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Abstract

For a graph G, let f(G) denote the maximum number of edges in a bipartite subgraph of G. Given a
fixed graph H and a positive integer m, let f(m, H) denote the minimum possible cardinality of f(G),
as G ranges over all graphs on m edges that contain no copy of H. Alon et al. ['Maximum cuts and
judicious partitions in graphs without short cycles’, J. Combin. Theory Ser. B 88 (2003), 329-346]
conjectured that, for any fixed graph H, there exists an e(H) > 0 such that f(m, H) > m/2 + Q(m>/*+€).
We show that, for any wheel graph Wy, of 2k spokes, there exists c(k) > O such that f(m, Wy) >
m/2 + c(kym@=D/Gk=D1og m. In particular, we confirm the conjecture asymptotically for W, and give
general lower bounds for Wo, .

2010 Mathematics subject classification: primary 05C35; secondary 05C70.
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1. Introduction

For a graph G, let f(G) denote the maximum number of edges in a cut (or, equivalently,
a bipartite subgraph) of G. For a positive integer m, let f(m) denote the minimum value
of f(G), as G ranges over all graphs with m edges.

The max cut problem asks for the value of f(m) and has been widely studied. It
is quite easy to show that f(m) > m/2 by considering a random partition or a suitable
greedy algorithm of a graph with m edges. This elementary result can be improved
by providing a more accurate estimate for the error term after the main term m/2.
Edwards [7] proved that, for every m,

m m 1 1
f(m)25+ \/§+6—4—§, (1.1)

which is tight for complete graphs on an odd number of vertices. More information
on f(m), including a determination of its precise value for some values of m, can be
foundin[1, 3, 5, 6, 17].
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For a given graph H, a graph G is called H-free if G contains no copy of H. Let
f(m, H) denote the minimum possible cardinality of f(G), as G ranges over all H-free
graphs on m edges. In [2], Alon et al. proposed the following conjecture.

Consecturek 1.1 (Alon et al. [2]). For any fixed graph H, there exists a positive constant
€ = €(H) such that

fGn, H) > g + Q(m4e).

This conjecture remains open and it obviously suffices to prove it for complete
graphs H. Zeng and Hou [20] proved that, for any fixed integer k > 2 and all m > 1,
there is a positive constant c(k) such that

log® m )<k—1>/<2k—1>

m k/(2k—1)(
>
f(m, Kpy1) > > + c(k)m Tog log m

However, the problem of estimating the error term more precisely is not easy, even
for relatively simple graphs H. The case H = K3 has attracted most of the attention so
far. After a series of papers by various researchers [8, 16, 18], Alon [1] proved that
f(m, K3) = m/2 + ©@m*?) for all m. Alon et al. [4] found the following extension.

TueOREM 1.2 (Alon et al. [4]). Let H be a graph obtained by connecting a single vertex
to all vertices of a fixed nontrivial forest. Then there is a c = c(H) > 0 such that

f(m,H) > % +cm*?
or all m. This is tight, up to the value of ¢, for each such H.
fe ght, up

Since forests are acyclic, it is natural to study the function f(m, H) for any H
obtained by connecting a single vertex to all vertices of a fixed graph with cycles.
We consider Conjecture 1.1 for wheel graphs, the first interesting case. Throughout,
graphs are finite, undirected and have no loops or parallel edges. All logarithms are
with the natural base e, unless otherwise indicated. Our main result is the following
theorem.

TueoreM 1.3. Let W, denote the wheel graph obtained by connecting a single vertex
to all vertices of a cycle of length r.

(i)  Forr=4and all m, there is a constant ¢ > 0 such that
fm, Wy) > g +em®*,
(i1) For every odd integer r > 3 and all m, there is a constant c(r) > 0 such that
fm, W) > g + c(rm*/Cr ) log m.
(iii) For every odd integer r > 3 and all m, there is a constant ¢’ (r) > 0 such that
fon, W) > % + c/(r)mZV/(3r+1)(log m)Z/(3r+1)'

Remark 1.4. The ideas in (ii) can be further used to improve the bound in (iii) by
logarithmic factors.
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2. Wy-free graphs

In this section, we consider the maximum cuts of W,-free graphs. We use the
arguments from [1, 2, 4] with some additional ideas. We need a lemma proved in [1]
(see also [2, 8, 14]).

