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Abstract

We consider a compound Poisson process whose jumps are modelled as a sequence of
positive, integer-valued, dependent random variables, Wi, Wa, ..., viewed as insurance
claim amounts. The number of points up to time ¢ of the stationary Poisson process which
models the claim arrivals is assumed to be independent of Wy, W5, .... The premium
income to the insurance company is represented by a nondecreasing, nonnegative, real-
valued function A(¢) on [0, co) such that lim;—, o h(f) = oo. The function h(t) is
interpreted as an upper boundary. The probability that the trajectory of such a compound
Poisson process will not cross the upper boundary in infinite time is known as the infinite-
horizon nonruin probability. Our main result in this paper is an explicit expression for the
probability of infinite-horizon nonruin, assuming that certain conditions on the premium-
income function, %(z), and the joint distribution of the claim amount random variables,
W1, Wa, ..., hold. We have also considered the classical ruin probability model, in which
W1, Wa, ... are assumed to be independent, identically distributed random variables and
we let h(t) = u + ct. For this model we give a formula for the nonruin probability
which is a special case of our main result. This formula is shown to coincide with
the infinite-horizon nonruin probability formulae of Picard and Lefevre (2001), Gerber
(1988), (1989), and Shiu (1987), (1989).
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1. Introduction

To introduce our ruin probability model, we will consider a compound Poisson process

N;
S =Y W,

i=1

where Wy, Wa, .. .isasequence of positive, integer-valued, dependent random variables defined
on the probability space (€2, §, P) and N, denotes the number of points of the Poisson process
up totime 7 (S; = 0 when N, = 0). We assume that the process N, is independent of the random
variables W1, W,, . ... Consider an upper barrier given by the nondecreasing, nonnegative, real
function A (¢) on [0, 0o) such that lim;_, o A(f) = oo and h~' (1) = inf{y: h(y) > t}. Define
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the process R; = h(t) — S; and denote by T the time of the first crossing of the trajectory
t +— S; and the boundary ¢ +— h(t), i.e.

T :=inf{r: t > 0, R; < 0}.

Let us consider the finite time interval [0, x], x > 0, and denote by P(T > x) and P(T = o0)
the probabilities that the trajectory ¢ — S; will not cross the boundary ¢ +— A (t) in time x and
in infinite time, respectively.

The problem of finding such probabilities is known as the first crossing of an upper boundary
problem. In the context of insurance mathematics, such models are referred to as ruin probability
models, due to the following straightforward interpretation. The random variables Wy, W5, ...
are assumed to model the amounts of consecutive claims arriving at an insurance company
according to a stationary Poisson point process N; with intensity A. The premium income
of the company up to time ¢ is represented by the upper barrier function 4 (¢), S; models the
aggregate claim amount at time ¢, and R; is interpreted as the company’s risk (surplus) process
at time ¢. The probabilities P(T > x) and P(T = 00) are then respectively viewed as the finite-
and infinite-horizon nonruin probabilities. Models of this type have been widely studied, in the
context of both applied probability and risk theory, and comprise the subject of ruin theory. The
literature on ruin theory is extensive. We refer the interested reader to the monographs of Gerber
(1979), Asmussen (2000), and Grandel (1991) for an introduction to the subject and its more
recent developments. In what follows we will use well-established ruin theory terminology,
which will not prevent the reader from following the probabilistic arguments used throughout
the paper.

The probability of nonruin in finite time, P(T > x) in the model introduced above, has
been explored recently by Ignatov and Kaishev (2000). They showed that P(T' > x) can be
expressed as

PT>x)= Y Py, PT>x|Wi=wp ... W,=uw,,

wi>1,...,w,>1
where n = [h(x)] + 1 ([2(x)] denoting the integer part of 2 (x)) and

P(Wi =wy,..., W =w;) = Py,

,,,,, w;
is the joint distribution of Wi, W, ..., with w; > 1,7 = 1,2, .... The conditional nonruin
probability is
P(T >x | Wi=w,..., W, =wy)
k—1
=P<ﬂ{fl ot n>h i wi w0 {n e+ zx}>
i=1
k—1 ‘ k—i—1 o)™
=Y DB GET ), AT e w) Y - (D
m!
i=0 m=0
The natural number k = k(wy, ..., wy), 1 <k <n,in (1) is such that

wp+ -+ wg— <n— 1,
w4+ W =0,
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i.e. k depends on wy, ..., w,. The interarrival times, 1, 72, ..., of the Poisson process N;
are random variables independent and identically exponentially distributed with parameter .
In (1),
Vi 1 0 0 0
2
)
2 v 1 e 0 0
bi(vi,va, .y =det | : : e
Vo v vio
; ; - viep 1
i-n @¢-=2)! G@-3)!
il (-1 (-=2) 20
where v; = )\h’l(wl +---4w;), i =1,2,....Inthe special case withi = 0, we have by = 1.

