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ESTIMATES OF THE EXIT PROBABILITY FOR
TWO CORRELATED BROWNIAN MOTIONS
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Abstract

Given two correlated Brownian motions (X;);>0 and (¥;);>0 with constant correlation
coefficient, we give the upper and lower estimations of the probability P(maxo<s<; Xy >
a, maxo<s<; ¥s > b) for any a, b, t > 0 through explicit formulae. Our strategy is to
establish a new reflection principle for two correlated Brownian motions, which can be
viewed as an extension of the reflection principle for one-dimensional Brownian motion.
Moreover, we also consider the nonexit probability for linear boundaries, i.e. P(X; <
at+c, Yy <bt+d,0<t <T)foranyconstantsa,b > 0andc,d, T > 0.
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1. Introduction

Boundaries crossing probabilities or exit probabilities of Brownian motion have many
applications in nonparametric statistics, sequential analysis, and change point problems in
econometrics, biology, epidemiology, and mathematical finance. Let (2, P, ¥) be a given
probability space with a reference family (¥7);¢[0,00)- A one-dimensional continuous process
(Xt)r>0 is called a one-dimensional Brownian motion if it is #;-adapted with Xo = 0 and
satisfies

Elexplir(X; — X5)] | F] = exp[—%(r —s)Az], almost surely, forevery A e R, 0 < s < 1.

It is well known that the Brownian motion admits the reflection principle, that is, for each given
stopping time 7, define a new process

X =2X,00 — X,

where t A T = min{¢, 7}; then the process (f 1)1>0 18 a new Brownian motion. This property
plays a very important role in estimating the exit probabilities of Brownian motion and stochastic
processes. Applying this property to the stopping time T = t¢ := inf{t > 0, X; > a}, we can
obtain the distribution of X*(¢) = X/ := maxo<s;<; X;, given by

P(X*(t) > a) = P(z{ <t) =P(|X;| > a) foreverya > 0. (1.1)
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Based on this fundamental fact, there are many results on the estimates of the exit probability for
one-dimensional Brownian motion with respect to a moving boundary, that is, for a nonrandom
positive continuous function f (¢), estimate the probability

P(X; < f(t), 0 <t <T) forsome finite or infinite constant 7 > 0.

For example, Doob [2] obtained an explicit formula for the following linear boundary crossing
probability:
P(X; <at+b,t>0)=1—e"2 foreverya,b > 0.

However, explicit formulae have been obtained only for linear and a few special boundaries
f(t); for instance, Anderson [1] dealt with linear upper and lower boundaries. For more
general boundaries and a higher-dimensional Brownian motion, most methods seek to give
approximations or estimates of the corresponding probability. We will not mention too much
on this intensively studied topic, but refer the reader to [3], [9]-[11], and the references therein
for various methods (including solving differential or integral equations, Monte Carlo path
simulation, and series expansion) to deal with different boundaries.

In this paper we focus on the joint distribution of the exit probability of two correlated
Brownian motions. Specifically, let (X;);>0 and (¥;);>0 be two one-dimensional ¥;-Brownian
motions, which are not necessary mutually independent, but their joint distribution is normal. Let

X*t) =X, = maXth, Y*(t) = Y} = max Y;.

0<s< 0<s<t

For any positive constants a and b, consider the probability
P(X*(t) > a, Y*(1) = b). (1.2)

This probability depends strongly on the dependence between the processes (X;);>o and (¥;);>0.
For instance, assume that P(X*(¢) > a) = P(Y*(t) > a) = 0.1. If the two processes are
independent then

P(X*(t) > a, Y*(t) > a) = P(X*(t) > a)> = 0.01.
But, if X; = Y; for every t > 0 then
P(X*(@t) > a, Y*@) > a) =P(X*() > a) =0.1.

Therefore, the mutual dependence of two stochastic processes plays a very important role in the
calculation of the exit probability. In applications, neglecting the dependence of two stochastic
processes may cause serious errors in the estimation of the exit probability, which may represent
the risk of bankruptcy for a company or the risk of breakdown for a system.

