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CONGRUENCE LATTICES OF FINITE SEMIMODULAR LATTICES

G. GRATZER, H. LAKSER AND E. T. SCHMIDT

ABSTRACT. We provethat every finite distributive lattice can be represented as the
congruence lattice of afinite (planar) semimodular lattice.

1. Introduction. A classical result of R. P. Dilworth (circa 1940, unpublished,
see[1], pp. 455-457) states that a finite distributive lattice D can be represented as the
congruence lattice of afinite lattice L.

There are a number of papers strengthening this result by requiring that the lattice L
representing D have special properties. Thelattice L constructed by Dilworth isatomistic.
A sectionally complemented lattice L is constructed in G. Gratzer and E. T. Schmidt [7],
while aplanar lattice is constructed in G. Gratzer and H. Lakser [4]. A “small” lattice L
isconstructed in G. Gratzer, H. Lakser, and E. T. Schmidt [5]: if D hasn join-irreducible
elements, the lattice L is of size O(n?). (Thisis“best possible’, according to G. Gratzer,
I. Rival, and N. Zaguia[6].)

In this paper, we construct a semimodular lattice L:

THEOREM. Every finite distributive lattice D can be represented as the congruence
lattice of a finite semimodular lattice S. In fact, S can be constructed as a planar lattice
of size O(n®), wheren is the number of join-irreducible elements of D.

This result, with size O(n*), was announced in [9]; the present paper contains an im-
proved construction, dueto the second author, yielding size O(n®). It would beinteresting
to decide whether the size O(n) is possible for (planar) semimodular lattices.

2. Preliminaries. We use the basic concepts and notations as in [2]; in particular,
for a finite distributive lattice D, J(D) denotes the poset of join-irreducible elements.
ConL denotes the congruence lattice of the lattice L. For a prime interval p = [a, b],
O(p) = O(a, b) isthesmallest congruencecollapsingaandb. ¢, denotesthe two-element
chain.

It is convenient to describe congruences of afinite lattice using coloring:

Let L beafinitelatticeand let I be afinite set; the elementsof " will be called colors.
A coloring i of L over ' isamap

e IS(L) — I
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FIGURE 1: D FIGURE 2: J

of the set of prime intervals 3(L) of L into I satisfying the condition: if two prime
intervals generate the same congruencerelation of L, then they have the same color; that
is,
p.a €B(L) and O(p) =O(q) implythat pu =qpu.
Since the join-irreducible congruences of L are exactly those that can be generated
by prime intervals, equivalently, n can be regarded as a map of the set J(ConL) of
join-irreducible congruencesof L into I";

u:JConl) —T.

In view of this condition, it is enough to define 1, on sufficiently many primeintervals
so that every primeinterval is projective to one on which p is defined.

Let A and B be lattices, D adual ideal of A, Ig anideal of B, and Dg a dual ideal
of B. Let us assumethat Dy, Ig, and Dg are isomorphic. We now define what it means
that we obtain C by gluing B to A k-times. For k = 1, let C be the gluing of A and B over
Da and Ig with the dual ideal Dg regarded as a dual ideal D¢ of C. Now if Cy_; with
the dual ideal D¢_, is the gluing of B to A k — 1-times, then we glue C_; and B over
D¢, and Ig to obtain C the gluing of B to A k-times with the dual ideal Dg regarded as
adual ideal D¢ of C. Observe that if A and B are semimodular, then so is C. Since we
construct the lattice S of the Theorem from semimodular components using gluing, the
semimodularity of Sfollows.

3. The construction. We construct the semimodular lattice S of the Theorem in
several steps. The construction is easy to follow on pictures but somewhat notational in
aformal presentation. So we suggest that the reader follow it on the example we present;
the example is the smallest one that illustrates various aspects of the construction. This
example represents the 22-element distributive lattice D of Figure 1 as the congruence
lattice of asemimodular lattice. The poset J of join-irreducibles has six elements, and it
isshownin Figure 2.

Take the eight-element, nonmodular, semimodular lattice S of Figure 3. S has an
ideal, Is, = (b], and adual ideal, Ds, = [c), both isomorphic to C,; we shall utilize these
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FIGURE 3: &

for repeated gluings. The elements of |, are black filled and the elements of Dg, are
shaded in Figure 3. It is easy to see that the congruencelattice of S isthe three-element
chain. Using the notation J(Con C3) = {p, q}, with p > g, we also show the colored S

in Figure 3.
Let D beafinitedistributive lattice, and let J = J(D) bethe poset of itsjoin-irreducible

elements, n = |J|. We enumerate

Let

enumerate all elements of J that are incomparable with al other elements.
Inthe example, m=3,t = 1. Let

p1=«a, V(O() = {676}7 qi = 5 qi =€
p2=3, V(@) =1{7}.
Ps =0, V() = {e}.