Further refinement of the above result in the form of an exact and computationally appealing
finite-time nonruin probability formula can be found in Ignatov ez al. (2001).

In this paper we will be interested in the probability of infinite-horizon nonruin, P(7 = 00).
In the special case of independent and identically distributed claim amounts W;, and under some
other hypotheses, by keeping the premium-income function /4 (¢) ‘close’ to a linear function of ¢
some very elegant expressions for the infinite-horizon probability of ruin have been derived by
Picard and Lefevre (2001). Two remarkable formulae for the latter probability in the classical
ruin probability model, when the premium income is linear, have been derived by Gerber (1988),
(1989) and Shiu (1987), (1989). Our purpose here will be to give a new, compact formula for
the probability of infinite-horizon nonruin in our more general model of possibly dependent
claim amounts, assuming that certain conditions on the function 4 (¢) and the joint distribution
of the random variables W, W», ... are satisfied.

The paper is structured as follows. Section 1 is a brief introduction to the ruin probability
model, in which we refer to a finite-time ruin probability formula given by Ignatov and Kaishev
(2000). We use it in Section 2 to prove our main result, stated as Theorem 1, which gives
an explicit expression for P(T = o0). In Section 3, for the classical ruin probability model
we give a formula for the nonruin probability which is a special case of our main result, (8).
This formula is shown to coincide with the nonruin probability formulae of Picard and Lefevre
(2001), Gerber (1988), (1989), and Shiu (1987), (1989). Some auxiliary results are given in
Appendix A.

2. A formula for the probability of infinite (non)ruin

To formulate and prove our main result, given in Theorem 1, we will need the following two
lemmas.

Lemma 1. Let wy, w, ... be a sequence of natural numbers (w; > 1,1 =1,2,...) and let
h(x) be a nondecreasing real function defined on [0, 00) such that lim,_, o h(x) = oco. Also,
let the sequence (q — AN w4+ wq))()»h’l(wl + -4 wq))’l/z, qg=1,2,..., have
alimita € [—00, 0], i.e.

g =N wy + 4 wy)
lim =a
7= /ah~(w + - wy)

3)
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Then
q—j —1 m
lim e—*h " wittwy) Z G it twe) ] /a e 2dx (4)
g—00 — m! V21 J—xo

for every integer j.

Remark 1. Several examples can be given in which condition (3) of Lemma 1 is fulfilled. Let
Wi > 0,W, > 0,... be a sequence of random variables for which the strong law of large
numbers holds, i.e. for which there exists a set H € g, P(}fl ) = 1, and a suitable constant
d>0 su~ch that, with w; = Wi(w), ..., wy = Wy(w), limy (w1 + - - + wy)/q = d for
all w € H. Then, for h(t) = u + ct, ¢ > Ad, A > 0, (3) is fulfilled with a = oo. The proof
of this statement is rather standard and is thus omitted. In particular, when Wy, W, ... are
integer-valued, independent, identically distributed random variables possessing all moments,
d = E(Wj) and we are in the classical ruin probability model. Keeping the latter assumptions
on Wi, Wa, ..., if h(t) =% t > 0, > 1, then (3) holds with @ = oo, since h~!(r) = ¢1/%,
ie. h '(t)=1P,0< B <1,and

q—A(w1+---+wq)ﬁ
Va4 4 wy)”

— 00 asq — oo.

Furthermore, if 4(z) = In(1 + 1), t > 0, we have h~1(r) = e’ — 1 and it can be shown that

g — M(ewrrg — 1)
\/)L(ew1+~~+wq -1

— —00 asq — 00,

i.e. (3) holds with a = —oo0.

For convenience, let us denote the limit in (4) by

—x2/2 dx.

1 a
= — €
4 A/ 21 /—oo

Under some appropriate conditions, the following lemma gives an expression for the probability
of nonruin, P(T = 00), assuming that the individual claim amounts are constants.