We now introduce the basic assumptions used in this paper. Noting that Xg = Yy = 0, set
r(t) to be the correlation coefficient between X; and Y;:

r) = XM

JEX?EY?
Throughout this paper, we assume that the following hypotheses hold.
(H1) For every ¢ > 0, the correlation coefficient r(¢) is equal to a constant r.

(H2) Forany t > s > 0, (X; — Xy, Y; — Y;) admits a normal distribution as well.

https://doi.org/10.1239/aap/1363354102 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1363354102

Exit probability for correlated Brownian motions 39

Before introducing our results, let us review some known results on this kind of problem.
Assume that hypotheses (H1) and (H2) hold, and that > 1. For any given positive constants
a and b, according to the works [6] and [7], it holds that

P(X*(t) < a, Y*(t) < b)

2ro —r2 /4 1 . [nmx6y rg rg
- 0 — I — 1 — s 1.3
NETh ) —sin| — oi=n/2{ 7, ) T lownr2| (1.3)

nodd

where (rg, 6p) denotes the radial coordinate and angular coordinate of the point ((a —

rb)/1 —r% b), v, = nrw/a,

)
7 + tan - ), r>0,
r
o = %jT’ r = 0, (14)
(=5)
tan” [ —— ), r <o,
r
and [, denotes the modified Bessel function of the first kind of order v, which can be expressed by
00 2m+v
1 X
I = —_— =
v(x) mZ_%) m! Tm +v+ 1) (2)

with I'(z) the gamma function. This explicit formula is not as explicit as one might desire for
practical applications and numerical computations, and its use makes it difficult to progress
further theoretically. For instance, as pointed out in [7], using (1.3) to approximate the exit
probability of a time-dependent boundary is computationally expensive to the point of being
prohibitive. Moreover, the method of obtaining the above result depends on the explicit solution
of the heat equation in a wedge. Therefore, it is difficult to extend to the higher-dimensional
case.

The following results will provide an easily computed estimate of the desired exit probability.
Our strategy to estimate (1.2) is to establish a new type of reflection principle for two correlated
Brownian motions (stated in Section 2), which is an extension of the reflection principle for a
one-dimensional Brownian motion.

The following theorem is our first main result.

Theorem 1.1. Let (X;);>0 and (Y;);>0 be two F:-Brownian motions having normal joint
distribution. Assume that hypotheses (H1) and (H2) hold, and that r*> # 1. Then, for any
positive constants a and b,

P(X*(t) > a, Y*(t) = b) < min{U,(a, b), Uz(a, b)} (1.5)
and
P(X*(1) = a, Y*(1) = b) = max{U1(a, b) — Ti(a, b), Us(a, b) — Ta(a, b)}, (1.6)
where

z 1
d(z) =/ _xz/zdx,

x2 —2rxy + y2:|
—e —_—,
—o0 WV 27'[

1
= e e"p[ 21— 12)
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and

—a/f
Ui(a, b) = ( ( s )Mw(x,y)dy) dx

+ ( p(x,y) dy>
b/t

a/t

‘X’ b/t
> </ elx,y) dy) dx
(a —2rb)//t
( @(x,y) dY> dx
a (a —x)/Nt—u
Ti(a, =/ { |: (/ (z,w)dw)dz
0 —o0 —00

(x—a)/N1—u 2r(x—a)//t—u
- f (/ ©(z, w) dw) dz]