Lemma 2.1 [1]. If G is a graph with m edges and chromatic number at most y, then

x+1

f(G) = m.
A graph is g-degenerate if every one of its subgraphs contains a vertex of degree at
most g. We require the following well-known fact (see [1, 2, 4] for a proof).

Lemma 2.2 [1]. Let G be a g-degenerate graph on n vertices. Then there is a labelling
Vi,...,V, of the vertices of G so that, for each i with 1 < i < n, the vertex v; has at most
q neighbours v; with j <.

Next, we employ the following three lemmas, which establish the lower bounds of
f(G) for graphs G in terms of different parameters.

Lemma 2.3 (Alon [1]). Let G = (V, E) be a graph with m edges. Suppose U C V and
let G’ be the induced subgraph of G on U. If G" has m’ edges, then

m—m'

f(G) = f(G) + 7

Lemma 2.4 (Alon et al. [4]). There exist two absolute constants €,6 € (0, 1) such that
the following holds. Let G be a graph on n vertices with m edges and degree sequence
di,ds,...,d,. Suppose, further, that, for each i, the induced subgraph on all the d;
neighbours of vertex number i contains at most edf/ 2 edges. Then

fG) = % +6 Y .
i=1

Lemma 2.5 (Erdés et al. [10]). Let G be a graph on n vertices with m edges and positive
minimum degree. Then "
5

Finally, we use the following result proved in [20] (see also [4]), which gives the
existence of a randomised induced subgraph in a graph with relatively large minimum
degree and sparse neighbourhood.

f<G>z§+

THeEOREM 2.6 (Zeng and Hou [20]). Let G = (V, E) be a graph on n vertices with m
edges and minimum degree at least m® for some fixed real 6 € (0, 1). Suppose that m is
sufficiently large and the induced subgraph on the neighbourhood of any vertexv eV
of degree d contains fewer than sd>? edges for some positive constant s. Then, for
every constant 1 € (0, 1), there exists an induced subgraph G’ = (V', E") of G with the
following properties.
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(i) G’ contains at least n*m/2 edges.
(i) Every vertex v of degree d in G that lies in V' has degree at least nd/2 in G’.
(iii) Every neighbourhood of the vertex v in V' contains at most 2n*sd>'* edges in G'.

Proor oF THEOREM 1.3(1). Let G = (V, E) be a Wy-free graph with n vertices and m
edges. In view of (1.1), we will assume throughout the proof that m is sufficiently large.
Define ¢ = m'/?. The proof proceeds by considering two possible cases depending on
the existence of dense subgraphs in G.

Case 1. Suppose that there is a subset W of N vertices of G such that the induced
subgraph G’ = G[W] has minimum degree greater than ¢g. Clearly, e(G”) > gN/2. We
first prove that there exists a subset W € W such that G’ contains an induced subgraph
G” = G[W’] with at least gN/4 edges, which is 2r-colourable for r = [2N?/4?].
Choose uniformly at random, r pairs of vertices {x;,y1},...,{x,,y,} from W, with
repetitions allowed. Let T be the set of these pairs and note that |T'| < r. Let W’
be the set of all vertices w of W such that there exists a pair {x;,y;} of T satisfying
wx;, wy; € E(G"). Let G” = G[W’].

Claim 2.77. G" spans at least gN /4 edges.

Let w be a fixed vertex of W and let {x;,y;} be a randomised pair of 7. The
probability that both wx; and wy; are in E(G’) is given by (dc’z(w)) / (g’) where dg (W)
denotes the degree of w in G’. This, together with the definition of r, implies that the
probability that there does not exist a pair {x;, y;} of T satisfying wx;, wy; € E(G’) is at

most . (dc,z(w)) ,
( () |

It follows that P(w € W’) > 3/4. Hence, for every fixed edge vw of G',

d(;/(W)(dG/(W)—l) 2N2 ) 1
s ex {_ NN-1) '7}Se T

Pow € E(G") =P e W) +Pwe W)-PheWorwe W)>3+3 -1=1

By linearity of expectation and using the fact that e(G") > gN/2, we obtain
1 1
E(e(G")) = Z P(vw € E(G")) > =e(G’) > ~¢N.
vweE(G”) 2 4

This implies that there exists a particular set 7 of at most r pairs of vertices such that
the corresponding graph G” spans at least gN/4 edges, which proves Claim 2.7.

