

Proof. We note that by the functorial property Corollary 3.3.9, ¢z = ¢x,mod B ®q, Lie(G); hence,
the composite of ¢ and the projection map

PR
Lie(I') — Be ®q, Lie(G X I') — Bw ®q, Lie(T)

is simply the identity map. In particular, we can find b € B, and d € ¢ (Lie(I")) such that D — bd €
Bs ®q,, Lie(G). The rest follows from Corollary 3.3.5 and Proposition 3.3.10. O

3.4. Proof of the main result II: uniqueness

3.4.1. In the previous section, we proved the existence of 6 in Theorem 3.1.2. Note that the construction
depends on a choice of an étale map f; : X — ¥ = T! or B! in Section 3.2.1. In this section, we will
show that in fact 6 is well-defined up to A*. People who are interested in global applications can skip
reading this part as this part will not play any role later.

3.4.2. Consider another étale map f, : X — Y which factors as a composite of rational embeddings and
finite étale maps. Let

X' =X xpy Yoo

be the pullback of the profinite covering Y., along f>. See Section 3.2.1 for the definition of Y. In the
notation below, we put a superscript ” for everything constructed using f instead of f;. For example,
X’ = Spa(B’, B'*) is an affinoid ‘log G’-Galois pro-étale perfectoid covering’ of X with G’ = I'. We
would like to compute ¢, : Lie(I') — B’ ®g, Lie(G’) = B’ ®q,, Lie(I') first. In general, we will use
the functorial property to reduce to this computation. _

We will freely use the notation introduced in the previous subsections. In particular, X/, =
Spa(B.,, BXY) is a G’ x I'-covering of X. It is also a G’-covering of X, = Spa(Aw,AL) and a I'-
covering of X’ = Spa(B’, B’*). Note that by Abhyankar’s lemma, both coverings are profinite étale of
perfectoid algebras. By the Hochschild—Serre spectral sequence, we have

Heon(G' X T\ BL,) = Higy (T, (BL) ") = Hypny (T, Aw) = Hign (T, A).

)
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The first isomorphism follows from Hgom(G’ x {1}, B.,) = 0, which is a consequence of the almost
purity theorem. The last isomorphism follows from the existence and properties of the Tate nor-
malised trace trx o : Aw — A. We denote by 7| the composite isomorphism H! (G’ x T, BL,) _—

Hop (T, A).
Symmetrically, we can get another isomorphism 7, : H! (G’ x T, B,,) — H! (T, A) by
Heon (G" X T B) = Heont(G', (Bo) ™) = Hogn(G', B') = Heon (T BY) = Hogn (T, A).

As H! (T, A) is a free A-module of rank 1, the composite 7 o 7'2’] € Enda(H! (T, A)) = Ais given
by an element a € A*.

Lemma 3.4.3. ¢, : Lie(I') — B’ ®q,, Lie(I') is multiplication by a.

Proof. Fix a topological generator vy of I'. Unravelling all of the isomorphisms above, we can find an
element b € B, such that

(y,1)-b-b=-1 (3.4.1)
(1,9)-b—b = a. (3.4.2)

Here (y,1), (1,7y) are elements in G’ X I = I" X I'. In particular, both actions of I" on b are analytic.
As pointed out in Remark 3.3.7, in order to compute ¢,, we choose a faithful representation of
G’ =TonV=0Q%:

r = 6La(@) 7= 5 1)

Then B, ®q, V = (B.,)®? has a G’-fixed basis over B’ :
e;1=(1,0),e2 = (b, 1).

Moreover, it is easy to see that the action of I on this basis is (locally) analytic. Therefore, ¢y is obtained
by Bl -linearly extending the action of Lie(I") on ey, e;. Let t € Lie(I") be the logarithm of y. Then
t - e1 = 0 and it follows from Equation (3.4.2) that ¢ - e; = ae;. Hence,

¢y : Lie(T") — B, ®g, al>(Qp)

t— 0a
00J°

Comparing this with the definition of V, we see that ¢, is just multiplication by a. O

3.4.4. Now we are ready to prove ¢ 3 is well-defined up to A*. We will keep using the notation introduced

in Section 3.4.2. Suppose X is ‘log G-Galois pro-étale perfectoid covering’ of X. Now using f> : X —= Y
instead of fi : X — Y in the setup Section 3.2.1 and redoing everything before, then rather than ¢, we
get

¢;? : Lie(I') — B ®qg, Lie(G).
Proposition 3.4.5. ad);.(. (x) = ¢5(x), for any x € Lie(I'). In particular, ¢/§ and ¢ differ by a unit of A.

Proof. First note that the special case X = Xo = Spa(Aw, AL) is essentially proved by the same
computation as above (after switching the role of fi and f>). In general, let V be a finite-dimensional
continuous representation of G over Q,,. It is enough to show that a'¢y on By, ®q,, V agrees with the
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action of Lie(I") induced from (f);?. Consider X, := Spa(B, BY,). This is a ‘log G X I'-Galois pro-étale
perfectoid covering’ of X. Then by the functorial property Corollary 3.3.9,

¢;? = ¢;.(. mod B ®g, Lie(T).

Hence, the actions of Lie(I") on B ®g, V induced from qﬁ;? and ¢;? are the same because I" acts

trivially on V. So it suffices to compare a~'¢y and ¢;? .

Since both actions are B,-linear, it follows from Proof)osition 3.2.11 that we only need to compare two
actions on the I'-locally analytic vectors in (B« ®q, V)S. Now on this G-fixed subspace, ¢y acts by the
natural Lie algebra action of Lie(I"), while by Remark 3.3.8 and the functorial property Corollary 3.3.9,

¢;? = q&mmod B ®g, Lie(G),
the action on (B« ®q, V)@ T2 induced by ¢;Z is just ¢% . Hence, the desired equality is a direct
consequence of the special case X = Xoo. O

Remark 3.4.6. One can also use Corollary 3.3.11 to reduce the general case to the special case X = X

3.5. Locally analytic covering

3.5.1. The goal of this subsection is to give a sufficient condition for 6 to be nonzero. We will continue
using the notation introduced before. In particular, there is a fixed étale map f; : X — Y as in Section
3.2.1. First, let’s recall Faltings’s extension in the rigid analytic variety setting; cf. Corollary 6.14
of [Schl3a], Corollary 2.4.5 of [DLLZI18]. However, as both references assume X is defined over a
discretely valued complete non-Archimedean extension of Q,,, we give a rather ad hoc definition here
which will be sufficient for our purpose.

Fix a generator y of I' from now on and consider the following unipotent representation of I" on
V= Q;‘fz:

I' 5 GLy(Qp) : ¥+ ((]) i)

Clearly, V is an extension of the trivial representation by itself:
0-Q,—->V—->Q,—0.
Tensor this exact sequence with B, over Q,, and take I'-invariants with respect to the diagonal actions:
0— B— (Bo®g, V)' = B—0. (FE)
Note that this G-equivariant sequence is exact by the almost purity theorem. It follows from the discussion
in 3.4.2 that its extension class is independent of the choice of f; up to multiplication by a unit of A.
The norm on B, induces norms on B, ® V = (B,,)®? and its subspaces, and (FE) is continuous with

respect to this topology. One important property of (FE) is that if we take the continuous G-cohomology,
the following connecting homomorphism of the long exact sequence is an isomorphism:

A=B° = H! . (G,B).
This can be seen by identifying
H(l;Ont(G’ B) = H(’;Ont(G X F’ Boo) = H(’;Ol’lt(l—" Aoo) = H(l;Onl(F’ A)’
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where the first two isomorphisms follow from the almost purity theorem and the last isomorphism is a
consequence of the Tate’s normalised trace. Then it is easy to compute the connecting homomorphism.

In fact, this holds for any open subgroup G of G; that is, if we take the continuous Gy-cohomology
of (FE), the connecting homomorphism B¢ — Hclom(Go, B) is an isomorphism. To see this, note that
Spa(B, BY) is a ‘log G(-Galois pro-étale perfectoid covering’ of Spa(B°, (B*)“). Hence, H! . (G, B)
is also a free rank 1 BY0-module. So in view of what we have proved, the claim follows from the fact
that the natural map B¢ ®, Hclom(G ,B) — Hclom(Go, B) is an isomorphism.

Remark 3.5.2. If X is defined over a finite extension of Q,,, then (FE) recovers (log) Faltings’s extension

on X defined in [Sch13a, DLLZ18] by identifying the quotient B with B ®,4 le/c (S) sending 1 € B

to fl*(dTT), where 9}4 /C(S) denotes the continuous 1-forms of A over C with a simple pole at S. See
Proposition 2.3.15 and proof of Corollary 2.4.2 of [DLLZ18]. Here X is viewed as an open set in the
pro-Kummer étale site of X equipped with the natural log structure defined by S (cf. Example 2.1.2 of
[DLLZ18]).

Proposition 3.5.3. The following conditions are equivalent:

(1) (FE) remains exact after taking Go-analytic vectors for some open subgroup G of G equipped with
an integer-valued, saturated p-valuation as in Section 2.1.1.

(2) (FE) remains exact after taking G-locally analytic vectors of each term.

(3) There exists a G-locally analytic vector 7 € Be such that y(z) =z — 1.

Proof. The first two parts are clearly equivalent with existence of a G-locally analytic vector x €
(B ®q, V)I' mapping to 1 € B in (FE). Write B, ®q, V = (Bs)®2. Then x = (z, 1) for some z € By,
which is G-locally analytic and satisfies y(z) = z — 1. This proves the equivalence between these three
conditions. O

Definition 3.5.4. We say X is a locally analytic covering of X if one of the conditions in Proposition
3.5.3 holds.

Remark 3.5.5. An analysis similar to Section 3.4.2 shows that this definition is independent of the
choice of f; : X — Y. There is another intrinsic definition: X is a locally analytic covering of X if and
only if the natural map H! (G,B"%) — H]  (G,B) is an isomorphism. We sketch a proof here. It
follows from Tate’s normalised trace that Hclom(F, (Aw)'®) = HY(T', As). Note that Ay, = (Bw)C. We
claim that there are natural isomorphisms

H. (G XT,(Bo)®) = HL ([, (A)®) = H! (T, As) = H. (G xT, By).

The first and third isomorphisms follow from the Hochschild—Serre spectral sequence and
H! (G,Bx) = H! (G, (Bx)®) = 0. The vanishing of H! (G, Bs) is clear by the almost pu-
rity theorem. For the vanishing of H! (G, (Bo)'), using Lemma 3.3.2, it suffices to show that
h_r)nn H' (G, €™(Gp,Qp)) = 0, which is true. Now we apply the Hochschild-Serre spectral sequence

to the subgroup {1} X I' ¢ G x I' in the computation of H! (G X T, (Bx)'?) and H! (G X T, B).

Since H! (T, Bs) =0, itis easy to see that H! _ (G, B%) = H! (G, B) is equivalent with
H'(T, (Bw))¢ = 0;

that is, the I'-coinvariants of (B )'® have no G-invariants. Note that 1 € (Bo,)™ is fixed by G. Hence, the
vanishing of H! (T, (Bw)'?)C certainly implies the existence of element z in the third part of Proposition
3.5.3. On the other hand, if there exists such an element z, the argument in Section 3.6.7 will imply that
H' (T, (Bs)") = 0. This finishes the proof.

Proposition 3.5.6. ¢ : Lie(I') — B ®q,, Lie(G) is nonzero if X is a locally analytic covering of X.
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Proof. We need results established in Section 3.3.1. Let Go an open subgroup as in Section 3.3.1.
Suppose ¢ = 0. It follows from our construction there and Lemma 3.3.2 that Lie(T) is acting trivially
on the I'-locally analytic vectors in (Ba)®0™®". Hence, there does not exist an element z € (B,) 0™
such that y(z) = z — 1. As Gy can be taken arbitrarily small, part (3) of Proposition 3.5.3 implies that
X isnota locally analytic covering of X. O

3.6. Application: acyclicity of taking locally analytic vectors of B

We keep the notation and setup from Section 3.1.1. Our main result of this subsection gives an equivalent
condition for B being A-acyclic. See Subsection 2.2 for more details about this notion.

Theorem 3.6.1. Suppose X = Spa(B, BY) is a ‘log G-Galois pro-étale perfectoid covering’ of X and
X is small. Then R'QU(B) = 0 for all i > 1 if and only if X is a locally analytic covering of X (see
Definition 3.5.4). When this happens, B is strongly U-acyclic.

3.6.2. One direction is clear. Suppose R'@A(B) = 0, i > 1. Take completed tensor products of (FE)
with €*"(G,, Q) over Q,, and take the continuous G ,-cohomology

0 — B9 — (Bo ®g,, V)97 — B — Hgy (G, € (G Qp) @0, B).

Then by passing to the direct limit with n — oo, we see that the last term vanishes. Hence, (FE) remains
exact when taking G-locally analytic vectors.

3.6.3. The proof of the other direction goes as follows: first H. (G ., B®q, € (Gx,Qp)) will be
identified with a certain group cohomology of I" and then we construct explicit elements to kill these
cohomology groups. In particular, it implies strongly £U-acyclicity. We remark that this is a standard
technique in the theory of (¢, I')-modules for studying Galois cohomology of p-adic Galois represen-
tations.

Keep the notation introduced in Section 3.2.1. Let Gy be an open subgroup considered in Section
3.3.1. We can consider H!  (Go X T, Boo@Qp%a"(Go,Qp)). On the one hand, by the almost purity

con

theorem, H(’;Om(f‘, B, ®z, €*"(Go,Qp)°/p) almost vanishes for i > 1; hence,
Héom(r’ BOO@Q;; & (Go. Qp)) =0.
Applying the Hochschild—Serre spectral sequence to {1} X I' € Go x I" and using Lemma 3.2.9, we get
Heon (Go. B®, €™ (Go Qp)) = Heon(Go X T, Bo®0, 6™ (G0, Qp)).

On the other hand, if we apply the Hochschild-Serre spectral sequence to Gy X {1} € Go X I" and
note that (Be®gq, (G0, Q) = (Bao) @™, we get

Hio (T, (Boo) ™) = Hiy (Go X T, Bo®q, € (Go, Qp)).

All of these isomorphism are functorial in G. Therefore,

Lemma 3.6.4. There is a natural isomorphism
H(l;()nt(607 B®QP Cgan(GO’ QP)) = H(l;()nt(r7 (Boo)GO_an)

functorial in Gy.

3.6.5. From this, it is clear that H' (G, B@Qp €™ (Go,Qp)) =0,i > 2 as I' is 1-dimensional. So we
assume i = 1 from now on. Our next step is to replace (Bw)“0~® on the right-hand side by a smaller
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space. Let Dg, , be the subspace of p"T-analytic vectors in (Be)P0™"; that is, (B)@0*P"T-an Tt
follows from Lemma 3.3.2 that for sufficiently large n,

(Boo)GO_an = BG(),°°®BG0,;1DG()J’1'
Moreover, let DEO N = BZ, N Dg,.,; then by our construction in Section 3.3.1,
(y - )™(Dg,..) € DG, ,

for some m depending on n. Fix such n and m for the moment. Recall that from results in Section
3.2.6, for k large enough, there is Tate’s normalised trace trx; , : BGy,o — BgGyx and y — 1 is

J— 1
invertible on ker(trx,, ,) with the norm of its inverse ||(y = 1)™'|| < pi. We claim that H},,

(T, ker(EXGO,k)fX\)BGOVnDGO,,,) = 0 for such k. Assuming this, as DG,k = B, .k ®Bg,,. DGo.n> We get
Hclont(r’ (Bw)c()ian) = Hclont(r’ DGosk) = Hgont(r" (BOO)(GOkar)ian)
for k sufficiently large. Therefore,

R'QUA(B) = lim Hlyp (T, (Beo) (@0 D7),
n,k

The vanishing of H! (T, ker(ExGoyk)é By D Go.n) is a consequence of the following easy lemma.
Lemma 3.6.6. For any a € ker(t_rxGO’k)+ = ker(t_rxcoyk) N B} and b € D, ., we have pa® b €
(y - 1)(ker(trXG0‘k)+®B&0qk D¢, )

Proof. Letc = (y—1)""(pa) € ker(t_rXGOVk)J’. Consider the series
Yot -nMoer-n'm) =Y U-nT ey -0
1=0 =0

which by our assumption converges to an element x € ker(EXG0 X )'® BL . DEO ,,- A direct computation
. o ,
gives (y — 1)(x) = pa ® b. Indeed, let

yi=0" =D u=(y-1DDb).
Then (y — 1)(y1) = =y (y1-1), (¥ = 1)(z1) = zi41. Hence,
(y-Dyioz)=(-Dynezu+y(y)e(y—D(z)=-yi-1) ® 21 +y(1) ® z41-

When taking the summation of / from 0 to +oco, only —y(y_;) ® zg is not cancelled out. But this is just
(y-D(c)®b=paxb. m|

3.6.7. Now it suffices to show that for any element x € (Boo)(Goxf’kr)‘a“, we can findn > Oand [ > k
such that

x € (y = 1)((B) @¥pDmam),

Fix such k, x. Let ¢, € Lie(I') be the logarithm of y. Then by Lemma 2.1.8, there exists a constant
C > 0 such that

¢y () llgoxprr < Clixllgyxprr-

Recall that || - [|G,x,«r is @ norm on the Go X p*I-analytic vectors introduced in Section 2.1.1.

Recall that we assume X is a locally analytic covering of X. Hence, by part (3) of Proposition
3.5.3, we may find an element z € (Bo)™ such that y(z) = z — 1. By our construction of By, in
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Section 3.2.6, | J,,; Bg,, is dense in B,. Hence, there exists an element z9 € Bg,,; for some n, [ such
1 . .
that z € (Boo) (Gn*P' D=2 and the norm of z — zg (as an element in B.,) satisfies

— < -
Enlarging n, [ if necessary, we may assume ||z — zo||g, xptr = 12 — zol| by Lemma 2.1.8. Now consider
the series
(m)
Z ¢7 ( ) ZO)m+l
1)' ’
%Nl pk . . .
It is easy to see that || (m+l)' (z z0)™! G, xpir < 2,S+’Ckr So this series converges (with respect
to || - llg,xpir) to an element y € (Boo)(G"XP[F)_a“. Note that ¢, (z — z0) = ¢y(z) = —1. A direct
computation shows
¢7(Y) =X.

After replacing [ by a larger integer, we may assume (y — 1)™ (DE”’ ) C pDJ&m ; for some m > 0 by our
construction in Section 3.3.1. Recall that DY, | = (Boo)(GnxP'D=an A B+ From this and by (y) = x, we
conclude x € (y — 1)((Boo)<G"x”[F)_a“) by the following simple lemma.

Lemma 3.6.8. Let M be a unitary Qp-Banach representation of I' and M° be its unit ball. Suppose
(y = 1)™M° c pM? for some m > 0. Then ¢,,(M) C (y — 1)(M).

Proof. The argument here was pointed out by a referee and is much simpler than my previous argument.
One only needs to observe that ¢, is the logarithm of y; hence,

1)’"
=(y-1 1 m
=(r=1) ) (D"
m=0
and the second series converges to an operator on M by our assumption. O

Remark 3.6.9. The argument of this subsection is basically the same as the proof of Théoréme 3.4
of [BC16]. Note that in their setting, the assumption ‘locally analytic’ always holds by Lemme 3.6 of
[BC16].

For later applications, it will be useful to remove the smallness assumption on X in Theorem 3.6.1.
Unfortunately, we have to make some assumption in order to do this. Let X = Spa(B, B*) be a ‘log G-
Galois pro-étale perfectoid covering” of X = Spa(A, A*) as in Section 3.1.1 except that we do not require

—_— —_—~ ~1, —_—

X to be small anymore. Denote by 7 : X — X and O = n.O%. Then we can consider subsheaf O ‘co

of G-locally analytic sections and subsheaves 0" c Oof G p-analytic sections. Clearly, h_r)n 0" =0,
n

Corollary 3.6.10. Suppose X = Spa(B, BY) is a ‘log G-Galois pro-étale perfectoid covering’ of X =
Spa(A, A*) and X can be covered by small rational open subsets X;,i = 1,- - , k, whose preimage X;

in X is a locally analytic covering of X;. Then

(1) R'QUA(B) = HI(X, (~91a) = H'(X, (~91a) for any i, where H' (X, (~’)]a) denotes the Cech cohomology.
In particular, B is W-acyclic if and only if

HxX,0%=0i>1.

https://doi.org/10.1017/fmp.2022.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.1

30 Lue Pan

(2) Write Wy = {Xy,--- , X }. For any sheaf F on X, denote by H' (W, F) the Cech cohomology of F
with respect to the cover Wy. Suppose the direct system {H' (2, On)}n is essentially zero for any
i > 0. Then B is strongly QU -acyclic.

Proof. The argument here is a standard application of Cech cohomology. Let B be the set of small
rational open subsets of X contained in some X;. It is easy to see that B is closed under finite intersections
and forms a basis of open subsets of X. Moreover, for any U € B, 771 (U) is a locally analytic covering
of U. We claim that for any i > 1, U € B, the Cech cohomology

H(U,0%) = 0.

To see this, since U is quasi-compact, any open cover of U can be refined to a finite cover U c B. Let

c ', (~9) ,C* (U, (5la) be the Cech complex for Oand (5la with respect to this cover. Then B — C* (U, (~9)
is strictly exact by the almost vanishing of higher cohomology (Theorem 1.8.(iv) of [Sch12]). Note that
each term in this complex is 8U-acyclic by Theorem 3.6.1. Passing to locally analytic vectors, we see

that B2 — c*(u, (~91a) is also exact by the second part of Lemma 2.2.2. Hence, Hi(U, (5la) =0,i > 1.

