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ANALYTIC EVALUATION OF CERTAIN
CHARACTERISTIC CLASSES()

BY
CLARK D. JEFFRIES

1. Introduction. We have an alternative proof of the following result of Kervaire

21:

THEOREM. Let V—M be a real vector bundle with fibre dimension n>4k+1 over
a compact 4k-manifold. Suppose V restricted to M —{x} is trivial. Choose a Riemann
structure for V and an orthonormal frame for V restricted to M—{x}. Thus the ob-
struction to extending the frame smoothly over M is an element 1 in my,_,(SO(n))=Z.
Then up to sign the evaluation of the k' Pontrayagin class P,,on M is a,(2k—1)! - 4,
where a,, is 1 or 2 depending upon whether k is even or odd.

Like the original proof, our proof depends ultimately upon the computations of
homotopy groups of the classical groups of R. Bott. Unlike the original algebraic
topological proof, our proof is analytic and computational. The scheme is: first, to
couch the Pontrayagin classes in analytic terms; second, to exhibit explicit gener-
ators of my,_1(SO(a;2% 1)) 2my,_1(SO(n)), k>3; and third, to compute.

Enlightening conversations with K. Y. Lam contributed to the development of
this paper.

2. Notation. A metric connection is a connection V in ¥ chosen with respect to
a Riemann structure ¢ such that V¥=0. The Pontrayagin classes can be expressed
in terms of the elementary symmetric functions of the curvature matrix Q of any
such connection. Since V restricted to M—{x} is trivial, only the highest Pontra-
yagin class is nontrivial. It follows that an alternative technique, using the traces of
powers of Q gives the same Pontrayagin class structure. Thus the k** Pontrayagin
class is represented by the 4k-form:

1 ok

P = i

Let w denote the local connection forms obtained from a metric connection V and
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alocal frame &;;i=1,2,...,n; for V orthonormal with respect to ¢. That is,
n
wi=9(VE,, &), 50 Q=dw,—3 o} A o}, or simply Q=dw—w?.
k=1

An unpublished result of A. Deicke follows.

LemMA. Locally we may define (41—1)-forms ¢4, 4:

ot s
(1_'1), m1_ 2-~m 2~ mi
L=0H >y —— tr(wQ™w Q™ -+ - 0 Q™
Pu1 = )i=zl(21+i—1)!2mjz=21—i (@ © )

Then de*—1 =tr Q2.

This expresses the local triviality of the closed 4/-form tr Q*. The proof is
straightforward but tedious.

3. Algebraic topological considerations. First we note that in proving the
theorem we may as well assume that the fibre dimension n of V is at least
a,2%1, k>3, since the Pontrayagin classes ignore the addition of trivial bundles.

Second, recall that the Hurwitz-Radon theorem provides 4k—1 skew anti-
commuting (a;,2%1 X @,22*1)-matrices {M,}, i=2, ..., 4k, with M;=—TI (again
and hereafter a,=1 if k is even and a,=2 if k is odd). The quaternionic multiplica-
tion in #* and the Cayley multiplication in %8 arise from matrices of this type.
We will restrict our attention to such sets of matrices with the additional condition
that the product M, My - - - My, (necessarily 4-I)is 4I. Thus we choose one of the
two (up to isomorphism) irreducible Clifford modules of dimension 4k—1. The
quaternionic and Cayley multiplications are representatives of the alternative
choice. The iterative scheme for construction of the matrices is given intrinsically
by Zvengrowski [6].

Let My=TIand {M;}; i=2, ..., 4k; be matrices of the above type. Consider the
(4k—1)-sphere S¥-1 < 2% as the set {(xy, X, . . . , Xqp) | X1+ x5+ +xp,=1}.
There are natural maps

0,: S — §0(a;2%1)
defined by

ar
Ou(Xgy v s Xgg) = Z:lxiMi
i=

That the map o, is a generator of 73(SO(4))==Z+Z and leads to a generator of
w3(SO(s))==Z, s>5, under inclusion follows from Steenrod [4, pp. 115-117].
Similarly, that the map o, is a generator of m,(SO(8))~Z+Z and leads to a
generator of m,(SO(#))=~Z, t >9, under inclusion follows from Toda, Saito, and
Yokota [5]. In higher dimensions, o, is a generator of m,;,_;(@,2¥*)~Z, k>3, and
this is a consequence of the Periodicity Theorem as presented by Atiyah, Bott, and
Shapiro [1]. Roughly speaking, just as S#~1 is the intrinsic join of $* or S7 with S7
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several times, o, is the “join” in the sense of Zvengrowski of either o, or o, with
o, several times.

We will prove the theorem making use of the above explicit generators of
m3(SO()=2Z,5>5; m(SO(t)=2Z,t >9;and 7y, (SO (2% ) ey (SO(M) = Z,
k>3, n>a2%1,

4. Proof of the Theorem. The evaluation of P; is, of course, independent of the
choice of connection. Thus we may choose a special metric and metric connection
pair. Describe ¥ near x as 2" X %*. Then choose the metric and metric connection
to be Euclidean near x and arbitrary elsewhere. Let {x,} be the usual Euclidean
frame for #", so near x Vx;=0 and %(x;, x;)=0,;. Let {£;} be an orthonormal
frame for V restricted to M—{x}. Connection forms defined over M—{x} are
wi=%(VE,, &). By our choice of connection, Q=0 near x. Let B* be the unit ball
in M with centre at x, so 0B*¥=_S%-1, By Stokes’ theorem, the lemma, and the
local vanishing of €,

1
Po= —— | tr Q%
fM * (27r)2"(2k)!er

T f tr Q% = 1 (2k)! 2k—1)! J‘ s
(277)2k(2k)' M-B* (277)2k(2k)' (4k—1)| .