Lemma 2. Assume that the assumptions of Lemma 1 hold and that
PWy =wy, Wo =wy,...)=1.

If

> =D wh). L AT - +w)) < o0 5)
j=0

then
P(TZOO | W1 ZU)1,W2:w2,...)

=y Y Db h T ), AR w4 w))),
j=0
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Remark 2. Note that (5) is required to hold because the series it contains may be divergent
for some realizations wi, wa, ..., i.e. the series Z?O:o (—l)jbj(vl, V2, ..., V) is not always
convergent if vy < vy < -.. (where v; = )\h’l(wl + -+ + w;)). In order to show this, note
that |(—1)0b0| =1x1=1=>1forj=0. Let us assume that a similar inequality holds for
all j = 1,...,1i, for some appropriate values v, Vo, ..., v;. Then consider the determinant
(recall (2))

bit1(vi,v2, ..., v, X). (6)

If we expand (6) with respect to the last row, we can express it as a polynomial in x of degree
i + 1 of the form

; xi+ - x!
bit1(Vi, 12, ..., Vi, X) = (—D’““m + (—Dl“”i—,bl(zo 4.
1
. . X
+ (—D'“““Fbl- (210 20)

Since every polynomial converges to 00 as x — 0o, we can choose a value of x sufficiently

large that

1bit1(vi, v2, ey, X)) = 1L
Let us choose x = Viql. There then exists a sequence vy, vy, . .. such that each element of the
series Z?O:O (=1)7bj(v1, v2,...,v;)is greater than or equal to unity in absolute value, i.e. the

series is divergent.

To extend the result of Lemma 2, denote by D (h) the set of all sets {w1, wa, ...} such that
the conditions of Lemma 1 hold for a fixed 4 (x) and a = o0. Let

D(h) = {w: {(Wi(@), W2(). ...} € D()}.
We are now in a position to formulate our main result.

Theorem 1. Let P(D(h)) = 1 and, forevery w € D(h), let

Y (=DIb; T (Wi(@)), ., AT (W1 (@) + -+ + Wj())) < oo (7
j=0
Then o
P(T = 00) = E<Z (=1 b; AR (W), o AT W -+ W,~))>. )
j=0

Remark 3. Note that the sequence of random variables

q
Y DI W, AT W+ W), g =012, (9)
j=0

is in general not monotone. For example, if A = 1 and k(¢) = ¢ and if Wi (w) = %, Wh(w) = 47'1’
Wi(w) = %, and W5(w) = %, then for g = 0, 1, 2, 3, 4, 5 the values of the sequence (9) are
respectively equal to 1, 0.5, —0.90625, 1.24251, —1.644 39, and 2.3864. Hence, we can
not directly interchange the expectation and summation in (8). It is shown by the following
corollary of Theorem 1 that this is possible if some (monotonicity) conditions hold for the
sequence of random variables (9).
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Corollary 1. Let all multivariate moments of the random variables
W WD T WL+ W),

be finite and let the conditions of Theorem 1 hold. If there exists a random variable { > 0 such
that E(¢) < oo and if

q
Y (=D, Wi(@)), . AT (W (@) + -+ Wi ()| < (@)
j=0

forall g > 0 and all w € D(h), then

oo
P(T =00) = Y (=) E(b;h™ (Wh), ... A~ (Wi + - + W))).
j=0
Proof of Lemma 1. Assume that &y, ..., &, are independent, identically Poisson-distributed

random variables with mean A~ (wy + - - + wy)/q. Then we can write

9= - m
e—)\h—l(w1+.._+wq) Z ()\.h l(wl + ..o+ wq))
m!
m=0
=P+ +& <q—))
_P<El+...+§q—)»h—1(w1+...+wq) - q_j_)\h—l(w1+...+wq)>
\/kh—l(w1+-..+wq) - \/Ah—l(wl+...+wq)

(10)

Applying the central limit theorem, it is not difficult to see that

llm P(Sl+'~.+éq_)\4h_l(wl+~..+wq) S q_j_)\'h_l(wl+"'+wq))
g0 VahT w4 - 4 wy) i w1+ -+ wy)
! /a —x2/2
== e dx. (a1
V2 J—o
Hence, from (10) and (11), given that condition (3) holds, we recover the assertion of Lemma 1.