Now by Corollaire 4, p. 176 of [Gro57], the vanishing of higher Cech cohomology for any U € B
implies that H' (U, (5la) =0,i > 1 and H (X, (~91a) = H (X, (5la). Hence, we can compute H' (X, (51a)
using a Cech complex with respect to a finite cover in 8. We can use g here. All of the claims in the
corollary follow on applying the third part of Lemma 2.2.2 to B — C* (U, O). m]

4. Locally analytic functions on perfectoid modular curves

Now we apply the previous general theory to the case of modular curves of infinite level at p. It turns
out that in this case, the differential operator in Theorem 3.1.2 is very classical (see Theorem 4.2.7)
and (twisted) Z-modules on the flag variety appear naturally in this setup. Following Berger—Colmez
[BC16], we also give explicit descriptions of the GL,(Q,)-locally analytic functions on the infinite
level modular curve. This will be important for our calculations in the next section.

In the first subsection, we will collect some basic facts about modular curves of infinite level at p
and the Hodge—Tate period map. This is the simplest case in the theory of perfectoid Shimura varieties
developed by Scholze in [Sch15].

4.1. Modular curves and the Hodge—Tate period map

4.1.1. We define modular curves adelically. Fix a neat open compact subgroup K € GL>(A ) and let
Yk /Q be the moduli space of elliptic curves with level-K structure. Let H*! be the union of upper and
lower half-planes. The complex points of Yx are given by the usual double quotient

Y (C) = GLa(Q\(H*' X GLa(Af)/K).

Yk admits a natural compactification Xk /Q by adding finitely many cusps. The universal elliptic
curve over Yk extends to a semi-abelian variety over Xx and we denote by w the sheaf of its invariant
differentials. On the complex points, w is the canonical extension of w|y, (c) as defined in Main Theorem
3.1 of [Mum77].

Fix a complete algebraically closed non-Archimedean field extension C of Q,, as in Section 3.1.1.
Denote by Xk (respectively Vk ) the adic space associated to Xx Xg C (respectively Yx Xg C).

Theorem 4.1.2. For any tame level KP C GL, (AI;.) contained in the level-N subgroup {g € GL,(ZP) =
[T12p GL2(Z:) | ¢ = 1mod N} for some N > 3 prime to p, there exists a unique perfectoid space X v
over C such that

Xgp~  lim Xk,
Kp cGL, (Qp)
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where K, runs through all open compact subgroups of GL2(Q),). Therefore, there is a natural right
action of GL»(Qp) on Xgv». Moreover, for any open compact subgroup K, of GL2(Q),), there is a basis
consisting of open affinoid subsets U of Xkrk, with affinoid perfectoid preimage Us in Xkr, and the
map

. 0 0
11—1')1’1 H (UK;), OXKPK;,) — H (Uoo’ OXKP)
K}, cK,

has dense image. Here U K}, denotes the preimage of U in Xk p K}

Proof. The existence of Xk basically follows from Theorem III.1.2 of [Sch15] by taking connected
components into account. For the existence of a basis of open subsets of Xk rk ,, by part (iii) of Theorem
IIL.1.2 of [Sch15], for sufficiently small K ,, we can find an open cover of Xx» K, with the desired density
property. As taking rational subsets preserves this density property by Lemma 4.5 of [Sch13a], we may
find such a basis Bk, of open affinoid subsets for sufficiently small K,. In general, we can descend
this property to any K,. To see this, it is enough to find an affinoid cover of Xkrk, with the desired
properties. We may assume K, is a subgroup of GL,(Z,). Take an GL;(Z,)-invariant affinoid cover of
FC. Then Scholze’s result implies that this cover comes from an affinoid cover of Xx» K}, for some K ;7
sufficiently small. We may assume K, is a normal subgroup of K ,. Hence, Xk rk,, can be viewed as the
quotient of XKPK;) by K,,/K[’, and we can descend this cover to XKPKP by [Hanl6, Theorem 1.3]. O

4.1.3. One powerful tool to study the geometry of Xkpr is the Hodge—Tate period map introduced in
Theorem II1.1.2 of [Sch15]. We will give an equivalent definition in our setup.

Fix a K? as in the theorem and an open subgroup K, of GLz(Zp). Let X = Xk, = Yk with
K = KPKp, and let f : £ — ) be the universal elliptic curve. Then R! f+Zp, defines a rank 2 étale
Zp-local system V. Our normalisation is that

o V corresponds to the standard representation of K, ¢ GL»(Z,). See, for example, Subsection 2.4 of
[EmeO6a].

This Z,-local system V induces a Z,, -local system 2 on Yprost> the pro-étale site of V; see 8.1, 8.2 of
[Sch13a] for the notation here. On the other hand, we denote by Dgr the relative de Rham cohomology
of £ over Y. This is a rank 2 vector bundle on ) equipped with a (decreasing) Hodge filtration Fil® and
Gauss—Manin connection Vy . Its graded components are given by

w_l|y, n=0
gr'(Dgr) = { wly, n=1
0,n#0,1

Here implicitly we choose a polarisation of £ — that is, an isomorphism A2Dgr = Oy — and we will fix
this choice from now on. Recall that there is the structural de Rham sheaf OBgr on Vpros; also equipped
with a decreasing filtration and a Bgr-linear connection; cf. §6 of [Sch13a] and [Sch16]. By the relative
de Rham comparison theorem (Theorem 8.8 of [Sch13a]), there is a natural isomorphism

Y®Z,, OBgr = Dgr ®oy, OB4r

compatible with the filtrations and connections. Here, by abuse of notation, Dgr is viewed as a sheaf on
Yprost by Lemma 7.3 of [Schl3a].

Next, we extend these results to X' using the theory of log adic spaces. See [DLLZ19, DLLLZ18] for
more details here. We will view & as a log adic space by equipping it with the natural log structure
defined by the cusps C := X' — Y; cf. Example 2.1.2 of [DLLZ18]. Then V defines a rank 2 Z,-local
system Ylog on Xjproké, the pro-Kummer étale site of X. There is also the structural de Rham sheaf
OBdR,log 00 Xproket €quipped with a decreasing filtration and a logarithmic connection:

V : OBar tog — OBdR log ®0 Q4(C).
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Here Q! +(C) as usual denotes the sheaf of differentials on A’ with simple poles at C. As the monodromy
of V along each cusp is unipotent, we have the following relative log de Rham comparison isomorphism
(Theorem 3.2.12 and its proof of [DLLZI18]):

1% ®;, OBdr.log = DR log ®0 OBR log (4.1.1)

—log

compatible with the filtrations and logarithmic connections, where DR 1og is a filtered vector bundle
equipped with a logarithmic connection Vy . In fact, by Theorem 1.7 of [DLLZ18], (DgR log, Vv ) is the
canonical extension of (Dgr, Vv ). Hence, in particular,

grn(DdR,log) xqw, n=1

Now we have a decreasing filtration (the relative Hodge-Tate filtration) on Vlog ®s, Oy as in
Subsection 2.2. of [CS17]. More precisely, let OB;R log be the positive structural de Rham sheaf on
Xprokér (the geometric de Rham period sheaf in Definition 2.2.10 of [DLLZ18]) which also admits a

logarithmic connection. Consider
V=0
Mo = (Ddr,log ®0x OBjg 100) " -

Recall that there is the positive de Rham sheaf B;R on Xprok¢t (Definition 2.2.3.(2) of [DLLZ18]) and
the usual surjective map: 6 : By, — O x. Then Proposition 7.9 of [Sch13a] implies

Viog ®2, Bl tog 2 Mo 2V, @5 ker(6). 4.12)

Hence, we obtain a filtration on V
of [Sch13a] can be identified with

r/(ker6) = v ®z, O x, which again by Proposition 7.9

log —log

0 — gr’(Dar log) ®0 Ox — V ®;, Ox — gr' (Dar.1og) ®0, Ox(~1) — 0.

—log
In other words, we get the following exact sequence of locally free @X-modules on Xproker (relative
Hodge-Tate filtration of ﬁlog ®z, Oy):

0= 0™ @0, Ox(1) = V., (1) ® Ox - weo, Ox— 0. (4.1.3)

Remark 4.1.4. Strictly speaking, Proposition 7.9 of [Schl3a] is only proved when there is no log
structure. However, all of the arguments work here with the input replaced by the corresponding results
in Section 2 of [DLLZ18]. For example, the local structure of OB* in Proposition 6.10 is now
replaced by Proposition 2.3.15 of [DLLZ18].

There is one minor subtlety here: compared with the definition of OBggr in [Schl3a], there is an
extra completion of (’)BdR ]Og[ ™' in Definition 2.2.10 of [DLLZ18], where ¢ € BER is a generator of
ker(0). I claim that such a completion is unnecessary in our case; that is, the isomorphism (4.1.1) can
be restricted to

dR,log

17 ~ -1
Vlog ®2p OB:i—R,log [t ] = DdR,log ®OX OEdJrR,log [t ]

In fact, using the local structure of OB* we may argue as in Theorem 7.2 of [Schl3a] that M,

dR log’

isaB dR—lattlce of (Klog ®, O]B%dR,log) =0 Vl og ©2,, Bgr by the Poincaré lemma (Corollary 2.4.2 of
[DLLZ18]). This is enough to deduce our claim.
4.1.5. Now we take K, = GL»(Z,). Hence, X = XkrGLy(z,)- AS yLnK,,CGLz(Q,;) Xkrk, (equipped

with log structures defined by cusps) can be viewed as an open covering of X'in Xpoker, We can evaluate
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the exact sequence (4.1.3) on l1mK Xkp K, . Note that Xk p trivialises the universal Tate module; hence,

by Theorem 4.1.2, we obtain the followmg exact sequence of vector bundles on Xk p.

Theorem 4.1.6.
0 — Wiy (1) = V(1) ®, Oy, — wkr =0,

where wgp is the pullback of w as a coherent sheaf from X to Xxp and V = ng is the standard
representation of GL,(Q,) and viewed as a constant sheaf on Xkp. This exact sequence is GLy(Z,)-
equivariant.

Clearly, the position of a)I_(I,, inV ®g, Ox,, induces a map (Hodge-Tate period map)
TTHT - XKP — Ft .

where Z{ is the adic space over C associated to the usual flag variety for GL,. One can check that our
definition of wyt agrees with the one defined in II1.3 of [Sch15],! using Lemma II1.3.4 and Corollary
II1.3.17 in the reference.

There is a right action of GL,(Q,) on &€ by acting on the total space (rather than the position of the
flag). We will always use this right action.

Theorem II1.3.18 of [Sch15] provides an affinoid cover {Uy, U} of F¢. In our case, F = P! and
Ur = A{[x1 :x2], lxall = llx2ll}, Uz = {[xr zxal, [lx2ll = [lxall}

Theorem 4.1.7. yr is GL2(Q))-equivariant and commutes with Hecke operators away from p (when
changing KP? ), for the trivial action of these Hecke operators on Ft. Moreover, let B be the set of finite
intersections of rational subsets of U1, U,. Then B is a basis of open affinoid subsets of F{ stable under
finite intersections and each U € B has the following properties:

o its preimage Vo = ﬂ;IIT(U) is affinoid perfectoid;
o Ve is the preimage of an affinoid subset Vk, C Xkrk,, for sufficiently small open subgroup K, of

GLZ(Qp)
o the map th HO (VK OXKPK ) = HO(Vy, Oxyp) has dense image;

o U does not contain all Qp-rational points of Ft.

Proof. See Theorem II1.1.2 of [Sch15] and Theorem II1.3.18 of [Sch15]. m]

4.2. Faltings’s extension and computation of 0

Let K;, € GL2(Q)p) be an open subgroup and X an affinoid subset of X' = Xkrk, containing at most
one cusp. Suppose its preimage X in X is a ‘log K p-Galois pro-étale perfectoid covering’ of X and
X is small in the sense of Section 3.1.1. Note that by Theorem 4.1.2 and Lemma 5.2 (and its proof) of
[Sch15], such X form a basis of open subsets of X.

The goal of this subsection is to compute the differential operator 6 in Theorem 3.1.2 for this Galois
covering. It turns out that this follows from a classical result of Faltings which (up to a twist) identifies the
relative Hodge—Tate filtration sequence in Theorem 4.1.6 with (log) Faltings’s extension; cf. Theorem
5 of [Fal87]. We will give a proof of this result (Theorem 4.2.2) in our setup below. A more conceptual
computation of 8 in terms of the p-adic Simpson correspondence is given in Remark 4.2.5.

4.2.1. We use notation introduced in the previous subsection. First we recall the log Faltings’s extension
as defined in Corollary 6.14 of [Sch13a] and Corollary 2.4.5 of [DLLZ18]. Taking the first graded piece

IThere is a slight difference: in our setup, we trivialise the first relative étale cohomology the universal elliptic curve, while
[Sch15] trivialises the universal Tate module. As a result, there is a Tate twist in the middle term of the exact sequence in Theorem
4.1.6.
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of the Poincaré lemma sequence (Corollary 2.4.2 of [DLLZ18]):
+ + v + 1
00— Bir = OBR 1oy = OB 10 ®0x Q1(C) = 0, (4.2.1)
we obtain an exact sequence of O x-modules on X0k (the log Faltings’s extension):
0 — Ox(1) — gr' OBl 1o, — Ox 80, QH(C) — 0.

Its tensor product with w™!' becomes

0— w80, Ox(1) > ™' ®o, gr' OBY; 1, = 0! 80, Q4(C) ®0, Ox — 0.

Recall that there is a Kodaira—Spencer map w — w™! ®¢, QIX(C) of coherent sheaves on X defined as
the composite

. v _
@ =Fil' Dgr jog € Dar,tog — Dar,log ®0 QY(C) = g1’ Dar jog ®0 Q4(C) = 0™ ®0,, QL(0).

It is well-known that this is an isomorphism: v — w™' ®p . QEY(C). Under this isomorphism, w™! ®¢,,

1 R+ :
gr OB dR log €A1 be viewed as an element of

Extgcpmkél(a) ®0 @){, w! ®0 @X(l))

On the other hand, recall that 21 oz 2, Oy also defines an element in this extension group by the
relative Hodge—Tate filtration (4.1.3).

Theorem 4.2.2. There is an isomorphism between w ' ®p » glrl OB:;R log and Ylog(l) ®Z,, @X as O -
modules such that as extension classes, they differ by —1.

Proof. Consider the first graded piece of the tensor product of Y] and the Poincaré lemma sequence

og
(4.2.1) over Zp; that is, the tensor product of Klog with the log Faltings’s extension:

0— Ylog(l) ®ZP @X - ‘A/

1 + Voo
Vieg 2, 8° OBgr 1o =V

Viog ®2, Ox ®0, Q4(C) — 0.

Then the inclusion gr! (DgR,10g ®0, OB, ) C grl(ﬁ1

) +
dR,log ®z P OB

dRJog) induces

og
A A v ~
00— Zlog(l) ®2p Oy — gI‘1 (DdR,log ®0 OB;R,log) — gro DR 10g ®0 Ox®o., QQ(C),
where the first inclusion follows from the sequence (4.1.2) and the image of V lies in gr0 DR jog ®0 4

Oy ®0 Q}Y(C) by Griffiths transversality. I claim that V is in fact surjective as it has a left inverse: the
composite map

A Vv S
g’ (Dar Jog) ®0x Ox € gr' (DR tog ®0 OB R jog) — 2 Dar 1og ®0, Ox ®0,, Q4(C)

is nothing but the tensor product of Kodaira—Spencer map with Oy and, hence, an isomorphism. This
implies that

Zog(l) ®;, Ox = gr' (Dar,1og ®0 OB R jog)/ g (DR 1og) ®0 Ox.

Note that this right-hand side can be identified with gr’(Dar jog) ®0, gr' OBl 1og = v ®0,

er! OB* as there is a canonical decomposition
dR,log

gt (Dar Jog ®0 OBERJOg) = gr' (DR jog) ®0r Ox ® g (DR 10¢) ®0 g1 OB;RJOg'
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+
dR,log

check their relation as extension classes, one useful observation is that the surjection Z Og(l) ®z, Oy —

Hence, we obtain an isomorphism 21 og ( 1)®2p Or = w'®on Lert OB as claimed in the theorem. To

o' ®o, O x in the exact sequence (4.1.3) agrees with the composite map
Ylog(l) ®;, Ox C gr' (Dar log ®0 OB R jog) — gt (DR 1og) ®0r O,

where the second map is the projection using the above decomposition. Hence, it differs by —1 with the
composite

Ylog(l) ®z, Ox — gr' (Dar.1og ®0x OBR 1og) = g’ (Dar.1og) ®0, gr' OB 1og

v N ~ A
— 21 DR 1og ®0, Ox ®0, Q4(C) — gr' (Dar 10g) ®0x O

where the second map is the other projection and the last isomorphism is given by Kodaira—Spencer
map. Note that the composite of the first row is the isomorphism constructed before. This finishes the
proof of theorem. O

Corollary 4.2.3. Let X, X be as in the beginning of this subsection. Moreover, we assume mur(X) is
contained in an affinoid open subset of F{. Then X is a locally analytic covering of X in the sense of
Definition 3.5.4.

Proof. By Proposition 3.5.3, one equivalent definition of locally analytic covering is that if we take
the global sections of Faltings’s extension on X (viewed as open set in Xpokee by abuse of notation),
it remains exact after taking K-locally analytic vectors. First consider taking the global sections of
relative Hodge—Tate filtration (4.1.3) on X:

0— H'(X, 0™ ® Ox(1)) = H'(X,V,,,(1) ® Ox) = H*(X,0® Ox) — 0. (4.2.2)

This is exact as H' (X, 0™ ®0,, O (1)) = 0 by Theorem 5.4.3 of [DLLZ19]. Note that Ylog becomes

a trivial local system on X; hence, the middle term is naturally isomorphic to V(1) ®q, HY(X,O)
where V = Q;‘fz is the standard representation of K,, C GL»(Q,). By our assumption on mur(X), there
exists an element e € V(1) ®, C c V(1) ®, H*(X, Ox) whose image ¢ € H'(X,w ®0,, Ox) is a
basis of H(X,w ®0, Ox) as a H'(X, O x)-module.

As the action of K, on V is analytic (even algebraic), we conclude that the short exact sequence
(4.2.2) remains exact after passing to the K ,-locally analytic vectors. The same holds when taking global
sections of the tensor product of the exact sequence (4.1.3) and w, which is equivalent to multiplying
the sequence (4.2.2) by e. Now the corollary follows by identifying this exact sequence with Faltings’s
extension (up to —1). m]

Now we are ready to calculate 8. We will give an explicit description first and rewrite in a coordinate-
free way later. We

o fix a generator of Z, (1) from now on; that is, an isomorphism Z, (1) = Z,,.

Let e; = (1,0),e; = (0,1) be the standard basis of V = Q?z and denote their images by ej,e; €
H°(Xkpr,wgr) (fake-Hasse invariants) using the surjective map in the exact sequence in Theorem
4.1.6 and the chosen generator of Z, (1). We remark that Aut(C/Q),,) acts on e, e, via the cyclotomic
character because of the Tate-twist in V(1).

Let X, X be as in the previous corollary. In particular, wkr|g is trivial and generated by some
section e. Hence, we may view %‘, % as elements in Oy, ,» (X).
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Theorem 4.2.4. The differential operator 6 associated to (K, X) in Theorem 3.1.2 is, up to a unit of
OXKP (X)»

1 (eje; €2 o > )
= (—e% —e12e2 € 8L (Oxyp (X)) = Oxypp (X) ®g, Lie(Kp).
Remark 4.2.5. As mentioned in Remark 3.1.7, it is better to view 0 as alog Higgs field. The computation
of @ here is just computing the Higgs bundle associated to Ylo . under the p-adic Simpson correspondence,
which can be deduced from (Dgr jog, V), the other side of the de Rham comparison. This was pointed
out to me by Michael Harris.

Proof. We will freely use the notation and constructions introduced in Section 3. Hence, X =
Spa(A, A*), X = Spa(B, B*). Fix an étale map X — Y as in Section 3.2.1. Let X,, = Spa(Aw, AY,)
(respectively X, = Spa(Bw, B,)) be the pullback of the perfectoid covering Y, to X (respectively X);
cf. Section 3.2.2 (respectively 3.2.6).

To compute 8, we follow Remark 3.3.7. Recall that V is the standard 2-dimensional Q ,-representation
of K, € GL2(Q,). We need to compute ¢y : Lie(I') — B ®g, V in Proposition 3.2.13, which agrees
with the natural action of Lie(I") when restricted to (B« ®q, V)Kp-I-12 By Theorem 4.1.6, ignoring
the Tate-twist, we have

O—>B-e_]—>B®QpV—>B~e—>0,

where ¢! € HO(X, w;<1,,) is dual to e € H°(X, wkr). Take the tensor product with B, over B and then

take the K,-invariants:
0= (Beo- e HK» = (B ® V)P — (Bo, - e)Kr — 0. (4.2.3)

To compute the action of Lie(I") on (Be ® V)X»-I~12 by Theorem 4.2.2, this sequence can be identified
with the global sections of Faltings’s extension on X, (viewed as an open set in Xjroker), up to —1.
Hence, by results in Section 2 of [DLLZ18] (in particular, Proposition 2.3.15 and proof of Corollary
2.4.2), the sequence (4.2.3) is A-linearly and I"-equivariant isomorphic to the tensor product over Q,,
of A, with a nontrivial self extension of trivial representation of I":

OHQP—)VI_)QP_)(l

which we essentially write down in Section 3.5.1. Clearly, Lie(T") acts trivially on (By, - e~!)Kp-T12 =
(Aw)T™12, and if we fix a generator x of Lie(I"), it maps the quotient (B, - €)X7-T ™1 isomorphically to
(B - e"1)KpT=12 Therefore, ¢y (x) is zeroon B - e~ and ¢y (x)(B®V) =B - e\

The rest is to write this as an element of B®g,, Lie(K,) up to B. Itis easy to see that f = %el - %ez €
B®q, V generates B - e~!. As ¢y (x)|pey factors through B - e, we may assume it sends e to f. A direct
computation gives the matrix in the theorem. O

4.2.6. To rewrite this theorem in a coordinate-free way, it is better to work with sheaves. Consider the
pushforward of Oy, ,, along myr : Xgp — FC

OKP = ”HT*OXKp .
We define a subsheaf

Ollgp C OKI’

as follows: for any quasi-compact open set U of #¢, H(U, (’)}2 ») is the subspace of K ,-locally analytic
vectors in HY(U, Ok»r), where K p is an open subgroup of GL,(Q),) stabilising U. Note that such K,
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always exists by the compactness of U and H(U, Olla{ ») is independent of choice of K,,. Since taking

locally analytic vectors is a left-exact process (see the construction in Section 2) and ﬂHT*O}Kp isa
sheaf, (’)ll‘g » indeed defines a sheaf on F¢.