Claim 2.8. G" is 2r-colourable.

Fix such a T and, for each pair {x;,y;} of T, let G; denote the subgraph induced by
the common neighbours of x; and y; in G’. Since G is W,-free, we conclude that every
G; cannot contain a path of length two. Thus every G; is 2-colourable. Because there
are at most r pairs of vertices in 7, the induced subgraph G is 2r-colourable, which
proves Claim 2.8.

https://doi.org/10.1017/5S0004972718001259 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972718001259

[5] Maximum cuts in graphs without wheels 17

Next, note that if N > m3/4, then it follows from Lemma 2.5 that
m N _ m 1
G> 2 B S e
f@2 7 +g2 7+ g2+ om
Assume that N < m*/4. Combining Lemma 2.1 and Claims 2.7 and 2.8,
” ’” ” 24-1 ’” 3
40) AT, 4G AN [N AGD | 0
4r 2 16 q> 2 32N
The above 1nequahty, together with Lemma 2.3, implies that

7 m e(GN) m q3 1 1 3/4
G) > G+ > — 4+ > — R
f( ) = f( ) 2 =5 3N = + 3 m

f(G") >

Case 2. Suppose that G is g-degenerate, that is, it contains no subgraph with minimum
degree greater than g. If n> 1m**, the desired result follows immediately from
Lemma 2.5. Thus, we assume that n < m** and aim to employ Lemma 2.4 to get the
desired result. We first show that there exists an induced subgraph G’ of G satisfying
the assumptions of that lemma.

Claim 2.9. There exists an induced subgraph G’ of G with at least }‘nzm edges such that
the induced subgraph on all the neighbours of any vertex of degree d’ in G’ contains
at most e(d’)*/? edges in G’, where n € (0, 1) is a fixed constant and € is the constant
from Lemma 2.4.

As long as there is a vertex of degree smaller than m'/* in G, we delete it. Since
n< %m3/4, this process terminates after deleting fewer than m'/*n < %m edges. It
then terminates with an induced subgraph G* = (V*, E*) of G with at least %m edges
and minimum degree at least m'/4. Clearly, G* is also W,-free. It follows that the
induced subgraph (of G*) on the neighbourhood of any vertex v of degree d in G*
is Cy4-free. As is well known, there exists a constant ¢; > 1 such that this induced
subgraph spans at most c;d*? edges. Then we apply Theorem 2.6 on G* by choosing
n<e&/ 320%, and hence we obtain an induced subgraph G’ = (V’, E”) of G* (and hence
of G) satisfying the required properties. (Indeed, consider a random subset V' of V*
obtained by picking each vertex of V* randomly and independently, with probability
n. Let G’ be the induced subgraph on V’. One can see that G’ satisfies the properties
of Claim 2.9.) This completes the proof of Claim 2.9.

By Claim 2.9, the assumptions of Lemma 2.4 hold for G’. By Lemma 2.2, there
exists a labelling vy, vy, ..., v, of the vertices of G’ such that d < ¢ for every i, where
d denotes the number of neighbours v; of v; with j <iin G’. Clearly, 7:1 di = e(G).
Let d; be the degree of v; in G’ for each 1 <i < n’. From Lemma 2.4,

f6h 49 5Zﬁ> eG) 52\/}

e(Gl + G") ‘5’7 3l
L R et
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where 6 = 6(G”) is a constant, as needed. The above inequality together with
Lemma 2.3 yields

G) = f(G =

fGO) 2 G+ —F—25+

The desired result follows from Cases 1 and 2 by setting ¢ = min{3l2, %6772}. This
completes the proof of Theorem 1.3(i). O

3. Wy, -free graphs

In this section, we prove Theorem 1.3(ii). By Lemma 2.1, graphs with small
chromatic number must have large cuts. Thus, our goal is to show that the chromatic
number of a Wy-free graph is relatively small.