Proof of Lemma 2. From the monotone continuity of the probability measure, we have

P(T=c0 | Wi =w;, W =wy,...)

j=1

q
= lim P(ﬂ{r1+-~-+rj>h_1(w1+~--+wj)}>. (12)
j=1

q—> 00
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From (1), by replacing x with h~'(w; + --- + wy) it is easy to see that k = g + 1 and
q
P<ﬂ{rl tod > w4 w0 o+ T zh‘l(w1+-~-+wq)})
q
j=1
— oM wittwg)
—1)b;h ™ wr), e AT g - w)))

1 m
(A~ (w1 + C 4 wy)) 13

I MQ TM*

We will show now that as g 1 oo, the expression on the right-hand side of (13) converges to
Y Z?.;O (=1)7b; (AN wy), . AT (w4 w;)), where y is as defined after Remark 1.
Let
BG) = (=1 bjh™ wy). ... Ah T (wi - + w))),

B =Y"_yB(j). 1=0,....00, B =lim_o B, and

m
—Ah i Hwg) Z (h~ (wy + - - wy))

alg,j)=e ,
m!
m=0
where ¢ = 0,1,...,00 and j depends on ¢, i.e. j = 0,1, ..., g. From Lemma 1, for any
nonnegative integer j we have
lim a(q, j) =vy. (14)
g—>0o0
From (12) and (13) we have
q
P(T =00 | Wi =wi, Wa=wa....) = lim D B()e(q. ))- (15)
q—>00 n

Let us choose an arbitrary number, ¢ > 0. Then, in view of (5), there exists a natural number
L1(e) such that for any / > L (e),

|B — B| <e. (16)

From (15), in view of (14) and (16), for the same ¢ > 0 there will exist a natural number L; (&)
such that for any / > L, (e),

< é&.

1
P(T =00 | Wi =wi, Wa=wn,..) = Y B(jad, j)
j=0

Let L = max(L(g), L2(¢)). Then any / > L can be represented as [ = L + m, where m is a
natural number, and
|BL+m — Bl < ¢ (17)
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and
L+m
P(T =oc0 | Wi=wi. Wa=ws..) = ) B(NaL+m, j)| <e. (18)
j=0
From (17), we can also see that for any m > 1,
|BLom — Byl < 2e. (19)

From the convergence of By, there exists a constant G > 0 such that
|B;| < G, [>0. (20)
We have

|P(T =00 | Wi =wy, Wa =wy,...)— yB|

L+m
=FW=®IM=wM%=me—ZﬁmeWM)
j=0
L+m
+—Z:ﬁuqu+wmj>—yBLﬂn+yBLﬂn—yB‘
j=0
L+m
<e+ Ejmnmuﬁwun—yﬁ+ya @
j=0

In the inequality in (21) we have used (17), (18), and the definition of By ,,. We can rewrite
(21) as

|P(T =00 | Wi =wi, Wo =wp,...) —yB|

L L+m
580+V%+§:MDWQAWLD—V4+ Y B +m, j)—y)
j=0 j=L+1
< el +y) + Gll(@(L +m,0) = y)| +2l(@(L +m, L) = )|}
L+m
+ EjﬁUMML+mJy—wM (22)
j=L+1

In the last inequality in (22) we have used (20) and a result (see, e.g. Fichtenholz (1969),
Section 383) which states that, given real sequences ¢; and B;, i = 1,2,..., p,

12
> wipi
i=1

=< G{lar] + 2lapl} (23)

if |Zf=1 Bil < Gfors =1,2,...,pand if o;, i = 1,2,..., p, is either increasing or
decreasing. Inour case o; = o(L +m,i) —y and B; = B(i), i =0, 1, ..., L. Note that the
sequence «; is decreasing and that it follows from (20) that |Zf-=0 Bil <Gfors=0,1,2,....
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From (14), we can choose m to be sufficiently large that |«(L + m,L) — y| < ¢ and
(L + m,0) — y| < &. Therefore, from (22) we have

|P(T =00 | Wi =wi, Wo =w»,...) — yB|
L+m

> BU(L+m, j) =) (24)

j=L+1

<e(l+y)+ Gle+ 2} +

Similarly, it can be seen from (19) that |ZJL.;L£+] B(j)| < 2¢efori =1,2,...,m. Thus, by
applying (23) to the sum on the right-hand side of (24) with o; = («(L + m,i) — y) and
Bi=pG),i=L+1,...,L+m,and G = 2¢, we have