Clearly, (’)112 » 18 GL2(Q),)-equivariant and there is a natural action of the Lie algebra of GL>(Q,) on
Olg ». Hecke operators away from p act on it naturally as we only use the action at p in the construction.

We claim that the natural map Ogy — Ok » has image in Ol,a( »- It is enough to check this for a basis
of affinoid open subsets U of F¢. Since F¢ is an adic space associated to a variety over C of finite
type, we may consider all affinoid subsets U such that Og,(U) can be written as a continuous quotient
of C(Ty---,T,,) for some m and the quotient topology on Og,(U) agrees with its natural topology.
Fix such a U; then there exists an open subgroup K, € GL»(Q),) stabilising U and acting trivially on
O%,(U)/p. From this, we see that the action of K}, on Og(U) is locally analytic (using arguments in
Example 2.1.9, for example).

We follow some constructions on the flag variety in [BB83]. Denote by g the tensor product of the
Lie algebra of GL,(Q),) with C; that is, gI,(C). For a C-point x of the flag variety Fl of GL,/C, let
b,,n, C g be its corresponding Borel subalgebra and nilpotent subalgebra. Let

g’ = Op ®c g,
b := {f € ¢"| fx € by, forall x € FI(C)},
n0 = {f e go|fx € ny, forallx € FI(C)}

be GL,-equivariant vector bundles on Fl, where GL; acts by conjugation on g. By abuse of notation, we
also view these as vector bundles on ¢, the associated adic space of Fl. Then we have a natural action
of g on O, for f € Ogr,z € g,5 € O,

(f®z)-s=f(z-5).

Theorem 4.2.7. n° acts trivially on O'% .

Proof. Its enough to check this on open subsets as in Theorem 4.1.7, for which we may invoke Theorem
4.2.4 and our claim follows immediately. In fact, it follows from the proof of Theorem 4.2.4 that the action
of ¢y on V(1) ®g, Ox,, is trivial on wi!, (1) and induces an isomorphism wx» — wg!, (1). Since 7yt
is defined by the position of a);('p(l) in V(1) ®g, Oxy,, it is tautological that Ox,, 0 C Ox,, ®c 8

contains n°. m]

Fix a rational Borel subalgebra b := {(8 :)} and a Cartan subalgebra b := {(; 2)} of g and let W

be the Weyl group. Recall the Harish—Chandra isomorphism Z(U(g)) = S(h)", where Z(U(g)) is the
centre of the universal enveloping algebra U(g) of g and S(}) is the symmetric algebra of b equipped
with the dot action of W: w - u = w(u + p) — p, u € h*. Here p is the half sum of positive roots as
usual. Let go := sI>(C) c g and by = h N go. Then, similarly, Z(U(gs)) = S(hs)". We also denote by

a0
3= {(0 a)} C g the centre of g.

It is clear that 6%/n° = Og; ®c b by identifying global sections of b?/n® with §. So we have a a
natural embedding § — b°/n°.

Corollary 4.2.8. There is a natural (horizontal) action 6y of Ty on (9112 p commuting with g. In fact, —6y
induces an action of S(bs) extending the one of Z(U(gs)) and 6y|; agrees with the action of 3 C g.

Proof. The first part follows from the fact that H°(%¢,b°/n°) is GL,-invariant. The second part
essentially follows from Harish—Chandra’s theorem. Note that there is a sign here since this construction
studies the 1 -coinvariants rather than invariants. See Section 2 and Section 3 of [BB83]. ]
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Remark 4.2.9. See Theorem 5.1.8, 5.1.11 for an interpretation of this action in terms of the classical
Sen operator arising from the action of Gg,, .

Remark 4.2.10. In Beilinson—Bernstein’s theory of localisation (see, for example, Section C of [Bei84]),

Ollg ,» is a @-module in this analytic setting. Similarly, fix a weight y of §. We denote by (’)l;;,)f the y-
la,

component of (911? »; that is, the subsheaf of sections of weight y. Then OK,),‘ isa @X-module. Recall
that & ¢ is a ring of twisted differential operators on the flag variety. Everything here is also GL»(Q,)-
equivariant. Hence, we obtain a (@X, GL»(Qp))-module on &€, which is very similar to the picture in
the complex analytic setting.

In a series of works (see, for example, [Ard17]), Ardakov proved a p-adic analogue of Beilinson—
Bernstein’s localisation theorem. Roughly speaking, he showed that one can realise the dual of an
admissible locally analytic representation of GL, (Q,,) as global sections of certain GL, (Q,,)-equivariant
2-modules on F¢. It is very natural to ask whether there is some form of duality relating his construction
with (91;,),( here.

4.3. Local structure of (91;(‘,,

So far, (’)1,§ » is defined in an abstract way. We give an explicit description of its sections in this subsection.
This is largely inspired by the calculations of Berger—Colmez in Section 4 and Section 5 of [BC16].
We will follow their arguments and combine with our differential equation 6 = 0. To do this, one needs

enough sections of OII% P

4.3.1. Let I'(p") = 1 + p"M>(Z}). Recall that Yk »1(,n) parametrises elliptic curves with certain level
structures away from p and a trivialisation of its p"-torsion points. In particular, the Weil pairing induces
a trivialisation of u,n (C). This defines a map Vgrr(pn) — Isom(Z/p", pn (C)), which extends to its
compactification Xgpr(pn) — Isom(Z/p™, p,n(C)). Classically, this map can be obtained by looking
at the connected components. Taking inverse limits, we obtain Xx» — Isom(Z,,Z,(1)), where
Isom(Z,,Z, (1)) is identified as Spa(€ (Isom(Z,,Z, (1)), C), €(Isom(Z,,Z,(1)), Oc)). Recall that
we have chosen a basis of Z,, (1) before Theorem 4.2.4; that is, an isomorphism Isom(Z,,, Z, (1)) = Z;.
Then Xxr — Isom(Zp,Z, (1)) = Z}, defines a function

t € H(Xkr,Oxpp),

which is well-defined up to Z;. See also (4.2) of [Eme06b] for another description. We remark that Gq,
acts on ¢ via the cyclotomic character because it is essentially an element of Z,, (1). The group GL»(Q),)
acts on 7 via &, o det, where &), : Qj; — Zj; sends x to x|x|; hence, the action of g = gl,(Q,,) on 7 is the

trace map
ab ab
(C d) -t = (a+d)t, (C d) €q.

If we take the direct limit over all tame levels K”: H°(C) := li_I)nKp H°(Xkr,Ox,,), then GLy(A ()

acts naturally on H°(C) and acts on ¢ via & o det. See Notation in the beginning of this article for the
definition of . Using this observation, it is easy to figure out how Hecke operators away from p change
when multiplying by a power of 7.

Forn > 1, we fix t, € HO(XKDF(,,n),(’)XKpr(p )sothat ||t —t,|| < p™™.

ny

4.3.2 (A consequence of § = 0). We introduced a basis B of affinoid open subsets of ¢ in Theorem
4.1.7. Fix U € B from now on. Then by our construction, V., := ﬂl‘{lT(U) is affinoid perfectoid
and is the preimage of an affinoid subset Vk, C Xkr K, Recall that we have fake-Hasse invariants
e1, ey € H'(Xkp, wkr). Throughout this subsection, we assume

o e; generates H(Vo, wir).
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In our later computations, we will always assume one of ey, e, generates HO(Vm,pr). When e,

. 1 . .
generates H 0(Voo, wkr),one can use the action of ) to reduce to the above case. When ¢ is a basis,

10
we can take e = e in Theorem 4.2.4. Hence, up to a unit, 6 on Vo is

2
(j“1 fx) & oLy (Oxr (U)).

where x = z—f € Ogy(U), a standard coordinate on F = P!. In particular, we have the following

important lemma.

Lemma 4.3.3. Suppose f € Ol;;,,(U) is annihilated by b = { :; : } € 6l,(Qp). Then fis annihilated
by ¢1,(Qp); that is, fis fixed by an open subgroup of GL»(Q),).

Proof. By Theorem 3.1.2, 6(f) = 0. But b - f = 0. Hence, 6(f) = (_01 8) - f = 0. Thus, gl,(Q)) -
f=0. O
Remark 4.3.4. Here is a sketch of another proof without using 6. By using the action of (](; (1) , one may

assume V¢, is a rational open subset of some e-neighbourhood of the anticanonical locus A}, .., (€)4 for
some € € (0, 1/2). See Chapter III of [Sch15] for notation here. Since f is annihilated by b, it is fixed by
an open subgroup I/ of the upper-triangular Borel in GL»(Q,,). We may assume I'| C K, and denote by
Vi the preimage of Vg, in X;(,) (€)4. Then f comes from a section in O x;(,) (6)a (Vré). The key point here

is that by Corollary I11.2.23 of [Sch15], there exist Tate’s normalised traces from O X:, (e), tO sections on
0

finite levels. Hence, a standard argument shows that f comes from some finite level by analyticity; cf. the
proof of Lemma 3.2.5 or [BC16, Théoréme 3.2]. Thus, f is fixed by some open subgroup of GL>(Q),).

4.3.5. Now we can give an explicit description of (9';; »(U), following Subsection 4.2, 5.2 of [BC16].
The basic idea is to find ‘power series expansions along e, e, t’. Note that the actions of K, on these
elements are analytic. Our setup is as follows. Fix a compact open subgroup G of K, equipped with an
integer-valued, saturated p-valuation. For example, one can take 1+ p M, (Z,) for sufficiently large m.
Then we have G,, = Gg " asin Section 2.1.1. Let Vi, C Xkrg, be the preimage of Vk,- By our choice
of U (cf. Theorem 4.1.7), the direct limit li_II)ln HO(VGn , OXK,,Gn) — HO(VOO, Ox, ) has dense image.
Hence, for any n > 0, we can find (cf. Section 2.1.4 and Lemma 2.1.5)

o aninteger r(n) > r(n—1) > 0;

o xp € HO(VGM),(’)XK,,GV(”)) such that ||x — x,lG,,, = x = xull < p7™ in H*(Veo, Oy )-

r(n)
As in Section 4.3.1, we can find (after replacing r(n) by a larger number if necessary)

ot, € OXK”G;A(n) (XKPGr(n)) such that || — 1, ]| =|lt—t,]| < p™"in HO(XKP, OXKP)'

r(n)

We can define a norm on H(Veo, wkr) by identifying it with H%(Veo, Ox,,,) using e;. It is easy to see
li_r)nn HO(VGH, w) > HO(VOO, wkr) also has dense image. Here, by abuse of notation, w denotes ‘the w
on Xkrk, - Hence, we can also find (after enlarging r(n) if necessary)

o ey, € H (Vg ,w)suchthat|le; — e1nllG,, = ller —ernll < p™ in H(Vo, wir).

r(n)?
Note that e ; is also a basis of HO(VM, wgp),ifn > 0.
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As before, we denote by b = )} C ¢l,(Qp) the Lie algebra of the upper-triangular Borel

(5
subgroup and by n its nilpotent subalgebra. Let

(01 , (10} __(to
! ‘(00”“ 0-1)"*"lo1

be a basis of b. Then u* - x = u* - iz =landh-ej=ejandz-t=2t.
4.3.6 (Expansion along n). Fix f € OK,,(U). We are going to write f as a power series. Suppose
f € Ogp(U)9m~ By Lemma 2.1.8, there is a constant C; such that ||u* - 5||G,, < p©'||s|l,,» for any
s € Ogp(U)9m~2 Choose n”” > max(Cy + 1/(p — 1) + 1,m). Then

1 (u +)l -1
1 = xw) =i, wn < P NISIG, ()
for any [ > 0 and s € Og» (U)®7~2" by a simple calculation. Hence,

Do) = (1 - L
=0

defines a bounded map D, : Ogp (U)m 3 — Ogp(U)Cr#")~3 with norm < 1. Moreover, since
ut - (x —x,») = 1, one checks easily u* o D, = 0. Let

+)i ut I+i |
o :=Dx((“) ) Z( D (x-xu) CE L € 0 (05,

(u)f

Its norm |laillG, ., < |l l,, < p" " VifllG,. Thus, 3;50ai(x — x) is convergent in
Okr (U)Cr# =3 and a dlrect computation shows (using Zﬁzo(—l)i“(ll—_i)! =0if/ > 1) that in fact

+00
F= aix=xp)
i=0

in Ogp (U)Cr») =3 Note that u* - a; = 0 for any i by our construction.

IA

4.3.7 (Expansion along h). Next we write a; as a power series. Note that |ley — ey 1[lG,,, = lle1 —e1ll

p~!. Hence, |le1llG,, = lleills, o = 1. For j > 1, the series

r (D)

el e —eyy = jl e j

log(—) =log |1 + —— ::—Z(—l) -(— -1
el el = J e

converges in Ok p (U)©7 =3 and has norm || log(<L)|lG,,, < p~'. Moreover, since u™-e; =0,h-e; =
2 g el (1) p

eq, it follows that u™* - log(%) =0,h- log(%) = 1. Hence, we can repeat the previous process with

ele] -): by Lemma 2.1.8, there is a constant C; such that || - 5| <

r(n”) =

PR RS OK,)(U)GV<"”>;3“. Choose n’ > max (Cy+ 1/(p — 1)+ 1,r(n””)). Then we have

+00 J
e
ai= ) bij (log(—w)
= e1,n
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: Gy~
in Ogp (U)"r@)~2" where

ey Lyl
2N ey [log(Ey|
bl,,—;( ) (log(el,,,)) o

is convergent in Ogp (U)%re)~8 and has norm ||b; jllG, ., < p™ =D/ =Di||f|ig . Also, since

[A,u*] =2u™ and u™ - a; = 0, we have

r(n’)

Lt+'b[,j=h'bi,j=0.

4.3.8 (Expansion along z). Finally, we can expand b; ; using z. This is almost the same as in Section
4.3.7. Note that ¢ is invertible with norm 1; hence, ¢; is also invertible. Thus, log(%) converges in

O (U)Cr0 =3 with norm < p~!. It satisfies u* - log(%) =h- log(%) =0andz- log(%) = 2. Then for
any sufficiently large integer n > r(n’), we have '

+00 k
t
bij= Z Ci,jk (log(t—))
k=0 n

converges in Ogp (U)Cr =3 where

1S 1 t kb
ijk = o7 —Di(=log(—))' ——2L
cipi = g8 D G lee ()
and has norm

¢, kI, < pU VRO £
Since z commutes with u*, A, it follows that
uwcijk=h-cijr=zcijr=0;
that is, c; ;  is annihilated by b. By Lemma 4.3.3, this implies c; j « is fixed G, (). Therefore,
Cijk € HO(VGr(n) s OXKpGr(n) )
In particular, ||c; j kllG, ., = llcij.kll-

Theorem 4.3.9. Keep the notation in Section 4.3.5. For any f € (’)l;é » (U) which is G ,-analytic, there
exist an integer N = N (f), bounded above by some constant only depending on m, and unique elements
e} (f) € H'(VG,. Otcn,, ) Jor i juk 2 0.n = N with norm [ic}”) ()] < p= D0 £,
for which
: el J t k
F= 0 e (O =xa) (log(—>) (1og(—))

k=0 €ln In

k2
holds in Ok p (U)Crm = Conversely, givenn > 0 and ¢; ; . € HO(VGM

that |c; j k]l < p =D 7 polds for a uniform constant C’,

OXm)G‘( )),i,j,k > 0 such

n)?

| TR
f= i’LZkZZOCi,j,k(X - xn)' (IOg(e%)) (10?%(5))

defines an element in Ok p (U)Crn =3 We can take N(f’) = n; hence, csr;.)k (f) =cijx
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Proof. We have writien f = X x0r.0x — ) (log(2) ) (1og())" with llew sl <
p<"_1)k+("'_1)j+("”‘l)i||f||G The rest is to change the coordinates from x — xnn to x — x, and
from log( el ) to log( ) By our construction, both (x — x,) — (x — x,»), log( —log(=&

el‘n;
H° VG, OXKPGr(n)) and

(x = xp) = (x —xp) |l < p7"

Hence, if we write

) el J t k (n) el J t k
Y, et (i o)) (o)) = 3 e (6 nn oe 2| (1oec0)
o n i k20 n n

i,7,k>0

for some C;jlj), ()€ HO(VGM) , Oxpp Grom ), a simple computation gives

le™ L (DllG,y < pr DRI i, < pDER £

asn > n’ > n’”. For the uniqueness and the converse part, using the bounds on c ( f), we can repeat

our construction (with n’” = n’ = n this time) and recover cE j) i (f) from f. We 0m1t the details here. O

Definition 4.3.10. Keep the notation in Section 4.3.5. For any n > 0, we define O"(U){x,e1,t} C
O% » (U) to be the subset of f, which can be written as

k
f= Y epntimx) (mg(—)) 0z

i,j,k>0

with ¢; j x € HO(VGM), OXK,,Gr<n)),i,j, k > 0 such that ||c; j il < p =D+ €7 holds for some
uniform constant C”. It is a Banach algebra over C with norm

1l = sup lle™  (Hp DR

Let O"(U)*{x, ey, t} be its open unit ball. By Theorem 4.3.9, sending f to cE"i) () p D) induces
an isomorphism of topological Z,-modules ‘

O"(U)"{x, ey, 1} = n HO(VGr(n)’O}m’G r(n >)'
i,j.k20

Remark 4.3.11. It is clear from the proof of Theorem 4.3.9 that O"(U){x, e, t} is independent of the
choice of x,, €1 n, tn.

Remark 4.3.12. For any m > 0, by Theorem 4.3.9, we can find n such that there are continuous
embeddings (of Banach spaces)

Okr (U)9m™ — O™ (U){x,e1,1} — Ogp (U)Cron=an,

Hence, h_r)nn Okr (U)Cn li_r)nn O™"(U){x, e1,t} as topological spaces. It will be clear later that
O"(U){x, e1, t} behaves a lot better in applications.

4.3.13. Theorem 4.3.9 can be rephrased sheaf-theoretically. Recall some construction in the paragraph
above Corollary 3.6.10. We denote by O:(n) the pushforward of (’);’,G from Vg, ,, to Vk,, by O the

r(n)
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~ ~ ~1 ~
pushforward of Oy, from V., to Vi, by 0" c O the subsheaf of G ,-analytic sections and by O 0
the subsheaf of K-locally analytic sections. For each n > 0, we can define a map

1_[ Or(n)

(i,j,k)eN3

sending (a;,j.x) € [1; k0 O:(n)(W) to

Z —(n— 1)(l+j+k) k(x xn) (

i,j.k>0

J t k ~la
(st <o,

~1
for any open set W of Vi . Let ¢, : (I1(; j x)e O:(n)) ®z, Qp — 0" be ¢ ® Qp. Then Theorem
—m
439 implies that ¢, is an isomorphism onto its image im(¢,) and for any m > 0, we have O C
im(¢,) C (9 for some n. A direct consequence is the following.

Lemma 4.3.14. Let U be a finite cover of Vi » by rational open subsets. We have the following assertions
for Cech cohomology with respect to .

(D) H' QLT e Ofy) 82, Qp = 0,0 2 1.

(2) The direct system {H' (!, On)}n is essentially zero for any i > 1.
Proof. Let C*(U, (’)+( )) be the Cech complex for (’)+( ) with respect to U. Note that if we denote
by U’ the pullback of U to Vg, , , then C*(2U, or (n )) is nothing but the Cech complex for (’)+

with respect to 2’. Hence, Tate’s acyclicity result implies that H (C* (U, C)*(n))) ®z, Qp =0,i
Therefore, H (C*(!, or (n))),z > 1 is annihilated by some p* by open mapping theorem. From thls,
we get H' (C* (U, [T j.1yaw O () ®z, Qp =0,i > 1, which is exactly what we want.

r(n)

The second part is a direct consequence of the first one and the inclusion 0" c im(¢,) C (’)r(n)

Since Ok r (U) is a Banach space representation of K ,, we can talk about its (strongly) 2€-acyclicity
(with respect to K},). See Subsection 2.2 for more details.

Proposition 4.3.15. Ok (U) is strongly LU-acyclic for any U € B.

Proof. By Lemma 5.2 and its proof of [Sch13a], we can find a cover of Vg, by finitely many rational

subsets Uy, - - - , Uy, such that each U; is small in the sense of Section 3.1.1 with § = {cusp in U;}. By
Corollary 4.2.3, the preimage of U; in V,, is a locally analytic covering of U;. The proposition now
follows from Corollary 3.6.10 and Lemma 4.3.14. O

4.4. Cohomology of OII’(’,, and completed cohomology

In this subsection, we compare the coherent cohomology of (’)}g » (on #t) and Oy, (on Xgp). By
Scholze’s result [Sch15], the latter one is closely related to the completed cohomology of modular curves
introduced earlier by Emerton [Eme06b]. The main result is that the cohomology of O'2 kp 18 more or
less the subspace of locally analytic vectors in completed cohomology.

4.4.1. First recall the construction of completed cohomology. See, for example, [Eme06b, CE12]. For a
tame level KP C GLz(A? ), let

H'(KP.Z/p") = lim  H'(Ykrk,(C),Z/p").
Kp CGLZ(Q)))

https://doi.org/10.1017/fmp.2022.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.1

44 Lue Pan

Since Ykrk,(C) is affine, H' = 0,i > 2. Note that H (K”,Z/p") can also be defined using the
compactified modular curves; that is, the natural restriction map

liK_r,nH"(XKpK,, (C),Z/p") — r;_rgHi(YKpK,,(C),Z/p")
P 4

is an isomorphism. This is clear when i = 0. When i = 2, both sides are zero. When i = 1, the cokernel
of above comes from cohomology of top degree around each cusp, which vanishes as the ramification
degree of each cusp is divisible by arbitrary power of p.