8§||®-

Us(a,b) = cp<

+
SIQ

i
3
5

(v 2 2
e (x—rb)*/2u(1—r~) } b e—b2/2u &
V2ru(l —r?) N 2mul3

t b (b—x)/t—u 0
'E(a,b)=/ {/ [/ (/ o, w)dz)dw
0 —ooLJ—o0 —00

(x—=b)//t—u 2r(x—=b)//t—u
- / (/ @(z, w) dz) dw:|
—00 —00

y e—(x—ra)2/2u(1—r2) } a e—a2/2u .
V2ru(l —r?) 2 u3

Remark 1.1. Theorem 1.1 provides lower and upper estimates of the exit probability for two
correlated Brownian motions with constant correlation coefficient » varying in the interval
(—1, 1). For the case in which » = 1, which means that X, = Y, almost surely, the problem in
two-dimensional space is reduced to that in one-dimensional space and the exit probability is
known. For the case in which r = —1, which means that Y; = —X; almost surely, it is known
that

400
P(Xs| <a,0<s<t)=—
(IXs]<a,0<s5s<1) nﬂz

(—1)" [ n + 1)2n2r]
Xp| —
= 2n+1

8a?
(see, for example, [4, Chapter X, Equation (5.9)]).

Remark 1.2. To see the usefulness of our estimates, it is easy to check that
Ti(a,b)= 0@,  Taa,b)=00""%, ast— oo,
and, for all p > 0,

lim 5”7 (a, b) = 0, lim a”73(a, b) = 0.
b—00 a— 00

So the difference between the upper and lower bounds given in Theorem 1.1 is as small as ¢, a,
or b is large.
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As an application of Theorem 1.1, let us return to the study of the following quantity again:

P(X} > b, Y} > b)
P(Y; >b)

H(, b;r) =

As mentioned above, for each t > 0, if r = 0 then limp_, oo H (¢, b;r) = 0 and if r = 1 then
limy, 00 H(t,b;r) = 1. Forr € (—1, 1), we will show that lim sup,,_, ., H(t, b;r) < % for
each t+ > 0. This is an interesting phenomenon, since it means that, when b is large enough,
the quantity
P(X} > b, Y > b)
P > b)

is not a continuous function of the correlation coefficient r and is bounded above by a constant % .

Corollary 1.1. It holds forr € (—1, 1) and each t > 0 that

. PX;>b, Y >b) 1
lim sup - < —.
b—00 P(Yz > b) 2

The calculation of the exit probability for a stochastic process relative to a general boundary
is also very important in applications. However, usually, it is even more difficult to obtain an
explicit formula. As pointed out in [11] and [12], the exit probability of a general boundary
for one-dimensional Brownian motion can be approximated by the exit probability of a linear
boundary. Therefore, it is of great importance to calculate the exit probability of a linear
boundary. Here, based on Theorem 1.1, and using Girsanov’s theorem, we can obtain lower
and upper estimates of the crossing probability of the process (X;, ¥;);>¢ for linear moving
boundaries.

Theorem 1.2. Let (X;);>0 and (Y;);>0 be two F:-Brownian motions having normal joint
distribution. Assume that hypotheses (HI) and (H2) hold, and that |r| < 1. Leta,b > 0
andc,d > 0. Then, forT > 0and p > 1,

P(X, <at+c, Y, <bt+d,0<t<T)<A,PX*(T) <c, Y*(T) <d)"/»
and
P(X; <at+c, Y, <bt+d,0<t<T)>=B,P(X*(T) <c, Y(T) <d)?,
where the constants
Ap=EMPYPHEDIP o foo B, = @MY PTYITP S0,

Here the random variables MT and Mt are defined by

~

Mr = exp (2(a —rb)X(T) +2(b — ra)Y(T) + (a®> + b*> — 2rab)T}],

~1
[2(1 —r?)

Mr = exp[ (2(a —rb)X(T) + 2(b — ra)Y(T) — (a®> + b*> — 2rab)T}].

bt
2(1-r2)

Remark 1.3. 1. Since the random variables X*(7T) and Y*(T') have the same distribution
as |X(T)| and |Y(T)|, respectively, combining this fact with Theorem 1.1, we know that
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the probability P(X*(T) < ¢, Y*(T) < d) can be estimated through an explicit formula.
Therefore, Theorem 1.2 gives explicit lower and upper bounds for the crossing probability of
linear boundaries.