Let G be a graph. We use x(G) and a(G) to denote the chromatic number and the
independence number of G, respectively. A graph property is called monotone if it
holds for all subgraphs of a graph which has this property, that is, it is preserved under
deletion of edges and vertices. We require a general lemma on monotone properties,
which appears in [11, 12].

Lemma 3.1 (Jensen and Toft [11, Section 7.3]). For s > 1, let y : [s,00) — (0, ) be
a positive continuous nondecreasing function. Suppose that P is a monotone class of
graphs such that a(G) > y(|V(G)|) for every G € P with |V(G)| > s. Then, for every

such G with |V(G)| > s,
VOl
G)<s+ f —dx.
o e

In order to bound y(G) by Lemma 3.1, we find a lower bound for a(G) on a Wy;-

free graph G in terms of |V(G)|. We need the following well-known lower bound of
Turén from [19] and a lemma proved in [13].

Lemma 3.2 (Turan’s lower bound, [19]). Let G be a graph on n vertices with average
degree at most d. Then

n
1+d
Lemma 3.3 (Li et al. [13]). Let G be a graph on n vertices with average degree at most

d. If the average degree of the subgraph induced by the neighbourhood of any vertex
is at most a, then

a(G) 2

®(G) 2 nF a1 (d),

where

(=l 1 -1
F.x) = f ( ) dt > og(x/a) for all x > 0.
0o a+(x—ax X

Next, we shall use the following upper bound, which was proved by Erdés and
Gallai [9], on the maximum number of edges in P,-free graphs, where P, stands for a
simple path with ¢ vertices.
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Lemma 3.4 (Erd6s and Gallai [9]). Let t > 2 be an integer and let G be a graph on n
vertices. If G is Ps-free, then e(G) < (t — 2)n/2.

We also need the following result, proved by Pikhurko [15], on the maximum
number of edges in graphs without cycles of a given even length.

Lemma 3.5 (Pikhurko [15]). Let k > 2 be an integer and let G be a graph on n vertices.
If G is Cyi-free, then
e(G) < (k- Dn'""™* + 16(k — Dn.

Finally, we prove a lemma that gives a lower bound for the independence number
of a Cyi-free graph.

Lemma 3.6. Let k > 2 be a fixed integer and let G be a Cyi-free graph on n vertices.
Then

1
(k=1)/k
a(G) > 40771 log n.

Proor. Since G is Cy-free, it follows from Lemma 3.5 that e(G) < 20kn'*!/¥ and hence
the average degree of G is at most 40kn'/*. Since the neighbourhood of any vertex of
G contains no copy of Py, Lemma 3.4 implies that the average degree of the subgraph
induced by the neighbourhood of any vertex is at most 2k — 2. Hence, by Lemma 3.3,

log(40kn'/%) —log(2k — 1) — 1 o]
40kn/k = 40k2

This completes the proof of Lemma 3.6. O

®(G) > nFa_1(40kn'"*) > n

We now give a lower bound for the independence number of a Wy;-free graph.

Lemma 3.7. Let k > 2 be a fixed integer and let G be a Wy-free graph on n vertices.
Then

1 1))k
a(G) = Wn(k D/C=D 1og .,

Proor. Let G be a graph with maximum degree A. Let G’ be the subgraph of G induced
by the neighbourhood of any vertex of G with maximum degree A, and let G”” be the
subgraph of G’ induced by the neighbourhood of any vertex of G’ with maximum
degree A’ in G’.

If A > n¥/@=D_then the fact that G is Wa-free means that G’ is Cy-free. From
Lemma 3.6,

1 1
’ (k=1)/k (k=1)/(2k=1)
a(G) 2 a(G') 2 WA logA > 02" log n.