Sok1:2,k2:k3:1.

Sep 1. For every i, with 1 < i < m, we construct a lattice A; with an ideal |; and a
dual ideal D;, where |; is a chain of length 2(k; + - - - + ky,) and D;j is a chain of length
2(Ki+1 + - - - + Km).

Now we shall twice use the construction, gluing k-times, described in Section 2. To
form A;, glue S toitself (ki — 1)-times with theideal |5, and the dual ideal Ds,, to obtain
the lattice A" with adual ideal D .. Now take

02=1(0,0),(0,1), (1,0, (1, 1)}
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FIGURE 4: A, FIGURE5: A

with the ideal
s =1(0.0). (1.0)}
and the dual ideal
D¢z = {(0.1), (1. 1)},
and glue 2(Ki+1 + - - - + ky)-times G5 to AL, Theideal I; is generated by the element (0, 1)
of the top G2, while Dj is generated by the unit element of Al.

We define a coloring p; of A asfollows. On any copy of S, [0, b]u; = pi and on the
j-th copy of S,

[o. ] = [d. cli = of;
on the first two copies of G2,
[(0,2), (L. 1) |ui = gy

on the next two copies,
(0,1), (1, 1) i = oy,
after ki1 pairs, the next two satisfy

[(0.2). (1.1)Jui = oz

and so on.

Figure 4 shows A, for the example. The elements forming |, are black filled; the
elements forming D, are shaded. Note that |, is of length 2(k; + k3) = 4, while D, is of
length 2k; = 2.
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LEMMA 1. p; isacoloring of A;. The join-irreducible congruences of A; are generated
by prime intervals of |; and by [o. b] of the bottom S in A, If p and q are [o,b] or a
primeinterval [o.d] or [d, c] of a copy of S in A;, then ©(p) > O(q) iff pui > qui. In
particular, ©(0, b) > ©(0.d) in J(ConA), whereo, b, darein acopy of s inA. If pis
aprimeinterval [(0,1). (1.1)] in a copy of ¢3, then ©(p) is incomparableto any ©(q),
whereq is[o, b] or a primeinterval of I; different from p.

PrROCF. Thisistrivial since every primeinterval of S is projective to one of [0, b],
[o.d], [d.c]. "

Sep 2. We definethe lattice A by gluing together the (colored) lattices A, 1 <i < m.

For 1 < i < m, we define, by induction, the lattice A;, which contains A;, and,
therefore, D, as adua ideal. Let Ay = A;. Assume that A; with D; as a dua ideal has
been defined. Observethat both D; and I;+1 are chainsof length 2(ki+1 + - - - + kyy), and so
they are isomorphic; in fact, this isomorphism preserves colors. We glue A; to Aj+; over
D; and l;+1 to obtain Aj41. Define A= Apand 1 = I1.

Observe that uj on D; agreeswith pj+; on li.1; therefore, the pj, 1 < i < m, definea
coloring ua of A.

Let Da bethe dual ideal of A generated by the element (0, 1) of the top G% inA;. Da
is achain of length m. The prime interval [0, b] inthe bottom S in A (1 <i <m)is
projective to aunique prime interval p of Dp; define pua = [0, bl ua.

Figure 5 show this|attice for the example. The elements of 14 and Da are black filled.

LEMMA 2. ua isa coloring of A. The join-irreducible congruences of A are generated
by primeintervals of | and Da. Let p and q be primeintervalsin |5 and Da.
() If p and q areprimeintervals of D, then ©(p) and ©(q) are incomparable.
(i) If p isaprimeinterval of Da and g isa primeinterval of |, then ©(p) and ©(q)
arecomparableiff p C A, for somel <i < m, q is perspectiveto some[o, d] or
[d,c] insome S in A;; in which case, ©(p) > ©(q) in J(ConA).
(iii) If p and q are primeintervals of |, then ©(p) > O(q) iff p and q are perspective
to primeintervals p’ and ¢’ in some A;, respectively, for somel <i < m, and p’
and ¢’ are adjacent edges of some S in A;; in which case, ©(p) = ©(q).