The completed cohomology of tame level K7 is defined as

i (D — lim HL(KP n
H'(KP,Zp) = lim H'(K?, Z/p").

n

It has a natural admissible continuous action of GL,(Q),); that is, H(KP,Z p)/ p is a smooth admissible
representation of GL,(Q,) over F; cf. [CE12, Theorem 1.16]. As a consequence, HI(KP ,Zp) has
bounded p-torsion; that is, p-power torsion classes in H' (K?,Z,,) have bounded exponent.

The following result (essentially due to Scholze) relates completed cohomology and the cohomol-
ogy of O}Kp. Here we say a map is Hecke-equivariant if it commutes with Hecke operators away
from p.

Theorem 4.4.2. There is a natural GL,(Q,) and Hecke-equivariant isomorphism of almost Oc-
modules

H'(KP,Z/p") ®z,/pn Oc/p" = H' (Xgr,O% , /P"),

where the right-hand side is computed using the analytic topology of Xkr.

Proof. Basically the same proof of Theorem IV.2.1 of [Schl5] works here: first we may identify
Hi(XKpr (©),Z/p™) with Hét(XKpKP,Z/p") by the comparison theorem; then, using the primitive
comparison theorem (Theorem 1.3 of [Sch13a]) and taking the direct limit over all K, we obtain the
desired almost isomorphism. O

Corollary 4.4.3. There is a natural GL(Qp) and Hecke-equivariant isomorphism of almost Oc-
modules

H'(KP,Z,)®z,0c = H' (Xk», 0% ).

Proof. Since the higher cohomology of (’)J;(Kp almost vanishes on any affinoid perfectoid open subset
(Theorem 1.8.(iv) of [Sch12]), we can compute H'(Xk»p, O}Kp) and H' (Xk», O}Kp /p™) by Cech
cohomology. Take a finite affinoid perfectoid cover of Xx» and let M*® be the Cech complex for Oj{m)
with respect to this cover. Then as almost Oc-modules, H' (M*) = H' (Xk»p, (’)}Kp) and H (M*/p") =
Hi(Xgp, O}Kp /p™). In view of the previous theorem, the corollary above is reduced to the following
lemma. o

Lemma 4.4.4. Let M* be a bounded above chain complex of p-adically complete, p-torsion-free Z,-
modules. Assume that m H (M*/p™) has bounded p-torsion for any i. Then we have natural isomor-
n

phisms

H'(M*) — lim H'(M*)/p" — lim H'(M*/p").

n n
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Proof. Since M* is p-adically complete and p-torsion free, we know that H(M*) is derived p-adically
complete. See [Sta20, Tag 091N] for more details. In particular,

Homz,, (Q,, H' (M*)) =0.

For the readgr’s convenience, we recall the argument here. Suppose Homgz,, (Q),, H I{(M*)) # 0. We can
find x,, € H'(M*),n =0,1,2,--- satisfying px,, = x,—1 and xg # 0. Let X,, € M" be a lift of x,,. Then
there exist y,, € M~! such that dy, = %,_| — pF,. Define y = y; + py> + p>y3 +--- € M*~!. One checks
easily dy = Xy. Hence, xo = 0, a contradiction.

Thus, Homgz,, (Q,/Z,,, H'(M*)) = 0. Now by the universal coefficient theorem, we have

0— H'(M*)/p" — H' (M*/p") — H*'(M*)[p"] — 0.

When n varies, the transition map H™*!'(M*)[p™*'] — H™'(M*)[p™] is multiplication by p. Hence,
lim H™'(M*)[p"] = Homgz, (Qp/Z,. H'(M*)) = 0. We get lim H'(M*®)/p" — lim H'(M*/p")
by passing to the limit over n of the above exact sequence.

It remains to show that H'(M*) — h£1 H(M?®)/p™ is an isomorphism. This is clearly surjective

. . d .
as H'(M*) is a quotient of ker(M? — M™'), which is p-adically complete. Let K be the kernel of this
map. By our assumption, all of the torsion in El H'(M*®)/p" can be annihilated by p* for some k.
A n
For any x € K, we can find x’ € H'(M®*) satisfying p¥*'x” = x. Then x’ maps to a torsion element
in lln H'(M*)/p". Hence, y = p*x’ € K and py = x. Therefore, pK = K, which implies K = 0 as
n .
HomZp(Qp,H’(M')) =0. O
Remark 4.4.5. In fact, it is well-known that A (K P,Z,) is p-torsion free because the p-adic étale

cohomology of curves has no torsion. Hence, the proof of Corollary 4.4.3 can be greatly simplified in
this case. We decide to present this complicated proof here because it works in more general settings.

We write H (K?,O¢) = Hi(Kp,ZP)§>zl]Oc and Hi(KP,C) = I:Ii(KP,Zp)ézpC. Then
H'(K?,C) = H' (Xkr, Oxyp)

is a Qp-Banach representation of GL»(Q,). Our main result here identifies its subspace of GL>(Q),)-
locally analytic vectors.

Theorem 4.4.6. For any i > 0, there are natural GL,(Q,) and Hecke-equivariant isomorphisms

o H(KP,C) = H (F, Okr),

o HI(KP,C)* = HI(F,0%,).

Proof. First note that all higher direct images R’ muT+Oxp = 0, j > 0. One can check this on a basis
B of open subsets of F#¢ in Theorem 4.1.7 and invoke the acyclicity result on affinoid perfectoid spaces;
cf. Theorem 1.8.(iv) of [Sch12]. Hence,

Hi(XKp, O)(K,,) = [—]"(975, ﬂHT*OXKp) = Hi(gf, OKP).

This proves the first isomorphism in the theorem and shows that H'(%¢, Ok ») can be computed by the
Cech complex of a finite cover of ¢ of open subsets in B. We claim the same is true for (9',? p; that is,

H/(U,0%,)=0

for any U € B and j > 0. Therefore, H (F¢, (9112,,) can also be computed using Cech cohomology.
Recall that B is stable under finite intersections. By Corollaire 4, p. 176 of [Gro57], it suffices to show
the Cech cohomology H/ (U, (9'[? p) =0forany U € B and j > 0. This can be proved in exactly
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the same way as in the first paragraph of the proof of Corollary 3.6.10 using the acyclicity result in
Proposition 4.3.15.

Now let & c B be a finite cover of F¢ and C*(U, Okpr), C* (U, (’)}?,,) be the Cech complexes
for Ogp, OB k» using this cover. Then C*(U, Okp) is a strict complex because H'(C* (U, OF X))
Hi (Xkp, XKP) = H'(K?,Oc¢) (as almost Oc-modules) has bounded p-power torsion, where OK »
nHT*O}Kp. Moreover, each C' (0, O ») is A-acyclic by Proposition 4.3.15 and H (C* (U, Ok»))
Hi(KP,C) is 8A-acyclic because H' (K?, Z,) is an admissible representation of GL»(Q,) and we can
apply the result of Schneider—Teitelbaum; cf. Corollary 2.2.4. Hence, the theorem follows from the
second part of Lemma 2.2.2 as (C*(U, Ok»))* = C*(U, OK,,) O

IR

5. p-isotypic part of completed cohomology

The goal of this section is to determine the p-isotypic part of A (K”,C)'. We will give a complete
answer for integral weights as described in the Introduction. Roughly speaking, the answer is a mixture
of coherent cohomology groups of modular curves at finite level and overconvergent modular forms.
Also, we will give a p-adic Hodge-theoretic interpretation of the horizontal action 8y.

From now on, we assume C = C, is the completion of @p. Then Ggq, acts continuously on
C,H'(K?,Z,),H (KP,C) and commutes with the action of GL(Q,) and Hecke operators away
from p.

5.1. A p-adic Hodge-theoretic interpretation of 0y

5.1.1. We would like to write down the action 6y introduced in Corollary 4.2.8 on C’)%p using the
explicit description in Theorem 4.3.9. So keep the notation in Subsection 4.3. In particular, e¢; generates
H(V,wkr). Then for any f € OK,, (U), we can write

e J k
F= 3 - [toe o) (e

i,j,k>0

for sufficiently large n (as in Theorem 4.3.9). By our construction in Corollary 4.2.8, a direct computation

- 2
shows that Hb((g 2)) acts on (’)1,?,) (U) as (g (d aa)x) € Og¢(U)®cg. (To see this, recall that ( xl f
_ 2
is a generator of H°(U,1n°); cf. Section 4.3.2. One computes directly that [(O (d aa)x , —xl fx)] =

(a—d) (_xl fi) and this (a — d) agrees with [(0 2) (0 1)] =(a—-d) (8 (1))) Hence,
. 00([§ g+ =G+ el 0+ @ Dk D ()

Let y be a weight of b; that is, a C-linear map y : ) — C. We can write X((g 2)) = anj +dn; for some

ni,ny € C. Fix N sufficiently large so that

4 ny o._ n L_ l
() .—Z(l)<m D',

120
(= ymem ::Z(nz—m)( eyl
e|,N = l €1,N
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O r(N)_an

converge in O,

. One checks easily that Hb( —ZLym=n1_Denote by

€1,N

A

)) acts as y on ( )"1(
Ola X c (91;‘< » the subsheaf of sections of weight y.

Lemma 5.1.2. For any weight y and U € B,

(1) H' (9, 0%, (U) @ ) =0,i = 1.

(2) Suppose e is a generator on' V = ﬂHT(U) then any f € o' X (U) can be written as

KP

= (—)"1( N)"Z m e (D - )

i>0

for some n > N sufficiently large and cf") (f) € H' (Vg
C’'p "V for a uniform C’.

v O, ) With bound le™ ()1l <

Proof. Using the action of GL2(QP) we can reduce to the case considered above; that is, that e
generates H(V, wkr ). Note that ( )"1 ( e‘N )27 js invertible. Hence, multiplication by it induces an

h-equivariant isomorphism (’)ll‘é » (U )® y — (’)K » (U). Therefore, it is enough to prove the case y = 0.

The second part is clear in view of the explicit formula for cl(",.) k (Ob((g 2)) - f) above. To see the first
. * 0 .
part, write a = {(0 O)} c h. We claim

(1) H'(a, 0%, (U)) =0
(2) H%(a, 0}, (U)) c O, (U) is the subset of f such that C;Z),k(f) =0,k >1.

Again, the second claim is clear by our explicit formula. For the first claim, suppose f € O xr(U) has

an expansion as in Theorem 4.3.9. For any i, j,k > 0, let ¢/ = Lcm (f). Then ||c

i,j,k+1 T+l ljk kIIS

C” p(n=0-3)(+j*+k) for some uniform C”’. Hence,

) J k
DR (1og(:1_1)) (IOg(,L))

i,j20,k>1

converges in (’)K;,(”)_an. One checks easily 95(((1) 8)) - f’ = f. This proves the vanishing of

H'(a, Olfép(U)). The same argument also gives H'(h/a, H(a, Olfg‘p(U))) = 0. By the Hochschild—
Serre spectral sequence, we deduce our claim in the lemma. O

We denote by H(F, (’)K,, )X the subspace of H'(ZF, OK,,) where 6y acts by y. Then
HO(Ft, 0%)) = HO(Fe, O ).

Corollary 5.1.3.

(1) Oy(h)- f=0,6y(2)- f=2z-f, f€ HO(F, (’)1,‘;,,) In particular, H(F, (’)la)() =0ifx(h) £0.
() If x(h) # 0, then H'(F¢, Ola)() = HY(F¢, OKP)X. If x(h) = 0, there is a g-equivariant exact
sequence

0— lim  H'(Xkrk,. Oxgr,) (—)"l — H'(F,0}) = H' (F,0%,)¥ =0,
K, cGL2(Q))

where n| = )((((1) (0))) andty € HO(XKPKP, OXKPK,,) sufficiently close to t for some K p.
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Proof. The action of GL,(Q,) on HO(KP,C)™ factors through the determinant map; hence, for any
global section f € H(F¢, (91;;,,) = A%(K?,C)", we have Oy(h) - f =0and Oy(z) - f =z f by the
explicit expression of 6y in Section 5.1.1. This also shows that the horizontal action 6y of § agrees with
the constant action of h ¢ g on H*(K?, C)"2.

For the second part, it follows from the first part of Lemma 5.1.2 that there is a spectral sequence

ar .
E} = Extgy (x, HY (FC, 0%,)) = HPY(FL,08)).
The exact sequence of low degrees reads?

0 — Extg gy, O HO(FL OF) — H' (FC,0) — H' (F, 0 ,)¥ — Extgpy, (v, H(FE, OF ).

When y (k) # 0, both Ext' and Ext? vanish because 6y (1) acts via zero on HO(F, 0% ). Now assume
X ) K1

x (k) = 0. After multiplying by (#)‘"l e HY(#¢, (’)112,,)‘*, we may assume y = 0. It suffices to show
1 0 la ~ 1i 0

o H (b? H (‘6/75’ OKP)) = h—r)nKpCGLz(Qp) H (XKPKP’ OXKPKI, )

o HX(h, H(F,OF,)) = 0.

Both claims follow from the Hochschild—Serre spectral sequence and

o H'(a, H'(KP,C)®) = 0;

0(q AO(KP (&) — gO(a AO(KP (lay — 1 0
o H (asH (K ’C) ) H (gsH (K 9C) ) h—n)leCGLz(Qp) H (XKPK[;s OXKIJKP)
by the explicit description of HA*(K?, C) in [Eme06b, (4.2)]. O

5.1.4. It is interesting to investigate the p-adic Hodge-theoretic meaning of 6y. First, we generalise the
classical notion of the Sen operator.

Definition 5.1.5. Suppose W is a C-Banach space equipped with a semi-linear continuous action of an
open subgroup of Gg,,, say Gk . We say a continuous C-linear endomorphism 6sen € Endc (W) is a Sen
operator if it extends the natural action of 1 € Q,, = Lie(Gal(Q, (u,~)/Q,)) onthe G g #pm)-smooth,
G g -locally analytic vectors of W (viewed as a Q,,-Banach space).

Iftw = h_r)nn W, is an increasing union of C-Banach spaces W,, equipped with a semi-linear continuous
action of an open subgroup of Gg,, then we say 6 € Endc (W) is a Sen operator if 6 preserves each W,
and acts as a Sen operator on it. We also say W has pure Hodge-Tate—Sen weight k € C if multiplication
by —k is a Sen operator on W.

Remark 5.1.6. The first part of the definition makes sense as for any G ( ﬂpw)-smooth vector v, the
action of Gk on v factors through a finite-dimensional p-adic Lie group which has an open subgroup
naturally isomorphic to an open subgroup of Gal(Q), (u,~)/Q,). Also, it is clear that this definition is
independent of the choice of K.

Remark 5.1.7. If W is a finite-dimensional C-vector space, then in [Sen81] Sen proves that fs.,, exists
and is unique. However, for a general W, to what extent s, exists uniquely is not known to the author.

In our case, we will take W = Og» (U)" and H(KP, C)'®. Note that Vk,, can be defined over a finite
extension K of Q,, so Ok» (U)™ has a natural action of G.

Theorem 5.1.8. 91)((8 (1))) is the unique Sen operator on O p (U)™.

2In fact, one can avoid the machinery of spectral sequences in this simple case. It was shown in the proof of Theorem 4.4.6 that
Hi(Ft, (’)',"é p) can be computed by the Cech cohomology. Hence, we can use the cover {Uy, U, } of F¢ introduced in Section

5.1.12. Therefore, (’)',"é,, (Uy) EBVOII%,, (Uy) — O]I‘é,, (Uy NU>) computes H (F¢, O]I"é,,). Now this exact sequence comes from
applying EXt.C[bJ (x, -) to this Cech complex.
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Remark 5.1.9. Roughly speaking, this result relates an operator in p-adic Hodge theory on (the infinite
level) modular curves with some group-theoretic operator (6y). This is very classical in the study of the
cohomology of locally symmetric spaces using complex Hodge theory. See, for example, Chapter II,
Section 4 of [BWO0O0].

Remark 5.1.10. This result and Theorem 5.1.11 are all obtained by explicit calculations. It should be
possible to avoid these calculations by further decompleting Ok » (U)'* with respect to the action of G
(i.e., usual Sen theory). I plan to come back to this in a future work.

Proof. By Theorem 4.3.9, for each m, we have continuous embeddings
Okr (U)5n™ — O"(U) {x, 1,1} = Or (U)Frim =

for some n. See Definition 4.3.10. Since elements defined over a finite extension of K are dense in
HO(VGV o Oxep Grimy ), We may assume x,,, €1, t, defined over K after enlarging K if necessary. Hence,

Gk preserves O"(U){x, e, t} and it is enough to show that the action of 91)((8 (1))) is a Sen operator

on O"(U){x, ey, t} and is the unique one.
For simplicity, we write M for O™ (U){x, e}, t}, and for any finite extension K’ of K, we denote by

Mg C M the subspace of f with all cgr;) « () defined over K”. It is clear that
M = Mg ®gC.

One useful fact is
o Gq, acts trivially on x and acts via cyclotomic character on ey, 7.

From this, one can check that Mg is Gk’ (yu,«)-fixed and Gk~ acts analytically on it. Conversely, any

such element f of M is contained in Mg because c}”j) « (f) can be computed from f using the action of g
as in Subsection 4.3; hence, is G g--analytic and an argument using Tate’s normalised trace implies that
00
itis in fact fixed by G g-. Now a direct computation (using results in Section 5.1.1) shows that 6y ( ( 0 1))
agrees with the natural action of 1 € Q, = Lie(Gal(Qp (tp~)/Qp)) on Mk-. The uniqueness follows
from M = Mg -®x-C. ]

Theorem 5.1.11. 6y ( 00 ) is the unique Sen operator on H' (%€, 02 ,)) = H' (K?, C)"™ for any i.
Yo 1 K

5.1.12. The case i = 0 follows from Theorem 5.1.8. So it suffices to prove the case i = 1. We introduce
some notation first.

We have shown in the proof of Theorem 4.4.6 that H' (F, Ollg ,») can be computed by Cech cohomol-
ogy using a finite cover of #¢ in B. In particular, we can use the cover {U;, U, }, where U, (respectively
U,) is the subset |x| < 1 (respectively |x| > 1). See Theorem 4.1.7. Denote by U, = Uy N U,. Then

OR» (U1) ® O, (U) = O, (Ura)

computes H' (%, (’)112,,). Denote by Vy = n;[lT(Uy) with ? = 1,2,12. Fix an open subgroup Gy =

1+pt M>(Z,,) for some sufficiently large / > 2 so that V5 is the preimage of some affinoid subset V> g,

of Xxrg,. As before, we write G,, = Gopn. Since e; is a basis on Uj, we can find x,, e ., as in

Section 4.3.5 and define O" (U, ){x, e1, ¢} as in Definition 4.3.10. Note that by restricting x,,, €1, f, on

Uio, we can define O (Uyn){x, ey, t} similarly with unit ball 0" (U12)*{x, ey, t}. Now e is not a basis
I e 01

on U,. So we work with %, e, t instead of x, ey, t. Write y = = é Since the action of w = (1 O)
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interchanges U, U, we obtain y, = w*x,, ez, = w' ey, on U,. Using y,, €2 ,,t,, we can define
O"(Ua){y, ez, 1} € O, (U>) on Us.
Lemma 5.1.13. For any n > 2, the restriction from U; to Uy, induces a map
O"(Ua){y, ez, 1} = O"(Un){x, er, 1}
preserving norms of y — y, and log(;—zn). See Definition 4.3.10 for the definition of norm || - ||,.

Proof. On Uy, we have

1 1 I I ,.
y_yn—;_yn—x_n'W_yn—(x_n_yn)_;m(x—xn) )
Since ||x,|| = ||x|| = 1 and é — Y = (xln - 1)+ (y - yn) has norm < p~" on U)»; hence,

—(n— 1 —(n— n
p "V (y =y € —5p (D (x = x,) + pO" (Upa)*{x, e1, 1}

n

The claim for log(ej—zn) can be proved in a similar way. O

Proof of Theorem 5.1.11. Fix an integer m > 2. Recall that H'(K?,C) = coker(Okr(U;) @
Okr (Up) — Okr(Uj2)). By Proposition 4.3.15 and Corollary 2.2.4, all of the terms in the following
exact sequence

0— I:IO(KP,C) - OKI’(U]) (] OKP(U2) — OKp(Ulz)

are strongly 2U-acyclic with respect to the action of Gy. From this, it is easy to see that there exists
an integer m’ > m such that H'(K?, C)®»~® is contained in the image of Ok (U;2)“» =", Then by
Theorem 4.3.9, we can find n > m’ so that Ogp (Uj2) %' ™ ¢ O"(Ua){x, e1,1} € Ogp (Uyp)Crm=an,
As a consequence, the inclusion H'(K?,C)%»=# < H'(KP,C)Crm~ factors through the largest
separated quotient M" of

coker(O™"(Uy){x, e1,t} ® O"(Ux){y, ea,t} — O"(Upn){x,e1,1})

(using the quotient topology on the cokernel). It suffices to show that Gb((g (1))) acts as the unique Sen

operator on M".

Now let K be a finite extension of Q, so that Vi G, Xn,€1,,t, are all defined over K. Denote by
M, c O"(Uy){x, ey, t} the subspace of Gg (,,pw)-ﬁxed, G g -analytic vectors. This is a K-Banach algebra
with norm | - [|,, and we denote its unit ball by M7 . Similarly, we can define M> ¢ O"(Ua){y, e2,} and
My € O"(Ur2){x, e1,} and their unit balls M5, M?,. Then as in the proof of Theorem 5.1.8, we have
MIO@@KC = O"(Uy){x, e1,t}, and similar results hold for M, and M,. The previous lemma implies
that (’)II‘;,, Uy e (’)112,, (U) — O%,,(Ulz) has a subcomplex My ® M7 — M{,. Moreover, let M° be
the quotient of coker(My & M3 — MY,) by its torsion subgroup. Then

M" = M°®p, C
and M = M° ®z, Q,, is the subspace of Gk (,,«)-fixed Gk -analytic vectors in M". As in the proof of

Theorem 5.1.8, we know that 95((8 (]))) agrees with 1 € Lie(Gal(Q, (up=)/Qp)) on Mi, and hence

also agrees on its quotient M. This verifies our definition of Sen operator. O
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Remark 5.1.14. It can be proved by explicit calculations that coker(M{ & M7 — M7Y,) is already
torsion-free, so taking the largest separated quotient is in fact unnecessary.

