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A SUBMATRIX OF THE CHARACTER TABLE

GABRIEL NAVARRO

Let G be a finite group and let p be a prime number. We consider the submatrix
of the character table of G whose rows are indexed by the characters in blocks
of maximal defect, and whose columns are indexed by the conjugacy classes of
p'-size. We prove that this matrix has maximum rank.

1. INTRODUCTION

Let G be a finite group and let p be a prime number. Our aim in this note is to
show the following result.

THEOREM A. Suppose that P is a Sylow p-subgroup of G. Let X be a set of
representatives of the conjugacy classes of G with defect group P and let Y be the set
of irreducible characters of G in blocks with defect group P. Then |X| < |Y| and the
matrix

(X@) xe,0ex
has rank |X|.

We notice that Theorem A is not longer true if we replace the Sylow p-subgroup P
of G by any p-subgroup of G. (For instance, that would imply that any group with an
element £ € G such that ICG(z)I is not divisible by p has a p-defect zero character,
and this is simply false.) We also remark that the sets J and X can easily be identified
by the character table, so we can view Theorem A as another application of modular
representation theory to ordinary character theory.

COROLLARY B. Let G be a finite group and let P be a Sylow p-subgroup of G.
Assume that z,y € G are such that p does not divide IG : Cg(z)| and |G : Cc(y)|.
Then z,y are G-conjugate if and only if x(z) = x(y) for all x € Irr (G) in blocks with
defect group P.

If z,y € G are p-elements, Corollary B follows, of course, from block orthogonality
(although our methods here are more elementary).

Finally, we would like to mention that this note began as an attempt to understand
what we now believe to be a fact: in a group G with an Abelian Sylow p-subgroup, the
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submatrix of the character table of G formed by the characters of degree not divisible
by p and the elements whose conjugacy class size is not divisible by p has maximum
rank. This result would be a consequence of Theorem A and the height zero conjecture.

2. PrROOFS

We let R be the ring of algebraic integers in C. We fix a prime p and we choose
a maximal ideal M of R containing pR. Let F = R/M and let

*'Ro F
be the natural ring homomorphism. Let

S={§|r€R,s€R—M},

a local ring. Then

J(S)={£|reM,seR—M}

is the Jacobson radical of S. Of course, the map * : R — F can be extended to S in
a natural way. We follow the notation in [1].

Recall that the conjugacy class of z € G has defect group P if some G-conjugate
of P is in Syl (Cg(z)).

PROOF OF THEOREM A: Let N =Ng(P) and C = Cg(P). If H is a group, R
is a ring, and X C H we denote by

X=) zeRH.

We define
a:Z(SG) = Z(SN)

by setting a(K) = KENC for K € c(G), and extending S-linearly (where it is
understood that a(K) =0 if KN C = 0).
Consider * : Z(SG) — Z(FG) given by

( > k) = ¥ (@R,
Kecl(G) Kecl (G)

This is a ring homomorphism with kernel J(S)Z(SG). Also let us denote by * :
Z(SN) — Z(FN) the corresponding ring homomorphism for N. If Brp : Z(FG) —
Z(FN) is the Brauer homomorphism (see {1, p.85]), we have that

Brp (z*) = o(z)"
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for £ € Z(SG).
If x € Irr (G), then we denote by e, the character idempotent. If B is a p-block

of G, then we write fp = 5. e, (see [1, p.51]). Let us denote by Bl(G | P) the
x€lIrr (B)
set of blocks of G such that P is a defect group of B. Now, let

u= Y fp€Z(SG)

BeBI(G|P)

(by [1, Corollary 3.8]), and let

v=1—-u= z fB.

BeBl(G)-BI(G|P)

We have that Z(SG) =U @&V, as S-modules, where U = Z(SG)u and V = Z(SG)v.

Now, we claim that Brp (V*) = 0. Since the Brauer homomorphism and * are ring
homomorphisms, it is enough to show that if B € BI(G) — Bl(G | P), then Brp (eg) =
0, where ep = (fB)”. Since P € Syl, (G), this follows from [1, Theorem (4.11)]. Now,

we have that
a(Z(SG))" = Brp (U* + V*) = Brp (U*) = a(U)".

Now, given 3 axK € Z(SG), there exists > bx K € U such that

Kec (G) Kec(G)
Y (@)'EnC= Y @x)EnC.
Kecl (G) Kecd (G)

Hence ax — bx € J(S) whenever K NC is not empty. Hence

o & a,{z?)_a( > k)

Kecl(G) Kecl(G)
= Y (ax -bx)ENC € I(S)a(Z(SG)).
Kecl (G)
KnC#0
Therefore

a(Z(SG)) = a(U) + I(S)(Z(SG)) .

Now, we have that a(Z(SG)) is a finitely generated S-module and that a(U) is an
S-submodule of a(Z(SG)). By Nakayama’s Lemma [1, Lemma (1.7)], we conclude
that

a(U) = a(Z(SG)) .
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Now, let 8 : Z(CG) —» Z(CN) be the map ﬂ(I?) =KNC for K €cl (G), extended
C-linearly.

Let us denote by ¢l (G | P) the set of conjugacy classes of G with defect group P.
If K is a conjugacy class of G, note that K NC # ¢ if and only if K has defect group
P (because P is a Sylow p-subgroup of G). Also, we have that the map K — KNC
is a bijection cl(G | P) = ¢l (N | P) by [1, Lemma (4.16)]). We have that

B(Z(CG)u) = Zp(CN),
where Zp(CN) is the C-span of the conjugacy classes of N with defect group P. Now,

Z(CG)u=Y_ Z(CG)e,,
X€Y

and we have that {e, | x € Y} is a C-basis of Z(CG)u (recall that the character
idempotents are orthogonal, and therefore, linearly independent). Now,

Blex) = ) 3 Xex)Enc,
KnC+#0

and it follows that the matrix of the surjective linear map fBz(cg). with respect to the

bases
{ex |x €Y} and {KnC|Ke (G| P)}
has the same rank as the matrix in the statement of the theorem. a

Of course, Corollary B follows from Theorem A since we cannot have two identical
columns in a full rank matrix having no more columns than rows.
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