2. In Theorem 1.2, we assume that |r| < 1. Forr = 1 or —1, this yields Y; = X; or ¥; = —X;
a.s. for every + > 0. Then the problem reduces to the case of one-dimensional Brownian
motion; see [11] and [12] for results in this case.

In Section 2 we provide the proofs of Theorem 1.1 and Corollary 1.1, and also give the
reflection principle for two correlated Brownian motions. In Section 3 we provide the proof of
Theorem 1.2.

2. Proofs of Theorem 1.1 and Corollary 1.1

The idea of the proof of Theorem 1.1 is to study the reflection property of the two-dimensional
process (X, Y;)s>0, which is stated in Lemma 2.2 below. This will be a natural extension of
the reflection principle for one-dimensional Brownian motion.

Lemma 2.1. Let (X;);>0 and (Y;):>0 be two F;-Brownian motions with normal joint distribu-
tion. Assume that hypotheses (HI) and (H2) hold. Then the process (X;, Y;):>0 has the same
distribution as that of the process (X; — 2rY;, —=Y;)i>o0.

Proof. Itis easy to see that t — X; — 2rY, is an ¥;-martingale. For 0 < s < ¢,

E[(X, —2rY)? | F]— (X; —2rY,)?
=E[(X; — X;)? — 4r(X, Y, — X, Yy) +4r2(Y, — Y5)? | F]
=1 —s.
Then ¢ — (X; — 2rY;)> — ¢ is also an F;-martingale. By the Lévy characterization theorem

of Brownian motion, the process (X; — 2rY;);>0 is a new Brownian motion. Furthermore, for

every t > 0,
E(X; —2rY)(=Y1)

VEX, = 2rY )2E(=Y,)2

Therefore, the process (X; — 2rY;, —Y;);>0 has the same distribution as that of the process
(Xt ) Yt)t20~

Lemma 2.2. (Reflection principle: firsttype.) Let T be a stopping time with respect to (¥;)>0.
Let

X = Xine + Xy — Xinr = 2r(Yr — Yiac))>qy,
Yi = Yine + (Y — Yt)l{t>r}7

where t A T = min{t, t}. Then the processes ()?,, 17,, T)r>0 and (X;, Yz, T)>0 admit the same
distribution.

Proof. LetYy = Y., — Yy and X; = X, — X, for every s > 0. Then we have
Xy = Xine + Xt—rl{t>r}7 Yi =Yine + ft—fl{l‘>‘f}v

and
Y =Yine — Yl—fl{t>‘r}s Xt = Xipne + (Xyp—¢ — 2”Yt—r)1{t>r}-
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By the strong Markov property of Brownian motion, X and Y are independent of the o -algebra
. Furthermore, it follows from Lemma 2.1 that (X;_, Y;_) has the same distribution as the
process ()_(t_L—grYt_r, —Y,_T). Then the process (X;, Y;, T):>0 has the same distribution as
the process (X;, Yr, T):>0-

The idea of Lemma 2.2 is that when making a reflection for the process (¥;);>0 at the
stopping time 7, we make a necessary modification in the process (X;);>¢ to guarantee that
the new generated process admits the same distribution as the process (X;, Y;);>o after the
stopping time t. Of course, we can interchange (X;);>0 and (¥;);>0 to make a reflection for
the process (X;);>0 after T and do an analogous modification for the process (¥;);>0. Both of
these kinds of reflection will be used in the following argument of Theorem 1.1, depending on
the choice of stopping time 7.

Now we state another type of reflection principle. We will not use it in this paper, but it is
of independent interest.

Lemma 2.3. (Reflection principle: second type.) Let T be a stopping time with respect to
(Ft)i>0. Let
X; =2Xinr — X1, Yt, =2Yirr — V1.

Then the process (X}, Y/, T)¢~0 admits the same distribution as the process (X¢, Yy, T)i=0.