Remark 5.1.15. It is clear from the proof that there is a close relation between two analytic aspects of
the completed cohomology: one comes from the group action of GL»(Q,), and one comes from the
Galois action of Gg,,. Also, Theorem 5.1.11 implies that the two infinitesimal characters are closely
related. Both are actually deep theorems in the p-adic local Langlands for GL>(Q),). See Théoréme V.3
of [CD14] and Théoreme 1.2 of [Dos12].

Remark 5.1.16. It is natural to ask whether we can show the existence of the Sen operator on A (K?, C)'2
in a more direct way. The answer is affirmative. We sketch a construction here based on the Tate—Sen
formalism of Berger—Colmez [BCO8]. Let G = G,, for some n. The key point here is that

o the action of Gg, on Hi(KP,Q,)¢~°/p is trivial on an open subgroup; that is, the image of
Gg, — End ((H'(K?,Qp,)9™*)°/p) is finite, where H'(K”,Q,)°~*"° denotes the unit open ball
of H'(KP,Q,)6-an.
The argument is almost the same as the proof of [Pan20, Theorem 6.1]. Let W° be the unit open ball of
H(KP,Q,). Then

~ — Gn
H (KP,QP)G_an’O/p — W0®chgan(Gn’Qp)o) /p

(
c (we ez, €60, /p)
( Gpsl

C (W2 /pW° &5, 6" (G Q)" /p)
— (WO/pWO)Gu+l ®1Fp %an(Gm Qp)o/p,

where the last equality follows from Lemma 2.1.2. All maps are Gg,-equivariant. Note that
(W°/pW?)Cn+i is a finite-dimensional [F),-vector space by the admissibility of the completed coho-
mology. Hence, the action of Gg, on H (KP,Q p)G‘a“’o /p necessarily factors through a finite quotient
of GQ P

Now we can apply Proposition 3.3.1 of [BC08] (with Gy = Gq,.Ho=Gq,( e y) to obtain the Sen
operator on H(K?,Q,)9®q, C except that H' (K?,Q,,)“~*" is not finite-dimensional. To get around
this, one can argue in a similar way to Section 3.3.1 by finding a dense subspace of H'(K?, QI,)G"“‘“
which can be written as a union of finite-dimensional Gg,-invariant subspaces. For example, one
can take the subspace of GL,(Z,)-algebraic vectors. Indeed, the density is clear when i = 0. When
i = 1, the proof of Lemma 6.3.8 implies that GL,(Z)-algebraic vectors are dense in H (KP, Qp)
and hence also dense in H'(K?,Q,)¢ . Therefore, one gets the desired unique Sen operator on
H(KP, Q,,)G_M@Qp C. This defines the Sen operator on

lim (ﬁf(KP,Q,,)Gn*a“é@pc) ~ HI(KP,C)".
n

To see this isomorphism as LB-spaces, we claim that lim (WGn—an@ Q,,C) ~ (Wg’Qp €)™ for any

admissible Q,-Banach representation W of Gy. This is clear for W = € (G, Q),) because we even have
(W@Q ,C YGnman = WG"‘a“QBQ ,C in this case. The general case can be proved by embedding W into
€ (Go,Q p)ead for some d and applying the acyclicity result Corollary 2.2.4. We omit the details here.

5.2. n-cohomology (I)

5.2.1. We start to compute the n-cohomology of H 1 (F, (’)112,),( ). Since n is 1-dimensional, Ho(n, o)

(respectively H'(n,e)) are the n-invariants (respectively n-coinvariants). Denote by (’)lli,),( " (respec-
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tively ((’) Kr Y),) the n-invariants (respectively n-coinvariants) of (’) X For the purpose of introduction,
we assume y(h) # 0. Then HO(F¢, o'x ) = 0 and we have B-equ1var1ant maps?>

KP
0 — H'(F,O5X™) — H (FC, 05" — HY(F, (O%)0) ®@c n* — 0, (5.2.1)
HY (F€, 0% ), = H' (F, (O%)y). (5.2.2)

Here n* = Hom¢ (11, C). We will compute Ola)( g ((’)l;’f,/ )a in this subsection.

5.2.2. For a weight y, we write X(((a) 2)) = n1a + npd for some ny,ny € C and sometimes identify y

with an ordered pair (n1 ,Nny) € C2.

First we compute ((9 s ). It turns out that for generic y;, this is essentially the space of overconvergent
modular forms. We need some notation here. Let co € &€ be the point where e; vanishes. We can
consider the fibre of Olliff at oo (as a sheaf of Og,-modules); that is, (91;(‘?/ /MO ]a "X, Here m,, denotes
the ideal sheaf defined by co.

Definition 5.2.3. For a weight y, we define

M (KP) = H(FC O} ImeuOig),
the fibre of O™ X ,, at oo, and call it the space of overconvergent modular forms of weight y of tame level
KP?. There are natural actions of Gq,,, the Borel subgroup B and Hecke operators away from p on this
space.

5.2.4. To justify its name, we can compare this definition with other existing definitions of overconvergent
modular forms in the literature [Kat73, CM98, Pill3, AIS14, CHJ17]. We will only focus on integral
weights to illustrate the main difference here.

Let k be an integer. We first introduce overconvergent modular forms with full level at p. Let
I'(p") = 1+ p"M»(Z,). We define the canonical locus Xxpr(pny,c C Xkrr(pn) as follows: using the
integral model and the index of Igusa components in Theorem 13.7.6 of [KMS85], Xgpr(pn),c is the
tubular neighbourhood of the nonsingular points (= non-supersingular points) of irreducible components
of indices (Z/p™)> — Z/p", (1,0) — 0. Equivalently, on the ordinary locus of these irreducible
components, the canonical subgroup (of level n) corresponds to (*,0) C (Z/p™)? under the level
structure. Sections of w* on any strict neighbourhood of Xk rr(pn),c are called overconvergent modular
forms of weight k of level KPT'(p"), which we denote by M;(Kpr(p”)). Here a strict neighbourhood

of Xgrr(pn),. means an open set containing the closure kar(pn)’C. Clearly, M;(KPF(p")) forms a
direct system when n varies.

Definition 5.2.5. Let k € Z. We define the space of overconvergent modular forms of weight k of tame
level KP? as

M[(KP) := lim M (K"T(p")).

n

The Galois group Gg,,, Borel subgroup B and Hecke operators away from p act naturally on it.

d
GL2(Zp)|a—1,d~1,c € p"Z,}. Then we have the canonical locus Xxrr, (pny,c € Xkrr,(pn), Which

Recall that classical overconvergent modular forms are defined as follows. Let I'| (p™) = {(a b) €

3Again, these follow from some standard spectral @equencei but one can avoid them here. Using the cover {U;, U}, we
have the exact sequence 0 — (’)]ka’;g(Ul) [} (’)l,i;g(Uz) - OKI, (Upp) - HY(F¢, o X) — 0. Our claim follows on applying
H(n, -) to this exact sequence.
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is defined as the image of Xgpr(pn),. under the natural map Xxrr(pny — Xgrr,(pn). Using Katz—
Mazur’s integral model, this can also be defined as tubular neighbourhood of non-supersingular points
of irreducible components whose ordinary points classify ordinary elliptic curves with level structure at
p given by the canonical subgroup (of level n). We define M;(K PT1(p™)) similarly as sections defined
in a strict neighbourhood of Xk »r, (pn),.. Note that this is slightly different from the usual definition as
Xxrr, (pm) is not connected.

-1
We can obtain MZ(KP) from lim M]i (KPT'y(p™)) by inverting the action of pO (1) . We can also
—n

recover li—n}n MZ(KPFI (p™)) from MZ (K?) by taking invariants of Ny = ((1) Zil’):

lim M, (KT (p")) = M (K")™.
Proposition 5.2.6. Suppose )(((8 2)) =nja+nyd withny,ny € Z. Let k = y(h) = n; —ny. There is a

canonical isomorphism induced by multiplication by egkt"‘ :
¢yt M](KP) = M (KP)
satisfying

(81,82) - 6, () = &y ((g1,82) - ) d e, (ad) & (g2)™ 7k,

/€ M,i(Kp), g1 = (g Z) € B, g € Gq,. Recall that &, : Gg, — Z}; is the p-adic cyclotomic

character and regarded as a character Q; — Z; sending x to x|x| via local class field theory.

Remark 5.2.7. For a B X G, -representation W and integers i, j, k, we write W - e e! tk to denote the

twist of W by the character sending ( 0 IZZ ,8) € BxGq, to adle, (ad)ks,, (g)™/*k. Therefore, we

can rewrite the isomorphism in Proposition 5.2.6 as
M (KP) - ex*em = MI(KP).

Proof. For any U € B, a neighbourhood of co not containing the zero of x, since e; is not a basis now,
as in Section 5.1.12, we can use e; instead. More precisely, let y = z= e‘ . We can find y,, e3 5, , as in
Section 4.3.5 and define O (U){y, 2, t}. Denote by O" (U){y} C O”(U){y, e, t} the subset on which
6y acts by zero. Then OK ~(U) = l1m O"(U){y}-t" (= “)2 )"2 "1, Equivalently, as in Lemma 5.1.2, any

element in O" (U){y} - t™ (ejz )"2 ' can be written as

()] _ i
)Y iy = )

Zn i>0

where ¢; € H'(Vg

r(n)’

Oxyra ( )) with bound ||¢;|| < C’p™ V7 for a uniform C’. There is no need to

put ;! here because nj is an integer.
We can take G, (,,) to be some I'(p"™). We claim

o Vg, is astrict neighbourhood of Xkrg,,.c-

Since both are affinoid subsets, it is enough to check that Vg, contains the closure of the non-cusp
classical points of Xxrg,, .. We check this relation for their preimages in Xx». Note that U is a
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G (n)-invariant open neighbourhood of co. In particular, U contains G, (,) -  and V., contains the
closed set n'l_{lT(Gr(n) - 00). Our claim follows from the following lemma.

Lemma 5.2.8. The preimages of non-cusp points of Xgpr(pm),c in Xgp map to I'(p™) - co under the
Hodge-Tate period map for any m > 1.

Proof. If m = 1, this follows from Lemma III.3.14 of [Sch15] by noting our canonical locus Xxrr(p),c
does not intersect the anticanonical locus in the reference. The general case m > 2 can be reduced to
-1
p" 0)

o 1/ O

this case by using the action of (

Now fix such a U. Note that oo is defined by y = 0. We need to construct an isomorphism

ORX(U)/(y) = lim M (KPT(p")).

I’L

Since O"(U){y} = Oy, (V) [p~ "D (y = yu)1l ®z, Qp, there is a natural Oy, (VG ,)-
algebra homomorphism

w: OO ) = Ov,, (VE )

(n)

sending p~ "D (y —y,) to —p~ "Dy, € Oy, " )( Grin )) where VC’;’M> C Vg, is the rational subset

r(n)
defined by [p™"y,| < 1. The same argument as above shows that V/; s a strict neighbourhood of

r(n)
XkrG, (e Let V) von € Vo defined by |[p~* "Dy, | < 1. We claim that

r(n)

o the image of ¢, contains analytic functions convergent on V/, "
rin

. ’
Indeed, since OVGM) (VGM))
of ¢,.

Hence, we have a map

= OVGr<n> VG, ) (p~("=Vy,), this claim is clear in view of the definition

O"(U){y} - t’“( )"2 ") = O VG )

n)

by sending f1" (= )™M 10 f)ey! ™ that is, multiplication by 1™"1¢Z' ™. Clearly, this map is

compatible when n varies and induces a map Ollz’f,((U)/(y) — h_n} Mk (KPT(p™)).
To prove this is an isomorphism, it suffices to show that for any » and strict neighbourhood W of

Xxrr(pn),c» We can find m > n such that the preimage of W in Xgrg contains V’ .Let W be

r(m)
the preimage of W in X’x». Then it is an open nelghbourhood of mpy (oo) ={x € XKp | |y(x)| = 0}.
Therefore, {x € Xgr ||p™"y(x)| = 1},m = 0,1,--- and W form an open cover of V,,. Note that V,,
is quasi-compact because it is affinoid; hence, {z € Vi | [p~ " Vy(z)| < 1} ¢ W for some m. Using
ly = ymll € p~™ on V, it is easy to see that this m works here.

The claim for the B-action follows from the construction and the fact that

b
(g d) -ey = bey +des,

whose reduction modulo m,, is de; and that (0 Z) t = ad|ad|. The claim for Gg,-action is clear as

GQp acts via the cyclotomic character on e, ¢. O

We record the following result obtained in this proof.
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Lemma 5.2.9. Given an open subset U of F{ containing oo, there exists a strict neighbourhood of
Xkrr(pr),c for some n whose preimage in Xk p is contained in ﬂﬁlT(U). Conversely, for any n > 0
and any strict neighbourhood W of Xgpr(pn),c, there exists an open subset of Ft containing oo whose
preimage in Xk p is contained in the preimage of W.

Proof. For the first claim, we may assume U € B. Then this was proved around Lemma 5.2.8. The second
claim follows from the argument in the second to last paragraph of the proof of Theorem 5.2.6. O

We are going to compare M;(K P) with the n-coinvariants (Ol,?,i‘)n of (91‘”( Note that there is a

natural action of f) on ((91;’5 )n induced from the action of b. We will always use this constant §-action
from now on, unless otherwise specified (to distinguish with the horizontal action y). Since M;(K P)

is the fibre of O fa "X at oo, the action of b on it factors through §. It is easy to see that
o B acts on M;(Kp) via y.

We denote by i the natural embedding co — F.
Proposition 5.2.10. Let y = (ny,n;) be a weight.

Q) (Ola’X Yn is a skyscraper sheaf supported at oo and hence has no H'.

KP
1 1
) n(O;’ff ) C moo@;’,)f . Thus, we get a natural exact sequence

0= (iw)eN¥ = (O — (i) ML (KP) — 0

for some NX. Moreover, V) acts on NX via (ny + 1,ny — 1). In particular, this exact sequence splits
naturally if x (h) # 1, that is, x|y, # ply,- Recall that p denotes the half-sum of positive roots.

3) ((’)la’)()n = (ioo)*M;(Kp); that is, N = 0 if y(h) # 0,-1,-2,--- and is p-adically non-Liouville

(seé(;\’emark 5.2. llfor a definition).
@) (O = (i)-MU(KP) @ (ic0)- M (KP) - (e1/e2)' XM if y () € {0,~1,-2,---}.

Remark 5.2.11. Recall that according to Clark [Cla66], we say @ € C is p-adically non-Liouville if

lim inf |a+n|"" > 0;
n—oo
that is, it cannot be well approximated by rational integers. It appears naturally in the study of p-adic
differential equations. Suppose o ¢ Z and consider the inhomogeneous differential equation around
x=0,

d
(xa +a)y = T

It has a unique formal power series solution ), - ﬁx”, whose convergence is equivalent with @ being
non-Liouville. In fact, it will be clear to the reader that a variant of this differential equation will show
up in our case.

Proof. LetU € B. We first show (Ola)‘ (U))q = 0if ey is abasis on U. Clearly, this implies that ((9 N

is supported at co. On such a U, using the notation in Lemma 5.1.2, any element in f € Olla{l)f (U) can
be written as

=GO o e G =)

>0

Since u* € n acts trivially on ey, r and acts as the usual derivation on (x — x,), an argument similar to

the proof of Lemma 5.1.2 shows that 1 is a surjection on o Kp Y ().
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Now let U € B containing co and on which e, is a basis. As in the proof of Proposition 5.2.6, any
fe Ola “X(U) can be written as

= (—)'“( N>"2 " iy =y’

i>0

for some n and ¢;. Using u* - ey = ¢ = yes and u* - y = —y?, we get

G )”1( O m = ey =) =y )iy =y

i>0 i1
= y(—)"‘( = )n2 " Z((nz —ny —i)e; — (i + Deipyn) (v —yn)' € y@laX(U)
i>0

la,
Hence, n((’);; ) ¢ moo(’) X and we can define NX as in the lemma. Moreover, one can compute

(h=(n2—n1+2))-(yf) = (—)”‘( )"2 "(h+2(n1 - n2)) - (Z ci(y =yn))

i>0

=-2u"-f.

Also, it is easy to check that z acts on everything via y(z) = n; + ny. Hence, we conclude that }) acts via
(I’l2+ 1,n1 - 1) on NX.

The last two claims require a bit more work. We denote by U, C U the rational subset defined by
| p~ "yl < 1. Then U, € B and contains co. Note that 7, (U ) is also the preimage of V” ={x €

|yn(x)p™"| < 1} because ||y —y,|| < p~. For n sufficiently large so that both( )"1 ( ez )"2 m

Grn)»

converge, we denote by C,, C (9112 »(Uy) the subset of elements of the form

t e _ ;
(=) (=) Y e
In €2n >0

. (\aveld
where ¢; € H (V[ o OXK"Gr<n>

) with bound ||c;|| < C’p" V! for a uniform C’. Note that as
Iyl < p™ in HO(nHT(U ), Oxp), we can choose y, = 0 here. As before, p("~Dic; defines an
isomorphism C,, = (I];x0 HO(Vé’ o’ ch )) ®z,, Qp and C,, forms a direct system when n varies.

It is easy to see that

(O = (i) (im(Co ).

n

Assume that ny —np = y(h) # 0,—1,-2,--- and is p-adically non-Liouville. For any f € C,, and n
sufficiently large, we need to show that yf € u*(C,,) for some m > n. Write

f=(- )"'( 2y Y ey

€2.n i>0

for some ¢; € HO(VC’;’ -’ ,Oxepe ( )) and ||c;|| < C’p™~V for some C’. By our assumption, we can
rin

find m > n such that
—i(m-n)

ny —n2+i| >p
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for i sufficiently large. Then || | < ¢’p"m=Vi for i large enough and

—ni +n —i

n e2 ny—nj i
O D et

i>0

defines an element g € C,,. A simple computation gives that u* - ¢ = yf. Hence, N¥ = 0 and
(Ola)()n = (loo)*M (KP?) in this case.
Now assume n; —ny = y(h) € {0,—1,-2,--- }. Recall that for f € C,, as above, we have

W= M Y = = e

i>0

Hence, the y™*! term in the summation always has zero coefficient. Conversely, if f
(tL)"1 (e? )T Yo ciy € C with c,,2 n, =0, we have |ny —ny —i| > p~* for i sufficiently large and
(é)nl(c’zy,)nz Y o<isnyn; PR ly converges to an element g € C,41. Again, it is easy to check that

yf =u* - g. Thus, we can define an isomorphism

M (UP) = NX
by sending f to fy"™>"*! where f € OK,, (U) is a lifting of f € OldX(U)/(y) Since y = ey /e, this
isomorphism becomes B-equivariant if we twist the left-hand side by (e} /e;)! ™1+, O

Next we compute Ollg’p , the n-invariants of Ola X

Proposition 5.2.12.

(1) Suppose U does not contain oo; that is, ey is a basis on U. Fix N large enough so that

(= )”1 (ele]N )27 converge. Then any f € (’)Ia)( "“(U) can be written as

f=0= )'”( A
1,N

for some n > N sufficiently large and ¢ € HO(VGM) , OXKpGr(n ).
(2) Suppose ey is a basisonU € B and y(h) =n; —ny € {0,—1,-2,---}. Fix N large enough so that
(7 L )”l converges. Then any f € Ola)( "(U) can be written as

f= o Ry ey = (e
2,N

2,N

for somen > N and ¢ € HO(VGr(n>,(’)XK,,G ( )).
3) Hactson OlaX "(U) via (ny, ny) for any open subset U ¢ Ft.
(4) Suppose X(h) +0,-1,-2,---. Then
. la, y, 1 _
lim O™ (U)=0

U 500

that is, the stalk of Ola XNt oo is zero.

Remark 5.2.13. The overconvergent modular forms of weight y introduced in [Pil13, AIS14, CHJ17]
are essentially the stalk of (’)112,),( Tata Qp-rational point of ¢ \ {co}. For example, the co in [CHJ17,
Theorem 1.1] corresponds to the locus where e, = 0; that is, x = 0 in our setup.
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Proof. For the first part, as in Lemma 5.1.2, any f € 0% Y (U) can be written as

Kpr

_nl ny—nj (n) _ i
f= (o N) DT () x = xn)

i>0

for some n and cl(") (f) are unique for such a n. Since u* acts as the usual derivation on (x — x,,), we see
that u™ - f = 0 if and only if cE") (f) =0, > 0. This proves the first part.

Suppose co € U and e; is a basis on U. As in the proof of Proposition 5.2.10, for any f €

];,),((U) we can find n so that f|y, can be written as f = (;- )”l(ezezN )Ty g ciyt for some

cleHO(V” OXK,,G )Then

= G S = m = ey

i>0

Hence, that u™ - f = 0 is equivalent with
(np=n1—i)c;=0,i>0.

This implies all ¢; = 0; that is, fly, = 0 if x(h) = ny —ny # 0,-1,-2,---. When y(h) €
{0,-1,-2,---}, we see that all ¢; = 0 excepti = np — n; and

o = (o)) ey = () (e
2,N 2,N

We have shown that f on U" := {z € U||y(z)p™| > 1} has the form (;-)™ (e:—‘N)"T”lcl’. for some

O(y/r7 2
c;eH (VG() (’)XK,,G ) where V(! " S Ve

glue to a section ¢ € H° (VGr(n), OXKPG " )) and f = ( )”‘( f‘N )27 ¢, This proves the second and
fourth parts of the proposition.
The third part follows directly from the first two parts. O

is defined by |y,p™"| > 1. It is clear that ¢;, c; can

r(n)

Remark 5.2.14. One can reinterpret these computations from the point of view of spectral theory.