Now suppose the comparison of the frames {&;} and {x,} over S#-1 gives rise to the
integer A € Z~my;_,(SO(n)). Then the comparison map is homotopic to the com-
position

Sak—1 deg A S4are—1 9, D1 SO(I’I)

Thus [, P, will be A times the number which would be obtained from a generating
frame corresponding to o;.
Thus it remains only to show that if the comparison map is the generating map,
thatis, if 0= (do,®0)(0;,® 1)~ over S4¥-1, then the evaluation of [ ,, P is a,(2k—1)!.
Therefore suppose

0= [(;Ekldx,.M,.) ® o] [(x1M1~:§k2x,-M,-\) ® 1]

Since we will ultimately evaluate the trace of w**1, we disregard the O block of w.
Rearranging terms leads to

o= x,dx;M;+ Y (x; dx;—x; dx)M;M,
1 i<j
Define 2-forms {a;;}; i, j=1, ..., 4k; on S*- by
a; = (x,dx;—x; dx;) A (x, dx,;—x,; dx;)
1
It is easy to check that a;;=—a;; and a;; A a;,=0 unless i, j, k, I are distinct.

5
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Furthermore,
2 ==:2:S aijAd}Alj

i<j

It follows that

-2 _ .. e
o = > Ay N Qe A A Qig_giseeMi M, M;

1<¢2,43,...., %4k -2

4k—-2

+ Z ain'sA”'Aa MizMJ's.”M

1<j2.j3,..., jax—1

Finally, it may be shown that the symmetric part (w%-?),,. of w*1is

(w4k_l)sym = % z Sign(i)(xil dxiz—xiz dxi1) A QAigiy A aiu:-liucl
i€permfl,.. ., 4k}

Jak—2iak—1 Jak-1

Now

z Sign(i)(xh dxiz_xiz dxh) A aianA A Aigr—vyisk
i€permfl, ..., 4k}

= (4k—1)! > k}sign(j)xhdx,-,Adx,.aA”~Adx,-‘,‘ =@dk—1)1Ag_,

j€cyclicperm{l, ..., 4
where Ay, is the standard orientation form induced on S$*-! via the standard
embedding in Z#*. Recall

AL 2
L‘k_lA‘ik—l =2-7

Since tr ¥ 1=(4k—1)! @ 2% 1 Ay 4,
(2k—1)! f tr ot — (2k—1)!
Q7)) (4k—1)! Js* (2m)™(4k—1)!

and the proof is complete.

(4k—1)!1a 2" "2 7™ = q,(2k—1)!

5. Remarks. We conclude with a

COROLLARY. Suppose V has fibre dimension 4k and is trivial over M—{x}. Then
generators of wy,_1(SO(4k))==Z+Z may be chosen so that the integers associated
with the obstruction to a global frame for V are:

G+ ek~ P, {@,QK—1)1p) k=12
(1 (@QRK—11}Py) k>3

where y denotes the Euler characteristic of V.

Proof. Recall that the Euler characteristic and Pontrayagin characteristic of
T(S*) are 2 and 0. According to Steenrod [4, p. 121], the characteristic map of
S* generates the kernel (=<Z) of 74,_1(SO(4k))~=Z+Z—>my, (SO (4k+1)~Z.

Case k=1, 2. Choose as generators: (1, 0)~characteristic map of $*; and
(0, 1)~0y. Thus y(1, 0)=2 and P,(1, 0)=0. Since we have chosen My M- -+ M=
+1I (not —1I), o;,'~(0, —1) is representative of the quaternionic or Cayley multi-
plication. In view of the expositions of 73(SO(4)) and =,(SO()) given by Steenrod,

https://doi.org/10.4153/CMB-1973-038-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1973-038-5

1973] ANALYTIC EVALUATION OF CERTAIN CHARACTERISTIC CLASSES 223

and Toda, Saito, and Yokota, the image of a generator of my_,(SO(4k—1))~Z
under inclusion in 7y, ;(SO(4k)) is (1, 2) up to sign. Thus 0=yx(1, 2)=2+24(0, 1),
50 7(0, 1)=—1. The theorem provides P,(0, 1)=a,(2k—1)!.

Case k>3. Consider the exact sequence

7
4y-1(SO(k —1)2Z —> 7y (SO(4k+1))Z—>7ry;,_4( V4k+1.2)%22
—> Ty o(SO(4k—1))=Zy —> 74, 5(SO(4k+1))=0

That my;_5(SO(4k+1))=0 follows from the Periodicity Theorem, and the other
homotopy groups of rotation groups may be found in Kervaire [3]. It follows that
fis an isomorphism. We choose generators of my;,_;(SO(4k)) as follows: (1, 0)~the
characteristic map of S%, as before; and (0, 1)~the image under inclusion of the
generator of 7y, (SO(4k—1)) chosen so that P,(0, 1) is positive. Thus y(1, 0)=2,
2(0, 1)=0, P,(1, 0)=0, and P,(0, 1)=a,(2k—1)!.
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