Proof. Since
X; = Xiar — Xt—rl{tzr}» Yt/ =Y — ?I—TI{ZZT}s

where X, and Y, are defined in Lemma 2.2, by virtue of arguments similar to those used in the
proof of Lemma 2.2, we can obtain the desired result.

Proof of Theorem 1.1. Fora, b > 0, define the two stopping times ¢ = inf{t > 0: X; = a}
and rf =inf{t >0: Y, =b}. Then {we Q: X*()(w) > a}={we Q: t¢(w) <t} and
{we Q:Y*()(w) = b} ={we Q: ryb(a)) < t}. We have

P(X*(t) > a, Y*(t) > b)
=PX*(1)>a, X, <a, Y*(t) >b, Y, <b)+P(X*(t) > a, X; <a, ¥; > D)
+P(X;>a, Y*@t)>b,Y; <b)+P(X;>a, Y >Db)
=1+1+1+1V.

We first use Lemma 2.2 to calculate /I and II1. For II, we use Lemma 2.2 with X; and Y,
interchanged and choose 7 to be the stopping time 7. Thus,

=Pk <t,X;,<a,Y >Db)
=P(ry <t,2Xa — X, <a, ¥, —2r(X; — X¢a) 2 b)
=Pkl <t, X, >a, Y, —2rX; > b—2ra)
=PX;>a, Y, —2rX;, > b —2ra)
=P(X; < —a, Yy > b—2ra),

where in the last step we used Lemma 2.1, interchanging X; and Y;. For III, we use Lemma 2.2
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with T = ‘L’;’ , to obtain
HI =Pt} <t X, >a, Y, <b)
=P(X; —2rY, + 2rYT}z? >a, Y, >b)
=PX;, —2rY; >a —2rb, Y; > b)
=P(X; >a—-2rb, Y; < -b),

where in the last step we used Lemma 2.1.
It now remains to only estimate I:

=P <t X, <a 1)<t Y <b)
=P} <t Y, <b. X, <a)—P(f >t 1) <t Y, <b)
=P(r) <t, Y, <b, X, <a)—P(X;<a,0<s<t,t) <1, ¥ <b)

=P(X,—2rY, <a—2rb, ¥, 2 b) —P(x{ > 1, 1) <1, Y, <b).
Applying Lemma 2.4 below, we have

OS]PJ(X[_ZVYISG—Zrb, Y[Zb)_l

t a (a—x)//t—u 0
5/ {/ [/ (/ w(z,w)dw>dz
0 —ooLJ—o0 —00

(x—a)//t—u 2r(x—a)//t—u
_ / (f o(z, w)dw) dz]

—00 —0
5 ef(xfrb)z/Zu(]frz) } b esz/zu »
V2ru(l —r?) N 2mus
= J1(a, b). (2.1)

Since X; and Y; play the same role in the calculation of /, by an analogous calculation we
obtain

I=PX;>a, Y, —2rX;, <b—2ra) —P(z{ <t, X; <a, r;’>t)

and

0<PX;—2rY; <a—-2rb, Y, >b)—1

t b (b—x)/t—u 0
5/ {/ |:[ </ (p(z,w)dz)dw
0 —ooLJ —o0 -0

(@=b)/Ni—u ; p2r(x=b)/vi—u
T )]

o0 —00

e—(x—ra)?*/2u(1—r?) } @ o i
V2ru(l —r?) 2 uld
= Ta(a, b). (2.2)
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Invoking the calculations for /I and I11, by inequality (2.1) we obtain

P(X*(t) = a, Y*(t) = b)
<PX;<a-2rb, Y, < —-b)+PX;, <—a, Yy >b—2ra)

+PX;,>a—-2rb, Y, < -b)+P(X;>a, Y; > b)

=PY;<-bD)+PX;<—a, Yy 2b—-2ra)+P(X;>a, Y > b)
= Uj(a, b).