Consider the stalk of O\X at co:

AX = lim OX (),
USLX!

where the direct limit runs through all open subsets U containing co. We equip AY with the direct limit

topology. Note that if we fix U € B containing co and (L)"1 (ﬁ)’){ (h) ¢ Ol;;,)f (U), then multiplication

by (£ ) (= 62 )X (1) induces an isomorphism A¥ — A°. Here 0 denotes the weight 0. Clearly, this is
not n equlvarlant and a simple computation shows that the action of u* on AY becomes

ut — x(h)y on A°.

Now Proposition 5.2.10 and Proposition 5.2.12 can be rephrased as follows:

(1) u*/y is a well-defined operator on A°.

(2) (outside of spectrum) u*/y — y(h) is invertible if y(h) # 0,—1,-2,--- and is p-adically non-
Liouville.

(3) (continuous spectrum) u*/y — y (h) is injective and has dense image if y (h) is p-adically Liouville.

(4) (point spectrum) u*/y — x (h) has kernel the stalk of O} X at oo if —y (h) € N,

summarising the results we have obtained so far.
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Theorem 5.2.15. Let y = (n1,ny) be a weight. Then

(1) (H'(Ft,0%,)0)y = H (F,0%%)0 = 0if x(h) #0.

(2) Suppose x(h) # 0, 1. There is a natural Hecke-equivariant weight decomposition of C [ B]-modules

H'(F, 0 ,)Y" = H(FL,OE)" = MI(KP) ®c n*" @ W,

where W, has weight (ny, ny) and M:,(K”) ®c n* has weight (ny — 1,ny + 1).

Proof. Assume y (h) # 0. Then by our discussion in the beginning of this subsection Equation (5.2.2),
H'(F¢, (9112,),( W = HY (F, ((’)]a)( )n), Which is zero, as pointed out in Proposition 5.2.10.

Suppose x (h) # 1, then —X(h) # w-(—x)(h). It follows from Corollary 4.2.8 that (h+ x (h))(h—w -
(=x)(h)) =0on H' (%, (91zl "X\ Therefore, we have a natural weight decomposition H' (F, Ola O =
W1 @ W, such that §) acts on W (respectively W) via (n; — 1,n, + 1) (respectively (no, nl)) Slnce
H'(Ft, OlaX ") has no weight-(n1 — 1, ny + 1) part by Proposition 5.2.12 and the weight-(n; — 1,15 +1)
part of HO(J*{) ((’)la ) ®c 1 is M (KP) ®c n* by Proposition 5.2.10, our claim for Wy now follows
from the short exact sequence (5.2. l) ]

The case y(h) = 0 or 1 will be treated in the next subsection.

5.3. n-cohomology (II)

la, v

5.3.1. In this subsection, we completely determine the 1-cohomology of H'(Z¢, Ox»

weight; that is, y (k) € Z. Write k = y(h). We will distinguish 4 cases:

1) k>2;
(2) k=1;
3) k=0;
4) k <-1.
la, y,n

One key step is to understand H 1 (#Ft,0 Kp ). To do this, we need to introduce some auxiliary sheaves.
Recall that wi» is defined as the pullback of w (as a coherent sheaf) from some finite level to the infinite

level. For an integer k, we write a)’;< p = w?;’;

) for integral

Definition 5.3.2. We define w’l?,s,m C ﬂHT*a)];{p as the subsheaf of GL,(Q),)-smooth sections. More
precisely, for any quasi-compact open subset U C ¢, we can find an open subgroup K, of GL,(Q,)

stabilising U. Then wk gm(U) Cw K,,(n (U)) is the subspace of K,-smooth vectors; that is, vec-
tors fixed by some open subgroup of K,,. It is easy to see that this definition is independent of the
choice of K,.

Remark 5.3.3. For U € B, using the notation in Theorem 4.1.7, we have

Wiy (U) = limw* (Vi,,).
K,,

Hence, compared with Proposition 5.2.12, it is clear that

0,sm Ola,O,n
p -

wgp
From the point of view of classical Riemann—Hilbert correspondence, it seems better to think of a)k o
as ‘local system on the analytic site of F’.

Remark 5.3.4. An equivalent definition is w’;{’; = mp7.(lim (mk,)'w"). Here g, :

—>K cGL2(Qp)
Xkr — Xkrk, denotes the natural projection and ﬂ;{p denotes pullback as sheaf of abelian groups. In

fact, the cohomology of wl;g,s,m is closely related to the cohomology of w*.
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Lemma 5.3.5. There is a natural isomorphism

HY(FL, 03" = lim H'(Xgrk,, wb).
K])CGLZ(Q]))

Proof. The rough idea is that the Hodge—Tate period map myr behaves as a finite map. Let U =

{Uy,---,U,} be a subset of 58 (not necessarily a cover of %¢); then for sufficiently small K, and any
i=1,---,r, we know that 7} (U ) is the preimage of an affinoid open subset Vik, C Xkr k,- Denote
by QBK,, ={Vik,. " Vrk,} Let C*(U, w'I;f,m) be the Cech complex of wK,, with respect to U and

define C* (B, w) in a similar way. Clearly,

C* (W, wiy™) = lim C* (B, ).
KP

In partlcular 1f U is an open cover of some U € B, we conclude from the usual Tate acychclty result that

Hi(C*(W,wy™) =0,i > 1.Hence, by Corollaire 4, p. 176 of [Gro57], we have H (U, a) M =0,i>1
and H' (F, w’lzf)m) can be computed by Cech complex. Now taking 2 as a cover of J'{’ , we get our
claim. O
Corollary 5.3.6. H'(F,0\3") = 0 if k > 2.

Proof. By our previous lemma, it suffices to prove H' (Xx» Kp» w¥) = 0 when k > 2. This follows from

the positivity of w and the Kodaira—Spencer isomorphism w? = QEYKPK (C), where C denotes the cusps
4

in Xk rk, and is nonempty. O

The following lemma implies that the stalk of a)k o

weight k introduced in Definition 5.2.5.
Lemma5.3.7. lim o wr (U) = MT(KP)
—U >0

at oo is the space of overconvergent forms of

Proof. This follows from Lemma 5.2.9 directly. O
Definition 5.3.8. We denote by

Mi(KP) = H(F, i) = lim  H(Xkrk,, o)
K, cGL,(Qp)

the space of classical weight k£ modular forms of tame level K”.

5.3.9 (nonintegral powers of t). Recall that in Section 4.3.1, we defined ¢ as the coordinate function
on Isom(Z,,Z,(1)) = Z;j by choosing a basis of Z,(1). For any n; € C, we can find a continuous
character Z}; — C* whose derivative sends 1 € Q,, = Lie(Z}) to n; € C = Lie(C*). When n is an
integer, we can simply take #"'. For noninteger n|, we fix one choice from now on and denote it by
t™ and view it as an invertible element of HO(X ke, Oxpp )k’1 by abuse of notation. It follows from the
discussion in Section 4.3.1 that GLy(A ) acts on ™! via 1! o £ o det and Gg,, acts on it via 1" o g,.
Hence, we can allow nonintegral power of # in Remark 5.2.7.

Let y = (n1,n2). Then multiplication by 7~ induces an isomorphism (91[3,),( - (91[?’,),(/, where
x" = (0,nz — ny). Itis easy to see how the actions of GL,(Q,) X Gq, and Hecke operators away from

p change accordingly. From this, we can reduce computations to the case n; = 0.

5.3.10 (k > 2). Now we are ready to treat the case ny —ny = k > 2. By Proposition 5.2.10, we
have ((’)1;’,),( = (zm)*M (KP) in this case and it suffices to determine H' (%, (’)1‘“‘ "). Note that
multiplication by =™ e induces an injection

la, y,n k,sm
Ok’ — Wiy -
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More precisely, since the stalk of O;;,f " at oo is zero, it is enough to define this map outside of co. So

let U € B be an open subset not containing oo. It follows from the first part of Proposition 5.2.12 that

this map is nothing but sending f = ¢ (L)"T"‘c € O?’,{’"(U) to e’f NCE w’l?f,m(U). This is, in fact,

an isomorphism Oll‘;,)f U) S w’;<;m(U ). Hence, the quotient of (’)K,)f R w'jgf,m is simply the stalk
of wl;g,s,m at oo; that is,

la, y,n Xtinlek k, . T
0— Oy —>wK;m (ieo): M, (KP) — 0.

Take the cohomology of this exact sequence. It follows from Corollary 5.3.6 and Lemma 5.3.5 that

0 — My (KP) — M} (KP) — H'(F,0%X™) — 0.
Hence, H' (¢, Ola adll) I~ MZ (KP)/ M. (KP); that is, the quotient of overconvergent modular forms of
weight k by class1cal forms.

Theorem 5.3.11. Suppose x (h) = k € {2,3,---}. There is a Hecke and B X Gq,,-equivariant weight
decomposition (into weight (n; — 1, ny + 1) and (ny, ny) components):

H' (F,0%,)°" = H (FL,Op)" = M[(KP) - e7' ;11" @ (M] (KP) /My (KP)) - e7*1™
Proof. We can multiply 7™ to reduce to the case n; = 0. Assume n; = 0. Note that n* = el’lez as
B-representations. Hence, by Proposition 5.2.6, the weight (-1, —k + 1)-part is isomorphic to MZ (KP)-

e7'e;**!. Since the isomorphism H' (F, (’)]aX ") = M, (KP)/Mi(KP) is essentially induced by xe¥,
we can twist by e ~ to make it B X Gq,,-equivariant. m

5.3.12 (k < —1). Another relatively simple case is when y(h) = k < —1. In this case, Proposition
5.2.12 implies that multiplication by =™ ef induces an isomorphism

la,y,n ~ k,sm
O — Wiy .

Therefore, by Lemma 5.3.5, H' (%, O]a)( " = lim H '(Xkrk,» w*). Combining this with Proposi-
tion 5.2.10, we get the following. I

Theorem 5.3.13. Suppose y(h) = k € {—1,-2,---}. There is a weight decomposition (into weight
(n1 = 1,np + 1) and (ny, ny) components):

H'(FL, OO = M](KP) - e7'e; 1™ @ Ny g - e7kem,
where Ny 1 sits inside the exact sequence

0 — lim H' (Xkrk,, @*) = Nk, = M (K?) = 0.
KP

All of the maps are Hecke and B X Gq,,-equivariant.

5.3.14 (k = 0). Now we consider the case y(4) = 0. As before, we can multiply by t™ and assume
ny = 0; that is, y = 0. First we determine H' (%, (’)1;;,(,))“ Let F be 11((9la 0) c (’)lao Hence, the
composite

HY (F, 0% 5 HY (F, F) o v — H' (F, 020) @ n*
is the endomorphism u* on H' (F, OlIa{’B ) and it suffices to determine the kernels of both maps. Consider
00— OfP" - O%) > Fen' — 0.
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By Proposition 5.2.10, we know that F C mm(’)l;’g . Hence, H’(¢, F) = 0 because the global sections

la,0 . 0
of Oy, are h_r)nKp GL(Qy) H(Xgrk,» Oxypy,)- Therefore,

H(Ft, 020" = ker(H' (7, 020) 55 B (F¢, ) @ ")

la,0,n _

and H' (%, (’)la’o) 2 H! (Ft, F) ® n” is surjective because F¢ is 1-dimensional. Note that O, =

KP
0,sm . 150 1: 1 .
wg, . Hence, its H' is llpr H (XKpr, OXKPK,, ). On the other hand, consider

la,0 la,0
0—F— O, = (Ogpn — 0.

By Proposition 5.2.10, H°(%¢, ((’)1;’,9 h) = Mg(Kp) & MJ(KP) ®c 1. It is easy to see that

HO(F¢, (911‘;’,9 ) = My(KP) maps to the first factor. Hence,

ker(H'(Ft, F) — H'(FC,0p)) = M (K”)/My(KP) & M (KP) ®c n.

Also, since ((’)112’,(,))11 has no H!, we have H'(#¢, F) — H'(%¢, (91;;,9) is surjective. Summarising our
discussions, we have the following result.

Proposition 5.3.15. Suppose y = 0. Then

(1) H'(F, O = 0;
(2) there is a Hecke and B X Gq,-equivariant exact sequence:

0 — lim H' (Xxr,. Oxpy,) = H'(FCOg)" — n” ® Mj(KP)[Mo(KP) & Mj(K”) — 0.
KP
By Corollary 5.1.3, there is an exact sequence

0 — Mo(KP?) — H'(F,0%0) — H' (F,0%,)° — 0. (5.3.1)

Note that My(K?) has trivial n-action. It is crucial to know its image in H'(F, (’)}2’,9)". A direct
computation shows that the composite of

Mo(KP) — H' (FL,08N" — 1" ® M (KP)/Mo(KP) & M (KP)

is the natural inclusion My(K?) — MJ(KP ) (up to a sign). Here the second map comes from the
previous proposition. From this, taking the n-cohomology of the sequence (5.3.1), we obtain the
following description in the case y () = 0.

Theorem 5.3.16. Suppose y = (n1,ny); that is, k = 0. Then

(1) (H'(F,0%,) ) = 0;
(2) there is a weight decomposition (into weight (ny — 1,n; + 1) and (ny,n|) components):

Hl(gf, O]Ia{,,))(’n =Ny - el_leztnl ® No,1 - ",

where N3, and Ny 1 sit inside exact sequences

0 — M{(KP)/Mo(KP) — Naw — Mo(KP) — 0,

0 — limH' (Xkrk, Oxgpy,) = Noa — Mj(KP)/Mo(KP) — 0.
K,

All of the maps are Hecke and B X Gq,,-equivariant.
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5.3.17 (k = 1). Finally, we treat the case of singular weight; that is, y (%) = 1. Again we may assume
n; = 0 by a twist. Note that by Proposition 5.2.10, we have (Ol,?’,f/)n = (im)*M; (KP). Similar to the
case k > 2 in 5.3.10, there is an exact sequence

0— O];,)f g =5 W = (iw):M] (KP) -0

induced by multiplication by e;. The difference here is that w Kf,m have both nontrivial H* and H'. More

precisely, taking the cohomology of this exact sequence, we get

0 — Mi(KP) — M{(KP) — H'(Ft, 0" — lim H' (Xkr,, ') — 0.

K,

Then by our discussion in Section 5.2.1, we have the following result.

Theorem 5.3.18. Suppose y = (ny,n; — 1); that is, y(h) = 1. All of the maps below are Hecke and
B X Gq,-equivariant.

(1) There is a short exact sequence
0— Ny-e't" — H'(FL,O0L,)" — M (KP) - e]'t" — 0, (5.3.2)
where N sits inside the exact sequence

0 — M (KP)/M,(KP) — Nj — n_n}Hl(XKpr,wl) - 0.

Ky,

(2) Under(5.3.2), the weight-(ny—1,ny) part H (¥, O ,)¥'" of H' (Ft, O )X is the pullback
K (n 1,n ) K
of M{(KP) - e_lt’” C MT (KP) - e‘lt’”; that is, it sits inside the exact sequence

0> Ny -e]'t™ - HY(ZFt, 0‘,2,, o — M (KP)-e;'t" — 0.

—-1,ny)
Proof. Only the second part requires extra explanation. To see this, we tensor the sequence (5.3.2) with
e1t~™ and take hp-cohomology. Recall that f)y C ) is the subalgebra of elements with trace zero. Again,
we may assume 72; = 0. We need to understand the kernel of the connecting homomorphism

81 M (KP) — (Ny)p, = N

Let f € MIT(K”). Since H'(%¢, (’)1[2,,) can be computed by Cech complex, we can take a cover
{Ug, U]} € B of F such that only U] contains co and the pullback of f to Xk is defined on
ﬂHT(U ). On Uj, := U/ NUj, we can find g € (9113,),(( ;) such that u™ - g = fe;l Then —g can be
viewed as a 1- cocycle of the Cech complex of (’) X with respect to the cover {U/, U/ 1}, and it maps to
fele Ml (KP)® e;l = Ml (KP) - el in the sequence (5.3.2). (Here we view e; = C as a character
of B.) Using the notation in Lemma 5.1.2, we can take g of the form

= Liog( ).
(] Xn

If we view g ® 1 as an elementof(’)l;ff( 1) ® ey, then
2 2
h~(g®1)=h-g®1+g®1=(—g®1—e—f®1)+g®1=—e—f®1.
1 1

In view of the discussion in Section 5.3.17, this means §;(f) = —-2f € MIT(K”)/M] (KP) c Nj. Hence,
61(f) =0if and only if f € M;(K?). From this, we easily deduce our claim in the Theorem. O
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5.4. p-isotypic part

5.4.1. Let u € b* be a weight, viewed as a character of b. The goal of this subsection is to determine
the u-isotypic part of H'(KP,C)* = H' (%, 0% ,), which we denote by

H'(KP,C)f = HY(FL, O,y
Write u = (ky, k3). Then by Corollary 4.2.8 and Harish—Chandra’s theory,* we have

H'(F, 0% ,), = H (F, 08 ,)* o H' (72, 0%, 17D
if (ko, k1) # (k1 +1, ko — 1); that is, u(h) # —1. (This is opposite to the singular weight in the previous
section as there is a sign in Corollary 4.2.8.) Since the right-hand side is computed in Theorems 5.2.15,
5.3.11,5.3.13, 5.3.16 (which is complete in the integral weight case), we obtain the following theorem
by writing

M, = H(F, 08 )M My, = HY (F2, 08 )R,

Note that by Theorem 5.1.11, the horizontal action 6y of § essentially agrees with the Sen operator.
Hence, M|, | has pure Hodge—Tate—Sen weight —k and M,, ,, has pure Hodge—Tate—Sen weight 1 — k;
in the sense of Definition 5.1.5. Our convention is that cyclotomic character has Hodge—Tate weight —1.

Theorem 5.4.2. Suppose u = (ki,kz) € H* and k = —u(h) # 1. There is a natural (Hodge)-
decomposition

H'(KP,C)f = My & My,

¥

into Hodge—Tate—Sen weight —ky and 1 — ky components. We have M, ,, = w2p

k = 2. Moreover, if k € Z and

(KP) ®c n* unless

—k kK
M,,’l =Nk’1 et 2,

1 k=1 ki+1
€2 .

Mﬂ’w = Ni,w ey t

we have the following description of Ny 1, Nk . All of the isomorphisms and maps below are Hecke
and B X Gg,,-equivariant.

(1) New = M;_k(KP) unless k # 2. When k = 2, we have
0 — M} (KP)/Mo(KP) = N\w — Mo(KP) — 0.

(2) If k < —1, then there is an exact sequence

0— h_H)lHl(XKPK
K,

u)k) e Nk,l - M]I(Kp) = 0

p’

() If k =0, then there is an exact sequence

0 — lim H' (Xkrk,,» Oxepx,) = Noji = M (KP)/Mo(K?) = 0.
KP

@) Ifk > 2, then Ny = M;(KP)/My(KP).

5.4.3. Now assume p(h) = —1. Write u = (ky, k1 + 1). In this case, it follows from Corollary 4.2.8 that

H'(Ft,0%,),, = H' (Ft, O k00

4Note w - u = (ky — 1, k; + 1). Hence, we are looking for (a,b) € C suchthata+b = k; + ky and —(a — b) = k| — ky or
(ky=1) = (ki + 1).
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by considering the action of the centre of U(g). Here (’)la (ki+Lk)* Olla(,, is the subsheaf of sec-

tions annihilated by (6y(h) — 1)> and 6y(z) — p(z) = z - (2k1 + 1). We compute the n-invariants of

H'(Ft, (91;’,5"1“”‘”2) first and then determine the u-component. Note that 6y (/) — 1 induces an exact

sequence

h)-1
la, (k1+1 kl) la,(k1+1,k1)2 gb( la,(ki+1, kl)
0— Ol — 0% - 0 -0,

where the third map is surjective by the first part of Lemma 5.1.2. For simplicity, we write F; =

(9';‘(,5"1*' *) and Fp = Ola ((k+LED® Then F> has no H because F; has no global section (Corollary

1.3). Hence,
0 — HY(F, (F)") — H (F, F2)" — HY(FL, (F2)n) ®c 1" — 0.

By Propositions 5.2.10 and 5.2.12, we know that the supports of (F;)" and (F;), do not intersect.
Therefore, 6y (1) — 1 induces exact sequences

h)-1

0— (F)" = (F)" Ll (F)" —0;
Oy (h)-1

0—= (Filn = (Fo)n —— (Filn — 0.

Taking H' of the first sequence, we obtain

0 — HY(Ft, (F)") —» H' (F¢, (]-"2)) H(J’f (F)™) — 0

as (F))" c F has no H. Note that & acts as —1 on H' (%, (F|)") by Proposition 5.2.12.

Lemma 5.4.4. 0y(h) — 1 = —(h + 1) on (F2)". In particular, the kernel of h+ 1 on H' (FC, (F2)") is
H'(Ft,(F)") and h + 1 induces an isomorphism

h+1:HY(F, (F)Y/H (Fe, (F)") S HY(F, (F)Y).