Suppose now that A < n¥/*=D_ Clearly, the average degree of G is at most n*/*=D,

Claim 3.8. .
A < ﬁn(k_l)/(zk_l)log n.
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Otherwise, A’ > (1/3k)n*~D/%-D]ogn. Note that G” is Py_;-free. By Lemma 3.4,
e(G") < (2k — 3)A’/2 and hence the average degree of G” is at most 2k — 3. From

Lemma 3.2,
A 1
G) > (G > —— > DD o0
AD2CD2 53377 " oen
This gives the desired result and completes the proof of Claim 3.8.
Claim 3.9.

logn —log(A" +1) -1 > — logn.

k 1
2k —1 4k2
It is trivial when A’ < 1. So assume that A’ > 2. It follows that A" + 1 < 3A’/2.
Therefore, it suffices to show that

log n¥/@=D _ 1og n"/™) > Jog(3eA’ /2).
For any real number x > 0, we have x > elog x. It follows that n'/®% > (e/2k)logn.
This, together with Claim 3.8, yields
K/ Ck=D=1/(R) _ (k=1)/ k1) nl/(2k—1)—1/(4l<2) > pk=D/Qk=1) | 1/
pk=D/Ck=1) |

3
log n> EeA'

giving the desired result. This proves Claim 3.9.
Now, combining Lemma 3.3 and Claim 3.9,
(k/(2k — 1)) logn —log(A” + 1) — 1
) 1kl 2k=1)

a(G) > nFAIH(nk/(zk_l)) >n

1
> mn("_l)/(zk‘“ log n.
This completes the proof of Lemma 3.7. ]
With the help of Lemmas 3.1 and 3.7, we immediately have the following result.

Lemma 3.10. Let k > 2 be a fixed integer and let G be a Wy-free graph with n vertices.

Then
k/(2k=1)
x(G) < 240K% - )
ogn
Proor. This is trivial for n < €® as y(G) < n < . Assume that n > ¢®. For x > e,
define X {
__*c d _ Kk=D/2k=1) |
YO =TT T Togx M4 YW= 80k2 o8t

Obviously, y(x), ¥(x) are positive continuous and nondecreasing, and y(x) > 1/3 for
x > €%, It follows from Lemma 3.7 that a(G) > y(n). Then, by Lemma 3.1,

" 80k> ™ v(x)
G)<eb+ | ——dr<e+
&= |, w<x> Y(@) Joo 2D og x
K@=\ nk/2k=1)
= ¢+ 240~ ) < 240K - .
logx /les logn
This completes the proof of Lemma 3.10. O

https://doi.org/10.1017/5S0004972718001259 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972718001259

[9] Maximum cuts in graphs without wheels 21

We wish to bound the chromatic number y(G) of a Wy-free graph G in terms of its
number of edges. Thus we also need the following lemma.

Lemma 3.11. Let k > 3 be a fixed integer. There exists a constant b > 0 such that if G
is a Wyy-free graph with n vertices and average degree d > 0, then

nlogd
G)> o8¢
@(G) = 7 0ag

Proor. Let G be a Wy-free graph with n vertices and average degree d. If d >
e2(bk? + 1), then k < d'/?/(Vbe). At most half of the vertices of G have degree greater
than 2d. Let G’ be G with these vertices deleted. Then G’ has at least n/2 vertices and
maximum degree at most 2d. Clearly, G’ is Wy;-free. Thus the neighbourhood of any
vertex of G’ cannot contain a cycle of length 2k. Hence, by Lemma 3.5, the average
degree of the subgraph induced by the neighbourhood of any vertex of G’ is at most
40k(2d)'* < 60kd'’*. From Lemma 3.3 and the fact that k < d'/2/( Vbe),

n(log 2d — log(61kd'/*) — 1)
4d
nlogd

k*d ’

a(G) = a(G') > S Foopqnns1 ) =
n k-2

s - Lz >

> d(log(2 Vb) - log61 + = log d) >

where the last inequality holds by choosing b > 930, since k > 3.