If we use inequality (2.2) in the above calculation, we obtain

P(X*(t) za, Y*(t) = b)
=PXi=-a)+PX; 2a—-2rb, Y; < =b) + P(X; 2 a, Y; = D)
= Us(a, b).

Therefore, we can obtain the following upper bound:
P(X*(t) > a, Y*(t) > b) < min{U|(a, b), Uz(a, b)}.
Similarly, by (2.1) and (2.2) we obtain the following lower bound:
P(X*(t) = a, Y*(t) = b) = max{Ui(a, b) — Ti(a, b), Us(a, b) — T2(a, b)}.

Finally, expressing U (a, b), Ua(a, b), T1(a, b), and T2(a, b) in terms of the joint distribution
function of (X,, Y;), we can obtain (1.5) and (1.6), completing the proof of Theorem 1.1.

Lemma 2.4. For any positive a, b, t¢

, T, and Tf defined as above, we have

P(z{ > 1, ‘L'}},) <t Y <bh)

t a (a—x)//t—u 0
S/ (/ [/ (/ w(z,w)dw)dz
0 —ooLJ—o0 —0o0

(x—a)/J1—u 2r(a—x)/v1—u
_ / </ o(z, w) dw) dz:|

) —00
1 2 2 > b 2
—(x—rb)*2u(1—r-) —b*/2u
X ————¢ dx | ———¢ du.
V2ru(l —r?) N 2mu3

Proof. According to the strong Markov property of (X;, ¥;);~0, we obtain
P(z¢ >t 1) <t Y, <b)

=P(X; <a,0<s<t, rfgt, Y, <b)

=P(X; <a,0<s<t, 0 <1, Y, <b)

:]P’(Xs<a,05s§rf,’, Xy —2rYs <a—2rb, rffsft, Y; > b)

b b
= ]P’(er5 <a,0<s <1, st;e — 2rstr5 <a—2rb, ty <s=t, Y,Wﬁ > b)

= E[Umax,_, o<l B| max (X, —2rY\) <a—2rb, ¥, 2 b, o) <1 | ]

b
sel0.zy] seltb 1]

= B[ Umax,_, 4 xo<al B[ max (X, —2r¥)) sa—=2rb, Y,z b2l <t | (X, V]

s€lry,t]
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The conditional expectation in the above integral can be expressed in the form g(X ,‘@) for some

integrable function since Y,» = b. For simplicity of notation, in the following we will use g to
oyps y .

replace the conditional expectation. Then

P(z¢ >t 1) <t Y, <b)= Elg(Xep)L(rh <, oh <z - (23)
In (2.3), replacing l{r;,«g} by 1, we obtain
P(z¢ >t 1) <t Y, <b) < Elg(Xen)ljzp<p]-

Since (X;);>0 and (¥;);>0 are Brownian motions with normal joint distribution and constant
correlation coefficient, there exists a Brownian motion (B;);>o independent of (¥;);>o such

that
Xt :\/1—rth+rYt.

In fact, B; could be defined as (X; — rY;)/+/1 — r2. Then we can obtain the joint distribution
of X ob and tf . Therefore,

t +00 1 )
_ 2 —x“/2u
E[S(er)l{r}b,gz}] = /0 (/Oo g1 —rex+ rb)—m e dx)Prg(du)

! 0 1 2 2
:/ (/ g(x) e—(x—rb) /2u(1—r )dx)
0 \J—o0 V2mu(l —r?)
b
X ol /2u du,

V2mu’

where P_» stands for the distribution functions of rf , which can be calculated via (1.1).