Proof. This is proved by explicit computation. We only need to check U € B not containing co since
the stalk of (F1)", hence also (F,)", at oo is zero. Using the notation in Section 4.3.7, we have

(F2)"(U) = (F)"(U) + (F)"(U) ~10g(e]e—lN)

for some e . Since 6y (1) acts as (_01 —12x) on U (cf. 5.1.1), for f € (F1)"(U),

e e e
(B(h) = 1) - (flog(=—=)) = log(=——)(By(h) = 1) - f + fOy(h) -log(——) = ~f.
€1,N €1,N €1,N
On the other hand, by Proposition 5.2.12, we know that (i + 1) - f = 0. Therefore,
e e
(h+1) - (flog(—=)) = fh - log(——) = f.
€1,N €1,N

Hence, 0y(h) — 1 = —=(h+ 1) on (F)"(U). O

5.4.5. Similarly, we consider

Oy (h)—1

0 — HY(F, (Fi)n) = HY(F, (F2)y) — HY(FL, (Fi)n) — 0.
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Recall that (F) )y = (ico)eM| )(KP ) in this case, and we may identify

(ki+1,k
s T i €2
(]:2)11 - (loo)*(M(kl+1’kl)(Kp) @ M(k1+l,kl)(Kp) ) log(a))

for some e, n. Then a similar computation shows that 6y(h) — 1 = & — 1 on (F>)s. Hence, the kernel
of h+ 1 on HY(F, (F2)n) ®c n* is HO(FE, (Fi)) ®c n* € HO(FE, (F>)n) ®c 1.
Now to determine the kernel of 4+ 1 on H! (Ft, F2)", we claim that the surjection

H'(F,F2)" — H(F, (F2)) ®c 0
remains surjective when passing to the kernel of 4 + 1; that is, there is an exact sequence
0 — H'(F(F2)") = H'(FC Fa)y — (HY(FC (Fa)) ®c 1)y — 0.

In fact, this is really a formal consequence of the previous lemma. Consider the following commutative
diagram:

0 0 0

! l l

0 — HY(F,(F))") —— H' (Ft, F))" —— HY(F, (Fi)n) ®c 1* — 0

| l |

0 — HY(F, (F)") —— HY(F, F)" — HY(F, (Fo)y) ®c n* —> 0 -

lé)b(h)—lz—(hﬂ) l@b(h)—l leb(h)—1=h+1

0 — HY(F, (F)") — HY (F, F))" —— H(FC, (Fi)n) ®c n* — 0

! l !

0 0 0

Let f € H)(FC, (Fi)n) ® n* C H'(FL, (Fa)n) ®c n*. We can find a preimage f e H'(Ft, F)".
Then (h+ 1) - f € H'(F¢, (.7-'1)“) By Lemma 5.4.4, there exists § € H' (%, (F>)") such that
(h+1)-g§=(h+1)- f.Now g := f — § defines an element in H' (%€, F»>)" lifting f and annihilated
by i+ 1.

Since H'(F¢t, F;)" is computed in Section 5.3.17, we obtain the following result. The last part is a
restatement of Theorem 5.3.18.

Theorem 5.4.6. Suppose u = (ky, ki + 1), that is, u(h) = —1. There exists an exact sequence
0 N ]v1 1 k|+1 N H (Kp C)la N M (Kp) e—l ki+1 N 0
where N sits inside the exact sequence

0= M{(K")/Mi(K") = Ny = limH' (Xgr,,. ') = 0.
KP

Moreover, H' (KP, C),lf’(kwl’k]) c H'(KP, C)/l‘a is identified with the pullback of M{(KP) - e;ltk”'l C

M;L (KP) - el’llk'”; that is, there is an exact sequence
0— Ny - eyttt — AU &P, OB s (KP) - et .
All of the maps are Hecke and B X Gq,,-equivariant.
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6. Applications

In this section, we present several applications of the main results of previous section to the study of
overconvergent modular forms and the Fontaine-Mazur conjecture in the irregular case. One main in-
gredient is Emerton’s local—global compatibility result, which allows us to study completed cohomology
using the (p-adic) representation theory of GL»(Q,).

6.1. Hecke algebra

6.1.1. First we recall the definition of the (big) Hecke algebra associated to completed cohomology. Let
K? = Tl2p Ki € GL (A?) be a tame level and S a finite set of rational primes containing p and all
places [ for which K; is not maximal. As usual, we denote the double coset action of

[K; ((l) (1)) K]

by T; and the double coset action of

m@ﬂm

by ;. For any open compact subgroup K, of GL,(Q,,), we define
T(K"K)) € Endz, (Hg(Vkrk,. Zp))

as the Z,-subalgebra generated by Hecke operators 77, Slil atplaces [ ¢ S. As the notation suggests, this
does not depend on the choice of S because of the existence of continuous 2-dimensional determinants
of Gg,s over T(K”K,) and Chebatorev’s density theorem. Now we define the Hecke algebra of tame
level K7 as

T(K?) := l(in T(KPK}).
K, cGL2(Q))
This is a complete semi-local Z,-algebra and T(K?)/m is a finite field for any maximal ideal m. It
acts faithfully on A'(KP, Zp) and commutes with the action of GL2(Q,) x Gq,,. Moreover, there is a

continuous 2-dimensional determinant D of Gg,s valued in T(K?) in the sense of Chenevier [Che14]
satisfying the following property?: for any / ¢ S, the characteristic polynomial of D (Froby) is

x> -I"'nx+1's,.

Note that its twist by inverse of the cyclotomic character is also the Eichler—Shimura congruence relation
([Del71, Théoreme 4.9]); that is,

Frobl2 —T; Frob; +1S; =0
on H'(KP,Z p). This can be checked first on finite levels and then by passing to the limit over K,. Note

that 7, Sli',l ¢ S generate T(K?”) topologically.

LetA: T(KP) - Q p be a Z,-algebra homomorphism. We can associate an odd semi-simple Galois
representation (unique up to conjugation)

pa:Ggs — GLy(Q))

5The existence of Dg implies that T(K?) is Noetherian. Note that 77, Slil ,1 ¢ S generate T(KP) topologically; hence,
T(KP) receives a surjective map from a finite product of some universal deformation rings of 2-dimensional determinants of
Gq,s» which are Noetherian by the work of Chenevier.
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whose determinant is A o Dg. Here odd means det(p,(c)) = —1 for any complex conjugation ¢ € Gg_s.
Let Fll(KP,@p) = H'(K?,Q,) ® @p and let p; = ker(1 ® @p) € Spec T(K?) ®q, @p. If pyis
irreducible, by the Eichler—Shimura relation, we have

HomGQ(pﬂ(_1)7 ﬁl (Kp’ @P)) = HOIIIGQ (p/l(_l)’ HI(KP’ @p) [p/l])7

where p(=1) = p, ® ! is the twist of p, by inverse of the p-adic cyclotomic character and

H'(KP,Q,)[pa] denotes the A-isotypic subspace. By the main result of [BLRO1], H'(KP,Q,)[p.] is
pa(=1)-isotypic in the sense that

A'(K?.3p)[pa] = pa(-1) @5 Homay (pa(~1). A (K”.3,).
We remark that the centre A;ﬁ of GLy(Ay) acts via det(py)e~! on H'(KP, @p) [pa] via global class

field theory.
Definition 6.1.2. Let

p GQ — GLz(@p)

be a continuous 2-dimensional p-adic Galois representation. We say p is

o pro-modular if there exists a tame level K” and A : T(K?) — @p such that p = py;
o pro-cohomological if Homg, (p(~1), H'(KP, @p)) # 0 for some tame level K7.

Clearly, p is pro-modular if it is pro-cohomological and irreducible by our previous discussion.
Conversely, we have the following result.

Lemma 6.1.3. Let p = py be an irreducible pro-modular representation for some KP and A. The
following statements are equivalent:

N pis pro-cohomological.
@) H'(KP.Qp)[pa] #0.
(3) A'(KP,C)[pa] #0.

Proof. The first two are equivalent by the Eichler—Shimura relation. The equivalence between the last
two is a consequence of the following lemma. O

Lemma 6.1.4. Let p = p, be a pro-modular representation for some KP and A. Then

A'(K?.Qp)[pa]®5,C = A'(K?,C)[pal.

where H' (K?, @p) [pa] is endowed with a norm with unit ball (H' (KP, Zp) ® Zp) [pal.

Proof. Choose generators gi,--- ,gs of pyas a T(KP) ® @p-module. We have an exact sequence
(8185 /]
. _ . _ e gs . _
0— A'(KP,Qp)[pa] - A'(K?,Q,) =25 (P A'(K,Q))
i=1

which is continuous with respect to the p-adic topology; that is, defined by the unit open ball
H'(KP,Z p) ® Z,,. Note that the second map is strict. This sequence remains exact after taking p-adic
completion, which is exactly what we want. O

We conclude this subsection by the following result on infinitesimal characters.

Proposition 6.1.5. Suppose p = p, is pro-cohomological and irreducible and has Hodge—Tate—Sen
weights (a, b). Then as a representation of GL2(Q),), the locally analytic vectors H' (KP,C)2[pa] #0
and have infinitesimal character {(-a — 1,-b), (-b — 1,—a)} C h*.
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Proof. Note that p can be defined over a finite extension E of Q,. Hence, HY(KP, @p) [pa]l N
H'(KP, Qp) ® E # 0 and is an admissible representation of GL»(Q,). It has nonzero locally ana-
lytic vectors by the main result of [STO3]. Since det p has Hodge—Tate—Sen weight a + b, the centre Cz
of g acts on H' (K, C)2[p,] via z — —(a + b) — 1. Now the claim for infinitesimal character follows
directly from Corollary 4.2.8 and Theorem 5.1.11. O

Remark 6.1.6. A higher dimensional generalisation of this result was obtained by Dospinescu—
Paskunas—Schraen in [DPS20, Theorem 1.4].

6.2. A classicality result for overconvergent weight 1 forms

6.2.1. Suppose p = p, has equal Hodge—Tate—Sen weights 0, 0. (It is easy to reduce to this case by
twisting by a character if weights are a, a.) There are two possibilities for p: either p |GQp is Hodge—Tate,

or not. In other words, (p ®g,, C) Gop isaQ p-vector space of dimension 2 or 1. Recall that by Deligne—-
Serre [DS74], the 2-dimensional Galois representation associated to a classical weight 1 eigenform is
Hodge-Tate at p. The main result of this subsection gives a converse.

Recall that there is a natural action of B on M IT (KP).Let Ny C Bbe (

operator

(1) Zip ) Then we have the usual

p-1 .
— Dl
Up:=2, (0 1)
i=0
acting on M lT (KP)No_ Note that Theorem 5.4.2 implies that Hecke algebra T(K”) also acts on the space
of overconvergent modular forms.

Theorem 6.2.2. Suppose p = p, is pro-modular for some tame level KP. If MIT(KP)NO [pa] has a
nonzero U ,-eigenvector and plcqp is Hodge—Tate of weights 0,0, then p comes from a classical weight
1 eigenform; that is, M (K?)[p,] # 0.

Remark 6.2.3. Theorem 6.2.2 implies that an overconvergent weight 1 modular form of finite slope is
classical if its associated Galois representation is Hodge—Tate. In particular, this gives a different proof
of the main result of Buzzard—Taylor [BT99] in the ordinary case.

Note that we do not assume the eigenvalue of U, is nonzero. In fact, using Colmez’s Kirillov model,
we will see that the kernel of U, is always nonzero if we know the local-global compatibility at p (in
the sense of Emerton).

Introduction, we will need Hecke operators at bad places in the proof. After making a right translation
by some element in GL; (A?) and shrinking the level, we can find a finite set of rational primes §
containing p and an integer m > 0 and assume the following: K” =[], Ki C [1;+, GL2(Z;), where
Kl = GLQ(ZZ) for [ ¢ S, and

Kz=r1(z'">={(i‘ f,) a-led-1e"Z), 1eS\ {p).

Moreover, MI'(KPH (p™))[pa] has a nonzero eigenvector of U,. See Section 5.2.4 for the notation
here. Let K, = T'j(p") for some n > m and K = KPK,. Let As = [l;es Z] C [1;es GL2(Z;) be the
* 0

01
translation, which induces an action of Ag on M IT (K). Clearly, this action factors through a finite group

subgroup of the form ( ) Then Ag is in the normaliser of [[;cs K;; hence, Ag acts on Xk by right
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and we can find a (finite-order) character ¢ : Ag — @; such that the y/-isotypic component
M;(K)” [pa]
contains a nonzero eigenvector of U,,. For [ € §, we denote by U, the abstract double coset action of

[K; ((l) (1)) Kil.

These operators act naturally on M f (K). If, moreover, [ # p, then U; acts naturally on H'(K?, C). We
denote by

T(KP) c End(A'(K?, C))

the T(KP?)-subalgebra generated by U;,1 € S\ {p}.

Lemma 6.2.5. T(KP?) is a finite T(KP)-module; that is, each Uy is integral over T(KP), 1 € S\ {p}.

Proof. Fix1 € S\ {p}. Since h_r)nK, Hé[(XKpK;), Qp) is dense in H'(KP, Qp) (Theorem 2.2.16 (iv) of
P

[Eme06b]), it suffices to find a monic polynomial P;(X) € T(K?)[X] such that P;(U;) acts as zero on
H e}t()( krk;,. Qp) for any open subgroup K/, of GL>(Q),). Fix a lift of geometric Frobenius Frob; € Gg,
whose image in Gg’l corresponds to [ € Q;° via the local Artin map. Recall that there is a determinant

Ds of Gg,s valued in T(K?). We denote by Q;(X) € T(K?)[X] the characteristic polynomial of
[ Frob; € T(K?)[Gq,s]. We claim that

Pi(X) := X" 01(X)
works. To see this, since Hgt(XKp K> @p) can be decomposed as a direct sum of (7 f)K "Kp for some
cuspidal automorphic representations 7 = 7y ® 7 on GLy(A), it is enough to show P;(U;) = 0 on
each nonzero (7 ¢ K PKp, By the theory of newforms, (7;)%X! has dimension at most  + 1 and U is not
nilpotent only when 7; is special or a principal series. Moreover, U; acts semi-simply on generalised
eigenspaces associated to nonzero eigenvalues. See, for example, Corollary 2.2 of [Hid89]. The local—

global compatibility then implies that a nonzero eigenvalue of U; must be a root of Q;(X). Hence,
Pl(Ul) =0on (JTf)KPKP. O

Now we consider the action of T(K?)[U,] on M] (K)¥.

Lemma 6.2.6. 2 : T(K?) — @p can be extended to ' : T(KP) [Up] — C such that
M{(KPT1(p") [pa] # 0.
where py denotes the kernel of A’. Moreover, for any such A’, we have
dime M (KPT1(p")" [pa] = 1.
In particular, we obtain the following after taking direct limit over all n:

dimc lim M (KPT1 (p™)? [pr] = dime M{ (K?)*No[py] = 1.
n
Proof. Leta € Cbeaneigenvalue of U, on M;f (K)¥[pa]. ThenT(KP)/(p,) acts on the a-eigenspace of
MI'(K)“’ [pa]. Since T(KP)/(p,) is Artinian by our previous lemma, we can find A" : T(K?)[U,] — C
which sends U, to @ and extends A and MlT (K)¥[py] # 0. To see the multiplicity 1 claim, we re-
mark that Ag acts transitively on all connected components of Xx. Hence, any element of MlT (K)¥
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is determined by its value on one component. Since elements in M: (K)¥[py] are eigenvectors
of 7;,8;,1 ¢ S and U;,l € S, we conclude from usual g-expansion principle that this space has
dimension 1. O

Proof of Theorem 6.2.2. 1f p is reducible, then it is a sum of two finite-order characters. The theory
of Eisenstein series shows that it comes from a classical modular form. Hence, we may assume p is
irreducible.
Assume p is not classical; that is, M'(K?)[p,] = 0. Since M (KP) = lim , HY(Xgriy, w) is a
»

direct sum of (r ;)X ¥ for some automorphic representations 7 of GL, (A), the localisation
M'(KP)y, = 0.
Similarly, by Serre duality and the Kodaira—Spencer isomorphism, we also have

(li_n}Hl(XKpK;,,w]))m = 0.
K}

a,(1,0)

Hence, by the second part of Theorem 5.4.6, (H' (KP, C)}O )

Yoar = M]T(K”)p,l - 7't and therefore

-~ la, (1,0 -
A'(KP, 054 Pl = M{(KP)[pa] - €7,

where 4 -t : T(KP) — @p denotes ‘the twist of A by #’; that is, sends 7 to A(7;){~". It can be checked

that p,..(—1) = p,. Hence, H' (K7, @p) [pa.¢] is p-isotypic. On the other hand, by our assumption that
p is Hodge—Tate and Theorem 5.1.11, we have

5 2 1a,(1,0
HY(KP, C)fs 1) [pad] = A'(KP, O [pa].

If we write W = Homg, (p, H'(KP, @p)), then by Lemma 6.1.4 and our discussion in Section 6.1.1,
71 1z _ = 1z
H (K”, C)(?)’l) [Pas]l =p ®@p (W®@P C)(‘(i)’l)’

where W is endowed a norm with unit ball Homg, (p°, H' (K, Z,) ®Z,,) and p° C p is any Gg-stable
lattice. Note that Ag x T(K”) acts naturally on W and U p acts on its No-fixed vectors. Fix A’ as in
Lemma 6.2.6 and consider its ‘twist by e;lt’

A" T(KP)[UP] = C
which sends 7; to A’ (T;)I~" for [ ¢ S and sends U, to A’ (U;)I~! for I € S. Then we have

1 - 2 la,y, N = la,y, N
M{(KP)* Mooy - 't = B (K, O)\ g ] = p @5, W85 Oy o]

The left-hand side has dimension 1 over C by Lemma 6.2.6. However, the last term in the equality has
dimension at least 2 because p is 2-dimensional! Thus, we get a contradiction. This proves that p has to
be classical. m]

6.3. Local-global compatibility

6.3.1. In order to better understand H' (K7, @p) [pa] for a pro-modular A, we need Emerton’s local—

global compatibility conjecture, which gives a description of A' (K, @p) [p.] in terms of p-adic local
Langlands for GL, (Q,,) as established by Breuil, Colmez, Berger, Kisin, Paskiinas. In [Eme1 1, Eme06a],
Emerton formulated and proved his conjecture assuming the residual representation is irreducible and
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generic. Building upon the work of Paskunas, we gave a proof (which is complete when p > 5) in
[Pan19] in the case of definite quaternion algebras. We will mostly follow the argument in Section 3 of
[Pan19] and also Section 5 of [Pas18]. One key step is to prove the density of algebraic vectors when
we are localising at an Eisenstein maximal ideal. This part might be of some independent interest.

6.3.2. We begin by recalling work of Paskiinas on representations of GL,(Q),). See [Pas13] and also
the introduction of [Pas16]. Fix E a finite extension of Q,, with ring of integers O, residue field F, and
fix a uniformiser @. Write G = GL(Q),) and let { : QIX, — (O be a continuous character. Following
Paskunas, we denote by Molea"jén(O) the category of smooth, locally admissible G-representations on
O-torsion modules with central character .

Let Irradm be the set of G-irreducible representations in Mod! “dm((’)) There is a natural equivalence
relation ~ on IrraGdm defined as follows: m ~ 7 if 7 = 7 or there exists a sequence 79 = 7, , 1, =T €
Irr“ldm such that Ext! (7;, 7i41) # 0 or Ext' (741, 7;) # 0. An equivalence class B € Irra(i,im/fv is called a
block of Mod! aGlm(O) There is a natural decomposition

Modg®(0) =[] Modgdr(O)[3],
%EIrr‘dm/~

where Mod' adm ((’)) [B] denotes the full subcategory of representations with irreducible constituents in
B. A complete list of blocks containing an absolutely irreducible representation can be found on the
beginning of p. 3 of [Pas16].

The semi-simple mod p correspondence gives a bijection between isomorphism classes of 2-
dimensional absolutely semi-simple F-representations pg of Gg,, and blocks containing an absolutely
irreducible representation. It should be mentioned that det o = {&,mod w. Let R%“°7 be the defor-
mation ring parametrising all of the 2-dimensional continuous determinants (in the sense of [Che14])
of Gg, lifting (trpg, det pg) with (usual) determinant {',. Here is a summary of results of PaSkunas
and Paskiinas—Tung that we will use later.

Theorem 6.3.3. Suppose B contains an absolutely irreducible representation. Let Zg be the Bernstein
centre of Mod] adm . (0)[3B].

(1) Thereisa ﬁnlte O-algebra homomorphism
Rg;’{gp - Z%

compatible with Colmez’s functor (see [PT21, Theorem 1.2] for the precise statement). Hence,
Mod! ddm((’))[ | admits a pr 0 module structure from this map.

(2) There is a faithful Rp 45" lmear contravariant exact functor m from Modladm(O)[ﬁB] to the

category of Rp “ep ps <o

modules.

modules sending admissible representations to finitely generated R

Proof. Both claims follow from [PT21, Theorem 1.2, 1.3]. In fact, Paskinas and Tung show that
Mod! adm((’))[ ] is anti-equivalent to the category of right pseudo-compact Eg-modules for some
pseudo-compact ring Eg and construct a map Rglgs” — Zg C Eg which makes Eg into a finitely

generated Rgl’gg” -module. The functor m is defined by passing the action of Eg to Rg:(g” . O

6.3.4. Next we turn to the global side. Fix a tame level K” from now on. Let m be a maximal
ideal of T(K?) ®z, O. We may assume the residue field of m is F by enlarging E. Recall that there
is a 2-dimensional determinant of Gg valued in T(K?) and we extend it to a determinant valued
in T(K?) ®z, O. Denote by D, its restriction to Gg,, and by D p its reduction modulo m. Again
enlarging £ if necessary, we may assume that D ,, arises from a 2-dimensional semi-simple representation
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Pm.p : Gg, — GL,(F). Fix a continuous character ¢’ : AX /det(KP)QX, — O such that { = §’|Qx :
Qx — O is congruent to (det gy, ,,)a) modulo @ via local class field theory. For ? = E, O, E /O, let
H'(KP, ¢+, m be the subspace of (H'(K?,Z »)®z,, Dm on which the centre Ax acts via ¢’ and let T be

the image of (T(K?) ® O),, inside End(H' (KP, E/O)¢rm). Then D, induces a natural map

ps.{ &p
Rowy T
Hence, the faithful Hecke action of T induces an action of Rgi:is" on H'(KP,E/ O)¢'m by our
discussion. We denote this action by 77.
On the other hand, py,, determines a block By, of Mod! "dm((’)) Now we can state the main result
of this subsection.

Theorem 6.3.5. Let m be a maximal ideal of T(K”) ®z,, O

(1) HY(KP,E[/O)¢r m € Modladm(O) [B]. Hence, by Theorem 6.3.3, there is a natural action T, of
R R o K, 1O
Rpsa{ Ep
m,p

(2) TBwo actions T and 7, of g are the same.

