ON PACKINGS OF SPHERES IN HILBERT SPACE
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A point x in real Hilbert space is represented by an infinite sequence (x,, @, %, ...) of real
numbers such that

o
I =|[* = 227
r=1

is convergent. The unit ““ sphere ” S consists of all points x for which || x || < 1. The sphere
of radius a and centre y is denoted by S,(y) and consists of all points x for which || x -y || < a.
From the results obtained in a recent paper (1) the following theorem can easily be
deduced.
THEOREM. An infinity of spheres S,(y) can be placed in S without overlapping if and only if
e J2-1. If J2 -1<a<] the maximum number of spheres which may be placed in S without

- 242
I_a2 +2a - 1] ’
(The square brackets denote the integral part).
That infinitely many spheres 8,(y) can be placed in § without overlapping when a<(/2 -1

follows at once by considering the system of spheres S,(y,) (n=1, 2, 3, ...), where the co-
ordinates y,,; of y, satisfy

overlapping is

ynk=0 (n;&k)’ ynn=2_~/2'

| ¥ - ¥a || = V22 -J2) = 2a,

For then, if m #n,

while, if X € S,(¥,),
x| = &-¥a)+¥al| < @+2-42 < 1.

If $<a<1 every sphere S,(y) in S contains 0=(0, 0, 0, ...) as an interior point. For, if

v#0,z2=y+ay/|| ¥|| € S.(7)C 8, and so
Nyll =iyll+a-a=]z]|-a < 1-a <a.

This remains true for y =0. Thus only one sphere can be placed in § and the theorem is there-
fore true in this case.

Suppose that /2 -1 <e<<{ and write

a
i1
a=s8in
1

so that dr<a<<dw. Also let
N - 247 _ 2 sin « ]
No= [a?%—?a—lil - [Qgi-r?a—l ’

T T O e ()

80 that

| .
ay = <}w+ésm'1]—v < o < }w+isint

Now, by Theorem 1 (ii) of (1), N spherical caps of angular radius « can be placed on the
surface of an (N - 1)-dimensional unit sphere Sy_,. Their centres may be represented by the
N points of Hilbert space

Xy = (Thys Thgy Thgs +ov) (k=1,2,...,N),
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where x;,=0 for n>N. Then, if y, =(1 - a)x,, the N spheres S,(y,) lie in § and do not over-
lap, since, for j =k,
Ix-y; ||+ x-¥: || = [|9;-5el| =1 -a) [| 5 - % ||
N-1 i
- -0 {Z @-ar}
i=1
= (1-a){2-2cos 2a}t
= 2(1 —a)sin a=2a.
On the other hand, if there existed N +1 non-overlapping spheres S,(y,) (k=1, 2, ...,
N +1) in § we could, by a sunitable orthogonal transformation, choose the coordinates y,,
(n=1, 2, ...) of the centres y, such that
Yen=0 forn>N +1.
We should then have N +1 non-overlapping (N + 1)-dimensional spheres of radius @ in Sy,
the unit sphere in N +1 dimensions, with centres at the points
(ykl: Yras -+es ?/Ic,N+1) (k=la 2: ceey N +1)-

This point we continue to call y, and write 7, =|| ¥, || . For 1<<i<{j<<N +1 we write 8, for the
angle subtended by y; and y; at the centre of Sy,,, and we have

N+1
402 < 2 (Yim —Yjm)? = 713 +r} —2r;r; cos §,;.
m=1
Hence
2rr;co80; < ri+ri-4a® < 2(1-a)?-40® = -2(@*+22-1) < 0.
Thus

a?+2a -1 a?+2a -1

~cosl; =
v i = (a-1p

= —cos2a > 0.

It follows that 6,2« and we can therefore place N +1 non-overlapping spherical caps
of angular radius « on the surface of Sy,;. By (1) and Theorem 1 (ii) of (1) we deduce that
2 sin? o ]

e N
2sin?a-1 w,

N+l < [
which is a contradiction.
This completes the proof of the theorem. It is clear that the theorem can also be stated in
terms of packings of spherical caps on the surface of the Hilbert unit sphere.
By similar methods it can be shown that the presence of a single sphere S, (y) of radius
a > /2 -1 inside S is enough to prevent an infinity of spheres S, (y) of radii b = J2-1
from being placed in S without overlapping.
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