So we assume that d < e?(bk* + 1). It is easy to see that x > log(x + 3) + 1/2 for
any real number x > 2 and that the function g(x) = log x/x is monotonically increasing
over the interval (0, e] and decreasing over the interval [e, +c0). Hence,

logd (1 +d)logd

5 1 1
bk* > log(bk> + 1) + S 2logd+ 5 >logd + — > logd +
e

d d
This, together with Lemma 3.2, implies that
n nlogd
G) > > —,
AD 21752 Jed
which completes the proof of Lemma 3.11. O

Now, we establish the following theorem, which plays a key role in the proof of
Theorem 1.3(ii). The approach we take is an extension of that by Poljak and Tuza [16].

TueEOREM 3.12. Let k > 3 be a fixed integer and let b be an integer given by Lemma 3.1 1.
Suppose that G is a Wy-free graph with m > 1 edges. Then

k/(3k-1)

X(G) < 97bk* - .
logm

Proor. Let G be a Wy-free graph on n vertices with m > 1 edges. If n < 8, then
m < 28 and the desired result follows from y(G) <n < 8. Suppose that n > 8.
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Define n* = m@~D/Gk=D " The function g(x) = x*/*~D/log x is monotonically

increasing over the interval (e®*~1/% 4o0). If n < n*, then Lemma 3.10 implies that
k/(2k-1) yk/(2k—1) k/(3k-1)
Gy <240k2 - T < oagp2 . ) <720k ,
logn log n* logm

giving the desired result. Hence assume that n > n*. We can delete all the vertices
with degree zero or one in G, that is, we can assume that m > n. Now we construct a
graph sequence {G;}i>o on G. Start with i =0, Gy = G and ng = |V(Gy)|. If n; > n*, we
carry out the following iterative procedure; otherwise, we stop. Choose S; to be the
maximum independent set of G;. Then set G;11 = G;\S;, n; = |V(G;)|, and increment i.

Let G, be the graph at the end of the process. Clearly, n, < n* and G, is Wy-free.
By Lemma 3.10,

k/(2k-1) k/(3k-1)
2 P g .
gn* logm
Note that y(G) < x(G¢) + £. In the following, it is sufficient to bound the value of £.
We first bound the value of |S;|. Let t = [n/n*] and note that ¢ > 2 because n > n*.

Let I ={0,1,...,£—1}. For each i € I, we have n; > n* > n/t, by the definition of .

X(Gy) <240

(3.1)

Letvi,...,v,, be alabelling of the vertices of G such that S; = {v,, : nj.1 < p < n;} for
eachi e l. Let S be the union of S; forallie I andlet J ={2,3,...,t}. Foreach j € J,
define

n n n
V-:{ el =< s—} d I»={'e]: »>—}.
=4V F p | an =11 n; ;

Observe that S\S¢-1 € Uje; V; €S and I, C I3 € -+~ C 1. Hence, for each v € V;;, there
exists an i € I; such that v € §;. In addition,

n n 4n
Vil < [ — - —.} <. (3.2)
Tolj-1 TR
Claim 3.13. For each i € I; # 0,
n*log(2jm/n)

Sil =
il 2bk? j2m

For each i € I, we let d; denote the average degree of G;. For each i € I;, observe
that d; < 2m/n; <2jm/n. If d; > e, the function g(x) = log x/x is decreasing over the
interval (e, +00). From Lemma 3.11 and the fact that d; < 2 jm/n,

n;log d; . n*log(2jm/n)

bk*d; —  2bk’>j’m
If d; < e, then, by Lemma 3.2, |S;| > n;/(1 + €) > n;/(bk®) > n/(bk?*j). Since x > log x,
this gives the required lower bound and completes the proof of Claim 3.13.

Then, for each ve S; and i € I, let w(v) =|S;|~'. Hence, for each v e S; C Vi,
Claim 3.13 gives

1Sil >

2bk? j? 2bk? jPmn~?
woy= ISt oI ST
n?log(2jm/n) ~— log j + log(m/n)
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Combining the above inequality, the definition of w(v) and (3.2),
t-1= > Zw(v)<ZZw(v)<ZIV|w(v)_Zl 8bkl’"" (3.3)
iel\{¢-1} veS; JjeJ vev; ogJ+ Og(m/n)

If t < m/n, then delete the first term of the denominator of (3.3). Since t — 1 < n/n*
by the definition of ¢,

