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Let o,(z) be the number of integers » <z which are the product of
just & prime factors, so that

nNn=p1Ps..- P (1)

and let m,(z) be the number of such » for which all the p; are different.
The behaviour of m,(z) and o, () as z— oo is given by

log1 k-1
THEOREM : () ~ a(z) ~ a%’flg’%)g—x— .

In 1791 Gauss [1] conjectured this result for k=1, 2, 3 “ et sic ¢n inf.”
The case ¥ = 1 is the celebrated Prime Number Theorem, first proved by
Hadamard [2] and de la Vallée Poussin [3]in 1896. Fork = 2, the theorem
was first proved by Landau [4] in 1900.

Subsequently, Landau [5] found asymptotic expansions for m,(z) and
or(x) with error O(x log—™z) for any m. More recently, S. M. Shah [6]
and S. Selberg [7] have obtained similar results by more elementary
methods.

A. Selberg [8] recently found an elementary proof of

dz)= Z logp~=z, (2)

<2z
which is equivalent to the Prime Number Theorem. Here I present an
elementary deduction of our theorem for £ > 2 from (2) and the well-known
elementary result
z —~log log z. (3)

<z P
So far as I am aware, my method is substantially simpler than any of the
earlier methods.

We write ¢, for the number of ways of expressing » in the form (1),
order being relevant. Clearly ¢, = 0, unless » is a product of just % prime
factors; in this case ¢, = k! or 1 ¢, < k! according as the k primes are
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or are not, all different. We write

Hk(x) = 2 Gn - Z 15
n<z P19 ..-DrST
and so have
k! my(@) < T (@) < K oy (). (4)

Again, there are just‘ o, (xr)—m,(x) values of n <z, each of which is
representable in the form (1) with two at least of the p; equal. We may
take p,_; = p; and so

oy () —m (@) < z 1< I 1=I (). (5)

b
PP Pr—2Ps— 182 Py Pr1S 2

We write Q (z) =1 and, for £>1,

Qk(x)= E = 2‘:’ 1 >

W py..0i<z P1--- Pg
so that
1 1
Qz)= % — % = Z Qk_l( )
<z P1p,..4<2/p, P2+ P p<2 D1 Y2
We also write

() =”§zcn logn= X log(p,p...- D)

Dy---Pr<2

so that
k() = z < {log(pyPs3 - .. Pr1)+10g(P1 25 .- - Praa)
Py Pi41S2
+...+log(py s ... pi )}
= (k+1) = ﬁk( )

<z

Hence, if i (x) = Oy (2) — 2y, (),

h k = (k+1) = &, (Z) (k>=1)
we have bern (@) = (b-+ >p<z¢k(p) (k>1)
If, for some fixed k> 1

b1 (%) = o{(loglog z)*-1}, (6)
it follows that

| $enale)| <aloglogzyr = - (7).

where, for any ¢ >0,

0<fl@)<d (@=1), fla)<e (z>m=12c)).
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Hence
1 1 1
z——(—)< s 1ia =2 1
Pz p f p \€p<z/zo p T/T,SPET P

eloglog( )—l—A og (Eg—x—*-lo_g%é;o)-l-o(l)

< 2¢ loglogx
for x >, >z, and so

1 (%) = o{z(loglog z)*},

which is (6) with k41 for k. But, for k = 1, (6) is equivalent to (2). Hence
(6) is true for all k > 1.
Next we have

1\ % 1\k
(pg% ;) SQ@) < (pilz ;)
and so, by (3),
Q. (x) ~ (loglog z)k.
Hence, by (6),
& (x) ~ kx(loglog z)*-1,
Trivially
Plx) = E ¢, logn <II,(z) logz (N

and, if X =
logx

Pu(x) = . 3 ¢, logn = {1 (2)—11,(X)} log X.

=

But log X ~log z and, for k > 2,

1= 00 ~0{52) =+ (24 —o )

by (7). Hence
9y(z) _ ka(loglogz)t
logz logz

() ~
and so, by (4) and (5),

og log )1
%m~%m~%%§%§-m>m
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