PrROOF. Thisisobviousfrom the statement that if A and B are glued together over the
dual ideal D of A andtheideal | of B, then a congruence of the glued lattice is obtained
from a congruence © of A and a congruence ® of B with the property that the restriction
of © to D agrees with therestriction of @ to . ]

Observe that the congruence lattice of A is still quite different from D in two ways:
the congruencesthat correspond to the r; are still missing; prime intervalsin 14 U Da of
the same color generateincomparable congruenceswith one exception: they are adjacent
intervalsin | 5, perspectiveto thetwo primeintervals of some S in someA;. For instance,
in the example, see Figure 5, the prime interval of D of color 3 generates a congruence
incomparable to the congruence generated by a prime interval of 1, of color 3; also, a
primeinterval of color e in the top part of 14 generatesa congruenceincomparableto the
congruence generated by a prime interval of color e in the lower part of | .
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Sep 3. We extend A to alattice B with an ideal 1z which is a chain and which has the
property that every primeinterval of B is projectiveto aprimeinterval of |g.
This step is easy. We form the lattice D% with the ideal

IDf\ = {<Xf 0DA> | Xe DA}?

where Op, is the zero of Da. Let 1p, denote the unit element of Da and, for x € Da,
x < 1p,, let x* denote the cover of x in Da. For every x € Da, X < 1p,, we add an
element m, to DZ so that the elements

(60 (% X7, (X7, ) X, (X7, X7)

form a sublattice isomorphic to ¥¢3 with (x. X) as zero and (x*, x*) asunit. Let M bethe
resulting lattice. Obviously, M is afinite planar modular lattice whose congruencelattice
isisomorphic to the congruence lattice of Da. IDi isalso anideal of M; we shall denote
it by Im.

Figure 6 shows M for the example. The elements of 1\ are black filled.

Im

FIGURE 6: M

Weglue Ato M over Dp and |y to obtain B. Let | be defined asthe ideal generated by
(0, 1p, ). We define g as an extension of pa; every primeinterval p of M is projective
to exactly one prime interval p of Iy, we define pug = pua.

LEMMA 3. pg isa coloring of B. The join-irreducible congruences of B are generated
by primeintervalsof Ig. Let p and q be primeintervalsin Ig.
(i) If p and q are primeintervals of M, then ©(p) and ©(q) are incomparable.
(i) If pisaprimeinterval of M and g isa primeinterval of |5, then ©(p) and ©(q)
arerelated exactly as ©a(p) and @a(q) arerelated in A.
(iii) If p and g are prime intervals of 1, then ©(p) and ©(q) are related exactly as
Oa(p) and ©a(q) arerelated in A.

PrROOF. Thisisobviousfrom the congruence structure of M. ]

Sep 4. We extend B to the lattice S of the Theorem.
Thisis also an easy step. We take a chain C of length n and we color C over J so that
the coloring is a bijection. We form the lattice C x Ig. For every pair of prime intervals,
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FIGURE 7: S

p =[ab] of Cand g = [c,d] of Ig, if p and q have the same color, then we add an
element m(p, q) to C over J so that the elements

(a,c), (b,c). (a,d),m(p, q). (b, d)

form a sublattice isomorphic to 3. Let N denote the resulting lattice. N is obviously
modular and planar. Set

In ={(x.0,) | x€ C},
DN = {(1(:, X> | X e |B},

where 0,, isthe zero of Ig and 1¢ is the unit of C. Then Iy isthe ideal of N (isomorphic
to C) and Dy is a dual ideal of N (isomorphic to Ig). Every prime interval of N is
projectiveto aprimeinterval of Iy, sowe havea natural coloring iy on N. Note that this
coloring agrees with the coloring pg on Dy under the isomorphism with |g.

We glue N to B over Dy and g to obtain Swith the coloring us. Set Is = Iy. Figure 7
isasketch of S,

It is clear from the construction and from the lemmas that every prime interval of Sis
projectiveto aprimeinterval of Is and that distinct prime intervals of | s generate distinct
join-irreducible congruences of S.

It remains to see that if p and q are distinct prime intervals, then ©(p) > O(q) iff
pus > qus. Since J is finite, it is sufficient to prove that ©(p) > O(q) in JCon ) iff
pus > qus in D). But thisis clear sinceif pus > qus in YD), then pus = pi, for some
1<i<mandqus=d),forsomel <j <k,s00(p) > O(q) was guaranteed in A.

To establish that the size of Sis O(n%), we give a very crude upper bound for |S.
2n? + 1 is an upper bound for |I;|, 1 < i < m, so 3(2n? + 1) is an upper bound for |A;]
and 3(2n? + 1)n is an upper bound for |A|. Since |Da| < n + 1, we get the upper bound
(n+1)2+n+1for [M|.Finally, [lg| < 2n?+1+n+1 = 2n?+n+2, s0|N| < 2(2n?+n+2)(n+1).
Therefore,

32+ Hn+(n+1)2+n+1+2(2n*+n+2)(n+1)
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isan upper bound for Sand it isacubic polynomial in n. This completesthe proof of the
Theorem.
It is not difficult to find better upper boundsfor |S; for instance,

|9 <3 +2n — 7n+4.
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