Z 8bk>mn~'  (t - 1)8bk*mn~! < 8bk*m

. 34
log(m/n) log(m/n) n*log(m/n) 3-4)

Because t — 1 < n/n* <t and by the definition of n*,
LR BV 65

n nt n n
It follows that max({t, m/n} > m*/Gk=1) and thus
max{lo t,1o m} > k lo 3.6)
,log—} > —— logm. .
8L 1= 2Gk—1) 8

Combining (3.4)—(3.6), we conclude that £ — 1 < 48bk>m*/ %=V /1og m.
If t > m/n, noting that

t
1 ! 2(t -
E— f dx < @ 1)< 2n ,
lo log x logt n*logt

Jj=2

we delete the second term of the denominator in (3.3) and obtain

k/(3k—1)

2, ! 2
5_13819ka 1.§16bkm§96bk2-m ’
logj =~ n*logt logm

where the last inequality follows from (3.5) and (3.6).
Hence we can conclude that £ — 1 < 96bk>m*/ %=1 /log m. This, together with (3.1),
implies that

k/(3k—1) kI B3k=1)

¥(G) < x(Gy) + € < (720 + 96b)k* - m +1<97bk*-

logm
This completes the proof of Theorem 3.12. O

Proor or THeoreEM 1.3(ii). Let r + 1 = 2k > 6 be a fixed even integer and let G be a
Woi-free graph with m edges. The desired result follows immediately for m = 1. For
m> 1, wesetc(r) =2(r + 1)72/(97b). Then the desired result follows from Lemma 2.1
and Theorem 3.12. O
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4. Wyy,1-free graphs

In this section, we present a proof of Theorem 1.3(iii). The proof is similar to that of
Theorem 1.3(ii). The following result bounds the independence number of a Cyy, | -free
graph for every k > 2.

LemMma 4.1 (Zeng and Hou [21]). Let k > 2 be a fixed integer and let G be a Cyy1-free
graph on n vertices. Then

1
a(G) > ﬁ(nk log n)!/®+D,
Proor oF THEOREM 1.3(iii). Let r = 2k + 1 > 5 be a fixed integer and let G be a Wy, -
free graph with m edges and maximum degree A. Let G’ be the graph induced by the
neighbourhood of any vertex of G with maximum degree A. Clearly, G’ is Cy-free.
We first give a lower bound of a(G). If A > (n**! /log n)!/?¥+D  then, by Lemma 4.1,

1 1
@(G) 2 a(G) 2 g5 (N log NV 2 o (n logm) /ED.

Otherwise, A < (n**!/logn)"/®*D and from Lemma 3.2,

- (log )!/@+D) > 5ik4(nk log n)!/@k+D),

n n
(G) 2 1+A = 9 pk+1)/(2k+1)
Next, we bound y(G). Let

1 k+1 1
= 2 (Flog 0! and (0= 27— (1- )
V) = gl log ) and Y@ = S\ T G r Diogx
Note that (x), y(x) are positive continuous and nondecreasing and y(x) > 1/3 for
x > e. Moreover, a(G) > ¥(n). From Lemma 3.1,
4 n

Sk y(x)
M@=t 36 ), Wogmem

k+1 \1/(2k+1)
" ) , @.1)

dx < 15k4(
logn

where the last inequality holds because an antiderivative for the integrand is exactly
(xk+1 log_l x)l/(2k+l)'
Finally, if n > (m**! log m)"/®%*2) | then Lemma 2.5 implies that

1
g > % + g(mzl<+1 log m)!/Gk2),

If n < (m**!' logm)'/G**2)  then, by Lemma 2.1 and (4.1), we conclude that

f(G>z§+

1/(3k+2)

m (IOgn)l/(2k+l) > (m** log m)

3068\ ke =2 T 50k

where the last inequality holds because the function g(x) = ((log x)/x**1)1/Ck+D g
monotonically decreasing over the interval (e'/**1 +c0). We get the desired result
by noting that » = 2k + 1 and by setting ¢’(r) = 4/(15(r — 1)*). This completes the
proof of Theorem 1.3(iii). O

f(G)z§+
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