Now vt/e calculate g(XT)z_,). When rf = u and XT;_, = x, then, by virtue of Lemma 2.1,

g(x) = E[ max (X, = 2rY,) <a = 2rb. ¥, = b ‘ (X, =x, Y, = b)]
s€lu,t

=P(_max (Ko=2r¥) <a—x Vi 2 0)

s€[0,t—u

:]P’( max Xy <a-—x, Y, < O).
s€[0,t—u]

When x > a, we know that P(max;e[o,/—u] Xs < a — x) is equal to 0. So, in the following, we

assume that x < a. Set t{™" = inf{s > 0; Xy > a — x}. The last term in the above equation

can be calculated using Lemma 2.2. More precisely,
]P’( max Xy <a—ux, Y, > 0)
s€[0,1—u]

=Pl >t —u, Y-, <0)

=Py <0) —PY—u <0, oy <t —u, X;—y >a—x)
Py <0, tf7 <t —u, Xi—y <a—x)

=P~ =0)—PY;—, =0, Xy =2 a—x)
— Py —2r Xy < —2r(a—x), X¢—y >a—x)

=Py <0, Xs—y <a—x)=P(Y—y < -2r(a—x), X;—y <x —a).
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Finally, when t)’,’ =u < tand X, = x, we obtain

Ov

(x) {P(Yt—u <0, X u<a—-x)—-PYy <2r(x—a), X, uw <x—a), x<a,
gx) =
Altogether, we obtain

P(z{ > t, r;’ <t Y <bh)

t a
=< f </ PXi—y <a—x, Yy <0 —PX;—y <x—a, Yy < =2r(a —x))]
0

—00
1 2 2 b 2
—(x—rb)*2u(1—r~) ) —b~/2u
X ————¢€ dx | ——¢ du,
V2ru(l —r?) 2mu3

which yields the desired result upon applying the joint distribution of X;_, and Y;_,,.
Remark 2.1. Inthe proof of Lemma 2.4, by making use of a formula given in [6, Equation (15)]

and [7, Equations (1.5) and (1.6)], we can calculate E[g(Xré,)l{r‘zg <T;}]. More precisely,

) <z,r}’,’
3 a
setting t =7,/ A Ty,

b T 1 ((a—x)?  ,
P(X(r)edx,r=l’y€dt)=mexl) T\ 12 70

o0
. nn90> <a—x ro)
X nsin| —— )1, ———— — ) dx dt,
X,; ( a )N T=2 1

where x varies from —oo to a, (rg, 6p) denotes the polar coordinates of the point ((a —
rb)/~/1 — r%, b), and « is defined in (1.4). Therefore,

tpa ™ 1 ((a—x)?
EleXeplparpee) = || 8O =5 &P =5, T2 T70
o0
. nﬂ@o) <r0(a—x))
X nsin| —— )/ ——— ) dxdr.
n; ( o« )=

This is an equality for the probability P(r{ > ¢, rﬁ’ <t, Yy <b). It does not omit any
information. However, we do not make use of this equality, since it is very difficult to deal with
the double integral over the Bessel functions.

Proof of Corollary 1.1. 1t is enough to prove this corollary for t = 1. Since P(Y]" > b) =
2®(—b), and, by Theorem 1.1, P(X] > b, Y > b) < U(b, b) fort = 1, we have

. P(X] > b, Y > b)
lim sup
b—00 P(Yl* > b)

1 ) 1 —-b oo 0 o
= 2 + blin;o 20(—b) [[—oo (/(I—Zr)b v ) dy) bt /b </h v ) dy) dx}.
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Using I’Hopital’s rule,

1 o o
lim —— ,y)dyd
babo 2 (— b)/ / ¢lx.y)dydx
o 2 —2rbx +b?
= lim et’/2 exp[—)&} dx
b

boo m 2(1 —r2)
2 2

= lim —————— / e /207 qx

oo V2 (1 =r2) Ja—rp

=0.