Before giving a proof, we show that this result implies a (weak) form of local-global compatibility
which will be enough for our applications. Recall that by [CDP14, Theorem 1.1], there is a bijection
between the isomorphism classes of the following two sets:

o 2-dimensional absolutely irreducible representation of Gg,, over E;
o nonordinary admissible unitary E-Banach representations of GL>(Q,,).

Here, a Banach representation is nonordinary if it is not a subquotient of a parabolic induction of a unitary
character. This bijection is compatible with taking finite extensions of E. Hence, we can extend this
bijection Q p-linearly to a map (not bijection) from the isomorphism classes of 2-dimensional irreducible
representation of Gg, over Q, to the isomorphism classes of Q,-representations of GL,(Q,). We
denote this map by p — I1(p).

Corollary 6.3.6. Suppose p = p, is pro-modular and irreducible for some tame level KP. Then

HY(KP, Qp)[wal # O; that is, p is pro-cohomological. Moreover, we have the following description of
H'(KP, @,,) [pa] as a representation of GL(Qp):

o 1fp|GQp is irreducible, then H' (KP, @p) [pa] = H(p|GQ[’ Ve for some d.
o If p|GQp is reducible, then H' (KP, @p) [pa] has an ordinary subrepresentation.

Remark 6.3.7. For later application (Theorem 6.4.7), all we need is that H'(K”,Q,)[p.] is nonzero
and contains an irreducible admissible representation.

Proof. We denote by m the Rg:“;g—module obtained by applying the faithful functor m in Theorem

6.3.3 to H'(K?,E/O)z' w. Then the admissibility of H'(K?, E/O)s w implies that my is a finitely

RP§

generated -module. Since the action 7, agrees with 77 which factors through T by Theorem 6.3.5,

we conclude that my is a faithful finitely generated T-module. In particular, mg ®T k(p) # O for any
p € Spec T, where k (p) denotes the residue field of p. From this, we easily deduce H' (K, Q p)[pal #0

in the corollary. Using 77 = 7,,, our description of A L(kP, @,,) [p.] follows from Paskiinas’s work on
Banach representations [Pas13, Theorem 1.10, 1.11], [Pas16, Corollary 2.24]. O

Proof of Theorem 6.3.5. We canreplace K” by an open subgroup and assume K” GL,(Z,,) is sufficiently
small. After twisting a character of AX /Q%,» we may assume £ (x) = XK xe ZIX, for some integer k. We

denote by AH' (K?, Qplk C H'(KP, Qp) the subspace on which the centre ZIX, C GL2(Qp) acts via kth
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power. It has a norm induced from A'(KP,Z p»)- Then after enlarging E if necessary, there is a natural
decomposition

' (KP,Qp) 8, E= P A'"(K”,E)¢rw,
(m’,g”)

where m’ runs through all maximal ideals of T(K?) ® O and ¢ : A;i /det(KP)Q%, runs through

all continuous characters satisfying ¢”'(x) = x¥,x € Zy,. In particular, (m,{’) appears inside this
decomposition. Note that there are only finitely many (m’, ¢”’).

Lemma 6.3.8. The GL(Z,)-algebraic vectors in H'(KP, Qp )k are dense in H'(KP, Qp k-

Lemma 6.3.9. The Hecke action of T(KP) on the GL,(Z,)-algebraic vectors in H' (KP,Q,) is semi-
simple.

We will give proofs of both lemmas at the end. Assuming these results, we deduce from the natural
decomposition above that the GL,(Z,,)-algebraic vectors in H L(KP, E); .m are dense. Now one can
argue in exactly the same way as proof of Proposition 5.5 of [Pas18]. We only give a sketch here. It should
be mentioned that these algebraic vectors correspond to cohomology of certain standard local systems
on YkrGLy(z,)- Let S C SpecT[%] be the subset of maximal ideals p for which H'(KP, E)z w[p]
has nonzero GL;(Z,)-algebraic vectors. We write I1(p) as the smallest E[G]-stable closed subspace
containing the GL,(Z,)-algebraic vectors in H'(KP, E)s mlp]. Let II(p)° c II(p) be its open unit
ball. By our density result and the semi-simplicity of Hecke action on the GL,(Z,)-algebraic vectors
in H'(KP, E)zr m, it suffices to prove that for any p € S,

T(p)/T(p)* € ModEF (O)[Bu]

and both actions 77, 7, are the same on it. Both claims are really formal consequences of classical local—
global compatibility and uniqueness of the universal unitary completion in this case ([BB 10, Corollarie
5.3.4], [BE10, Proposition 2.2.1]) and the compatibility between p-adic and classical local Langlands
correspondence [CDP14, Theorem 1.3]. This finishes the proof of Theorem 6.3.5. O

Proof of Lemma 6.3.8. As pointed out by a referee, the following argument was sketched by Matthew
Emerton in [Emel 1, Remark 5.4.2].

We begin the proof by recalling a complex computing A (K7, Q p). Let H (KP,Z p) be the completed
cohomology with compact support, which is defined by

H.(KP,Z,) = @nK_r)an(prKp (C),Z/p").
n P

Since Yk »r K, is a noncompact Riemann surface, it is easy to see that I:I’C (KP,Zp) = 0,i # 1. There

is a spectral sequence (coming from the Poincaré duality) relating H* and H! (Subsection 1.3 of
[CEI12]) as follows. Let A be the completed group ring Z,[[GL2(Z,)]]. Then ﬁcl.(Kp,Zp)d =
Homg,, (A (KP, Zp,),Z,) admits a resolution by finite free A-modules:

s A% A A% fgL(KP,Z,)Y — 0.

Taking Hompy (e, A) of this resolution, where A is viewed as a left module of itself, we obtain a complex
of right A-modules (using the right A-module structure of A)

v = A®E o \®D A
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We can view this sequence as a complex of left A-modules by applying the main involution g > g~! of
A. Now taking Hom%‘;f“(o, Qp), we get a GL»(Z,)-equivariant complex

C* = > B(GLa2(Z)), Q)" — €(GL2(Z)), Qp)®* — € (GLa(Z)), Q) ®4,

where € (GL2(Z),), Qp,) denotes the space of Q,-valued continuous functions on GL;(Z,). The result
in Subsection 1.3 of [CE12] says that this complex computes H' (K”,Q,) as a GL»(Z,)-representation.
For a Z;,[GL2(Zp)]-module M, we denote by M the subspace on which the centre Z7 acts via kth
power. We claim that

Cp = — G(GLa(Zp), Qp) 2" — G(GLa(Z,),Qp) Y — B(GLa(Z)), Qp) 2"

computes H'(KP,Qp). Assuming this, H'(K”,Q,)r is a GL,(Z,)-equivariant quotient of
€ (GLa(Zp), Qp) f 41 Hence, we get the density statement in Lemma 6.3.8 because GL,(Z,)-algebraic
vectors are dense in € (GL2(Zp,), Qp)x ([Pan19, Proposition 3.2.9]).
To see that C} computes H (KP, Qp )« it is enough to show that
H! (Z%,€(GLy(Z,),Q,) ® z7X) = H_(Z%, A°(KP,Q,) ® %) =0, j = 1,

conl

where z7%

it suffices to prove this after replacing Z;; by an open subgroup. Let H = 1 + pZZp C Z;. Using the

description of I:IO(K P,Qp) in [Eme06b, 4.2], it is easy to see that as Banach representations of H, both
%(GL2(Zp),Qp) and AH(KP, Qp) are of the form € (H X R, Q,,) for some profinite set R with trivial
H-action. Hence, their tensor products with z7¥ have no higher cohomology. O

= Qp with Z!X, acting via (—k)th power. Since everything is over a characteristic zero field,

Proof of Lemma 6.3.9. By Emerton’s description [Eme06b, 4.3.4] of the GL,(Z,)-algebraic vectors
in A'(K?,Qp), it suffices to show that the Hecke action on H' (YxrGL,(z,)(C), Vi) is semi-simple
for any irreducible algebraic representation W of GL, over Q,, where Vyy denotes the local system
corresponding to W. This result is presumably well-known for experts. We sketch a proof here. We may
change the coefficient field of the local system to C. Then using the Shimura isomorphism, it suffices
to prove the semi-simplicity of the Hecke action on the space of classical modular forms. This is clear
for cusp forms because 7j, [ ¢ S are normal operators with respect to the Petersson inner product. The
theory of Eisenstein series then provides an eigenbasis for the orthogonal complement of cusp forms.
See, for example, Weisinger’s thesis [Wei77, Chap. 1].

Here is a more conceptual argument suggested to me by Matthew Emerton using polarisations. For
simplicity, we assume W is the trivial local system. But the argument can be generalised for any W.
LetY = YKPGLZ(ZI,)(C) and X = XKPGLQ(ZP)(C)~ By the Poincaré duality, it is enough to consider
H!(Y,C). There is a natural exact sequence

cell  H(y,C) - H'(X,C) — 0.

(Recall that C denotes the set of cusps in X.) The Hecke operators 7,1 ¢ S are normal on H'(X, C)
(respectively C®ICl) with respect to the Riemann form (respectively standard Hermitian form on C®I¢1),
Hence, the Hecke actions of T(K?) on both spaces are semi-simple. Now our claim follows from the
Manin-Drinfeld theorem as it implies that H. (Y, C) — H'(X, C) has a natural splitting; cf. [E1k90]. O

6.4. Colmez’s Kirillov model

6.4.1. Let p = p, be as in Corollary 6.3.6. Suppose L is a finite extension of Q,, containing A(T(K?)).

Then Corollary 6.3.6 implies that H'(K?, L)[p,] = I:II(K”,@p)[p,l] N H'(KP,L) contains an ir-
reducible admissible Banach representation IT of GL>(Q,) over L. To apply our previous results
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(Theorem 5.4.2, Theorem 6.2.2), it is crucial to know whether its locally analytic vectors IT* admit
nonzero n-invariants and whether its No-invariants have a U ,-eigenvector. Thanks to the beautiful work
of Colmez, both questions have affirmative answers by his Kirillov model [Col10, Chap. VI]. We first
give a brief review of his work. A nice summary can be found in Subsections 7.3 and 7.4 of [DLB17].
I would like to thank Matthew Emerton for sharing his unpublished notes [EPW] with Robert Pollack
and Tom Weston on this subject.

6.4.2. Let E be a finite extension of Q) and V a 2-dimensional representation of Gq, over E.
By Fontaine’s work [Fon04], we can study V ®q, By, by Sen’s method. As a result, we ob-
tain a free E[[t]] ®q, Qp(up~)-module DY.(V) of rank 2 equipped with a semi-linear action of

I' = Gal(Q, (up=)/Qp). Let Di(V) = D% (V)[+] and
Dy¢(V) == Dgig(V) /D3 (V),

a torsion Q, (up~)[t]-module. We denote by €. (QX,DEﬁ(V))F the space of functions ¢ : QF —
D (V) with compact support satisfying

d(ax) = oa($(x)).a € Z, x € O,

where o, € I is inverse image of a under g, : I’ - ZIX). In particular, ¢ is completely determined by

{¢(pn)}neZ. Let P = (%P Q;P
G, (Q;’ D;if(v))F by the formula

), the mirabolic subgroup of GL,(Q),). One can define an action of P on

((f’) ’ ) 9)(x) = &' (bx)e™ p(ax),

where &’ : Q, — pp~ is an additive character with kernel Z,, and e'”~ is understood as 3,5 (b;!) t".

(One can view Q, — (Q,[[t]] ®g, Qp(kp=))", x = g’(x)e'™ as an additive character.) This is
Colmez’s Kirillov model.
Now we assume

tbx

o V is absolutely irreducible.

We denote by I1(V)g the irreducible unitary E-Banach representation of GL,(Q,) associated to V via
the p-adic local Langlands correspondence ([CDP14, Theorem 1.1]) and by H(V)llgl its locally analytic
vectors.

Theorem 6.4.3. There is a P-equivariant embedding €.(Q%, D(;if(V))r — H(V)};i‘.
Proof. See Proposition 7.6 of [DLB17]. O

The following corollary and remark were first pointed out to me by Matthew Emerton.
Corollary 6.4.4. H(V)};“NO # 0 and has a nonzero vector annihilated by U,.

Proof. This is a standard formal consequence of the Kirillov model. More precisely, let v € D (V)
be a nonzero element annihilated by ¢. Consider ¢ € €. ((QX,D(;if(V))F defined by ¢(1) = v and
11

¢(x) =0,x ¢ Z},. Clearly, ¢ is fixed by (O |

). Moreover,

p-1 . p—1
(Up - 9)(x) = z<(g ;) ) (x) = ). & (iX)g(px).
i=0 i

i=
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If px ¢ Z%, this is zero for trivial reason. If x = L, this is essentially the sum over all pth roots of unity,
which is again zero. Hence, ¢ is annihilated by U, O

Remark 6.4.5. It is easy to see that all the vectors in €. (Q%, Daif(V))F *No annihilated by U,, (which
we denote by €. (Q%, Dgif(V))F’NO’UI’ZO) are of this form; that is,
_ - 1
Ce(Q, Dy (V)TN0 = Dy (V) - 2 /D (V) = Dsen(V(=1)).

Here Dsen(V(—1)) is a free E ®q,, Q) (1p~)-module of rank 2 equipped with a semi-linear action of I
associated to V(—1) in Sen’s theory.
In Colmez’s work, it is also possible to describe the image of €. (Q%, D(;if(V))F inside H(V)}:'i‘. In

fact, one can show that this image contains (H(V)}L;E‘)NO’UP:O. Hence,

la,Ny,U,,=0
(V) """ = Dgen(V(-1)),

X

which identifies the action of (ZOP (1)) on the left-hand side with the action of I" on the right-hand side.

Therefore, let a, b be the Hodge—Tate—Sen weights of V. Since I1(V) has central character det(V)sl‘,l
([CDP14, Corollary 1.2]), we conclude that both

(V)P —am1.-b)ys TV —b-1.-a)

Zy Zp
are nonzero. Moreover, let Py = OP L We have
dimg TH(V) 7Y™ = dimg (V(~1) ®g, €)%,

which gives a representation-theoretic way to determine whether V(—1) is Hodge-Tate of weight 0,0
or not. We will use this to give another proof of Corollary 6.4.9.

Corollary 6.4.6. Suppose I1 is an irreducible admissible unitary Banach representation of GL,(Q))
over some finite extension of Q,,. Then 1N £ 0 and has a nonzero U p-eigenvector.

Proof. We may enlarge the field of coefficients £ and assume that I1 is absolutely irreducible by [DS13,
Theorem 1.1]. If IT is nonordinary, then this follows Corollary 6.4.4 as I1 = TI(V)g for some absolutely
irreducible Galois representation V by [CDP14, Theorem 1.1]. If IT is ordinary — that is, a subquotient of
a parabolic induction of a unitary character — then up to twist by a character n o det, the representation I1

is either trivial representation 1, unitary Steinberg representation St or I1 is a unitary parabolic induction
GLZ (Qp )

of a unitary character. Recall that St= (Ind, 1)/1, the universal unitary completion of the usual
Steinberg representation. In all of these cases, it is easy to check that IT'»™o £ 0 and has a nonzero
U ,-eigenvector. m]

We obtain the following classicality result by combining Corollary 6.4.6, Corollary 6.3.6 and Theorem
6.2.2

Theorem 6.4.7. Suppose p = p, is pro-modular and irreducible. Assume
o plGQp is Hodge—Tate of weight 0, 0.
Then p is classical; that is, M1 (K?)[pa] # O for some tame level KP.

Proof. Suppose p is pro-modular for some tame level K”. We have
I:Il (KP’ @p) [p/l't] = I:Il (KP’ @p) [p/l] -1 i 0
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by Corollary 6.3.6. Recall that ¢ € FIO(K”,Z,,) is an invertible function, so FII(KP,@,,)[;J,]] -t is
understood as a subspace of H'(K”,Q p). Here A - t was defined in proof of Theorem 6.2.2. Corollary

6.4.6 then implies that H' (K?, C)"*[p,.,]No:Ur=® # 0 forsome @ € Q,,. By ourresult on the infinitesimal
character (Proposition 6.1.5), (h + 1)> = 0 on this space. Hence, the weight-(0, 1) subspace

H'(K?,C)fy 1 [P 1™7= 2 0.
Now assume p is not classical. As in the proof of Theorem 6.2.2, we have
A'(KP,C)6 1) [pai] = M (KP)[pa] - e7't.
However, this means that M ;’ (KP)[pa)No-Upr=P@ £ (0, which contradicts Theorem 6.2.2. Hence, p has

to be classical. O

We quote the following result ([Emel 1, Theorem 1.2.3], which is based on previous work of Bockle,
Diamond-Flach—Guo, Khare—Wintenberger, Kisin) on promodularity of a Galois representation. For

. .. ~ w * . . .
simplicity, we exclude the case plGQp =nQ® (0 1), a nonsplit extension. As a corollary, we give a new
proof of the Fontaine—Mazur conjecture in the irregular case under conditions below.

Theorem 6.4.8. Let p > 2 be a prime number and p : Gg — GL, (@ p) be a continuous 2-dimensional

irreducible odd representation which is unramified outside of finitely many primes. Assume

(1) p_|GQ(I~lp) is irreducible;

2) (/5|GQ,, )*$ is either irreducible or of the form ny ® 1, for some characters ny, 1y satisfying ny/n #
1, w*l

Then p is pro-modular.

Corollary 6.4.9. Let p be as in Theorem 6.4.8. If p is Hodge—Tate of weight 0,0, then p comes from a
cuspidal eigenform of weight 1.

Proof. A combination of the previous two results. O

Remark 6.4.10. The assumptions in this result could possibly be removed in the following way. Let p be
a continuous 2-dimensional irreducible odd representation p : Gg,s — GL2(Q),) which is unramified
outside of finitely many primes. In [Pan19], it is proved that p|g, is irreducible and pro-modular for a
solvable totally real field extension F/Q in which p completely splits, under the assumption

op>2;
o If p =3, then (ﬁ|GQP )*¢ is not of the form n & nw.
Hence, one can prove Corollary 6.4.9 under these assumptions, if Theorem 6.4.7 can be extended to the

case of Hilbert modular variety over a totally real field F' in which p completely splits. It seems (at least
to me) that it is reasonable to expect such a generalisation.

We can also determine the possible systems of Hecke eigenvalues appearing in spaces of overcon-
vergent modular forms.

Theorem 6.4.11. Suppose p = p, is irreducible and pro-modular for some tame level KP. Let a, b be

the Hodge—Tate—Sen weights of P|GQP-

) If M:nl ) (KP)[pa] # O, then (ni,ny) = (—a,—-b — 1) or (=b,—a — 1). In particular, if
MZ(KP)[p/l] # 0 for some k € Z, then {a, b} = {0,k — 1}.

(2) Conversely, iprGQP is irreducible, then Man nz)(K”)[p,l] # 0 for (n1,m) = (-a,-b —1) and
(=b,—a -1).
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Proof. To see the first part, if M’ (KP)[pa] # 0 and n; # ny + 1, then by Theorem 5.4.2, we have

(n1,n2)
H'(KP, C)};l_l’nzﬂ) [pa] # 0. Hence, Proposition 6.1.5 implies that p, has Hodge-Tate—Sen weights
—n1,—1 —ny. The case n; = np + 1 can be proved in a similar way. We omit the details here.
For the second part, if a = b = 0, the proof of Theorem 6.4.7 shows that MZO o (KP)[pa] # 0. For

the general case a = b, one can twist by some ¢ as in Section 5.3.9 to reduce to the case a = 0.
Now assume a # b. By Theorem 6.3.6 and Remark 6.4.5, both

A'(KP. O,y [pa and A'(KP.OF,_, . [pal

are nonzero. By symmetry, it is enough to consider H'(K?, C) [pa]. Theorem 5.4.2 provides a

1
(a—a—] ,—b) L
natural decomposition of this space according to the Hodge-Tate-Sen weights. Since H' (K”, Q,,) [p,] is

pa(=1)-isotypic, the Hodge—Tate—Sen weight-(b+1) component of H' (K?, C)%*“_a_1 _p) [Pal is nonzero.
Hence, M(Tfa 7b71)(K”)[p,1] # 0if —a # —b — 1 by Theorem 5.4.2 (i.e., k # 2). If —a = —b — 1, then

we claim we still have M(_q—1,—p),w [Pa] = M(T_a b) (KP)[pa] (as T(KP)-modules). This is because
the difference between M(_,_1 _p),w and MZ'_ (KP) is essentially My(KP) - t~%, which can be

decomposed as

a,—b-1)

B Mok la)

aeMax(T(KP)[+])

as a Hecke-module, and My(K?) -t~%[pa] = 0 since My(KP) -t~%[py] # 0 only when py is reducible.
This proves the second part. O

Remark 6.4.12. We sketch another proof of Theorem 6.4.7 in the nonordinary case (i.e., p|GQp is
irreducible) without using our work on the Sen operator (Theorem 5.1.11). Suppose p is not classical.
Then as in the proof of Theorem 6.2.2, we have the following exact sequence by Theorem 5.4.6:

0 — M{(KP)[pal - 7't — H'(K?, C)f5 1) [Par] = M{(KP)[pal - e'1.

For simplicity, let us assume K” = [];,,, GL2(Z;). In general, we can use Hecke operators at ramified
places as in Lemma 6.2.6. Now the key point is that ' (K, C)[p,.;] contains a copy of p ® II(p(1)).
Hence, by Remark 6.4.5 (with V(-1) = p here),

HY(KP,C)l8 | [pa]PoVr= = A (KP, €)' [py] P0Vr

has dimension (over C) at least (dim@ p) X (dim@ (p ® C)°%) = 4. But this contradicts the exact
P P

sequence above as dim¢ (M I (KP)[pa] - e;lt) Po.Up=0 — | by g-expansion principle and taking Po-
invariants and kernel of U, are left-exact. Hence, p has to be classical.
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