Similarly,

blﬁoo 2<1>( b) </1 —2r)b e y) dy) d

) eh?/2
= lim ——
b—>00 2. /27 (1 —r?)
o0 2 2 2
y [/ e~ (B 2byty/20-r) 4
1-2r)b

o0 x2 4+ 2r(1 = 2r)bx + (1 — 2r)2b?
+ (1 —2r)/b exp|:— 2 —r2) :Idx:|

1
=: —( lim 7 + lim II).
2w (1 — r2) b— o0 b— o0
For the first part,
© 2 > 2 2
lim / = lim e~ OHD?20r%) 4y — i e /2094y = 0.
b—o0 b—00 J(1-2r)b b—00 J(1—r)b

For the second part,

© 1 —2r)b)? 1 —dr — 4r2)p2 — p2
lim I = lim (1 2r) exp[_(x+r( - ]exp[—( i ]dx
b—o00 b— 00 b

2(1 —r?) 2
o0
= (1—2r) lim &= / e ¥ 20 g
b—o00 (I+r=2r2)b
Whenr € (—1,0), 62’(1_’)b2 tends to 0, and

/OO e 2017 4y /oo e /20=r%) 4y
(4+r=2r2)b —00

is finite, so limp_, oo II = O when r € (—1,0]. When r € (0, 1),

lim ezr(l—r)b2 /OO e—x2/2(1—r2) dx
(14r—2r2)b

b—00

(147 — 2r2)e—(l+r—2r2)2b2/2(1—r2)

= oo 4r(1 — rybe—2ra=np?
Co2r+1 (1-rQrr+2r+1) ,
= lim ——exp| —
b—oo 4rb 2(1+7)
=0 asre(0,1).
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1 —b oo
lim / </ ox,y) dy) dx =0.
b—00 2P (=b) J oo \J(1-2r)

Altogether, we obtain

Hence,

. P(X7>b, Y >b) 1
lim sup < -
b—00 IP)(Y]* = b) 2

forr e (—1,1),

completing the proof.

3. Proof of Theorem 1.2

Let (X;);>0 and (¥;);>0 be two F;-Brownian motions with normal joint distribution. Assume
that hypotheses (H1) and (H2) hold. For any positive constant a, b, c, and d, in order to estimate
the crossing probability

P(X; <at+b, Yy <ct+d,0<t<T),

where T is a positive constant, we first establish a kind of Girsanov theorem, then use
Theorem 1.1 to deduce its lower and upper estimates. Novikov [8] used this idea to estimate
the exit probability of one-dimensional Brownian motion to a moving boundary.

Proposition 3.1. (Girsanov’s theorem.) Let
W(RZ) ={x:[0,T] —» R? continuous; X (0) =0}.
For any constants a and b, let ng.p: W(R?) — W (R?) be defined as

1= Nap(x(), y())(0) = (x(t) +at, y(t) + br)

fort € [0, T]. Denote by vy the induced measure of j1o by the map nq p, i.e. by = o o nL.

Then vy is absolutely continuous with respect to j1o and

1
—— (2(a —rb)x(T) +2(b — ra)y(T) — (a*> + b> — 2rab)T} |.
2(1 —r?)
Proof. The proof is similar to that of Girsanov’s theorem in the one-dimensional case. We
omit the details, and refer the reader to [5, Chapter 7, Theorem 3.1] for more general results in
this case.

d
—du" (x(-), ¥(-)) = exp
Ko

Proof of Theorem 1.2. We first consider the upper bound. By Proposition 3.1 and Holder’s
inequality, we obtain

P(X; <at+c, Y, <bt+d, 0=<t<T)
=P(X; —at<c, Yy —bt <d,0<t<T)

=E[1{x,<c, v,<d, 05:5T}1‘71T]
<P(X,<c, Y, <d, 0<t<T)/P@MYPD)w=-b/r,

which gives the upper estimate.
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On the other hand,
P(X;<c, Y, =d,0=<t<T)
=PX;4+at <at+c, Y, +bt <bt+d,0<t=<T)
= E[l{x,<ar+c, Y, <bi+d, 0<i<T}MT]
<P(X;,<at+c, Y, <bt+d,0<t< T)””(]EMﬁ/(”’]))(”‘l)/p.
This yields

P(X; <at+c, Y, <bt+d,0<t<T)
>P(X, <c, Y, <d, 0 <1< T)P@@ME/PDyl-r,

which gives the lower bound.
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