L+m
> B +m, j) - y)‘
j=L+1
<2e{la(L+m,L+1)—y|+2|a(L+m,L+m)—yl|} (25)

From the fact that y and «(q, j) are probabilities, we have |@(L +m,L + 1) — y| < 1 and
(L +m, L +m)—y| <1, and we can rewrite (25) as

L+m

> B +m, j)—y)

J=L+1

<261 +2x 1} = 6e. (26)

By applying (26) to the sum on the right-hand side of (24), we obtain
|IP(T =00 | Wy =wi, Wo =wy,...) —yB| <e(l+y)+ G{e + 2¢} + 6¢.

Hence, P(T = o0 | Wi = wy, Wy = wgy, ...) = y B, which completes the proof of Lemma 2.

Proof of Theorem 1. From the monotone continuity of the probability measure P we have,
on the one hand,

q
P(T = 00) = liTm P(ﬂ{rl oty s W+ W./)})-
q100 .
=1

On the other hand, using the notation A, = ﬂ(]].:l{rl +t T > YW+ -+ W),
g=1,2,...,00, we have

q
P(ﬂ{n e > AT (W W;)})
j=1
= E(la,) = EE(y, | Wi, ... W)

q
= E(eW‘Wl*"'*Wq) D =DIb; BT W)L AT W+ W)
Jj=0
q—J -1 m
AT Wi+ 4+ W,
XZ( (W1 + + q)) >

m!

27)

m=0
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In the last equality of (27) we have used the fact that the left-hand side of the last equality of
(13) coincides with E(14, | Wi = wy, ..., Wy = wy) forevery w € D(h) with Wi(w) = wy,
Ws(w) = wy, . ... Hence, in view of (7), by applying Lemma 2 with y = 1 we have

lim e " (Wit +Wq>Z( Db (W), o AT W -+ W)

q—>0
j=0

T G (W - W)
m!

X

=0

3

= Z ()b, h™ (W), o AT W - W), (28)
Jj=0

Hence, from (27) and (28) we have
0 .
E(lAq | Wls LRI ) Wq) — Z (_l)]b/()\‘h_l(WI), e vy )\.h_l(Wl + L + W/))

j=0
almost surely, as g — oo. (29)

However, as can be seen from (27), the random variable E(1 4 . | Wi, ..., W,)hasunconditional
expectation; hence, we can define its conditional expectation with respect to the sequence of
random variables Wi, W5, .... Since 14 . depends only on Wy, ..., Wy, and since the latter are
independent of W,y1, W;42, ..., we have

E(a, | Wi ..., W) =E(la, | Wi, Wa,..). (30)

Since lAqileo as g — oo, for any w € , and E(lAq) < 1 for all g, the following equality
holds:

E(lAq | Wi, Wa, ...) > E(Qay, | Wi, Wa,...) = E(liT=00} | W1, W2, ...). 3
From (31), (30), and (29) we have

P(T =00 | Wi, Wa,..)=Ea, | Wi, Wa,...)
e .
=D Db W) AR T W+ W),
j=0
The assertion of Theorem 1 now follows, since P(T" = c0) = E(E(14,, | W1, W2, .. ).

Proof of Corollary 1. The proof is straightforward and is thus omitted.

3. On the probability of infinite (non)ruin in the classical model

In this section we will consider the classical ruin probability model in which A(f) = u + ct
and Wy, W, ... are assumed to be integer-valued, independent, identically distributed random
variables having all moments. The following corollary of Theorem 1 gives an expression for
the nonruin probability in this classical case.
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Corollary 2. If ¢ > AE(W)) then the nonruin probability in the classical model can be
expressed as

o0

P(T =00) = Y (= 1)) Ebj (L /) W1 — )4 G/Y (Wi + -+ Wi —1)3).  (32)
j=0

where (z)+ = max (0, z).

Proof. We show that the conditions of Lemma 1, Theorem 1, and Corollary 1 hold for this
classical ruin probability model, from which (32) follows. However, we will take a more direct
approach and establish that the right-hand side of (32) is equal to the right-hand side of the
formula

P(T = o)

() E (e En) (i Eom) o

(of Gerber (1988), (1989) and Shiu (1987), (1989)), which has been shown by Picard and
Lefevre (2001) to coincide with their Equation (3.1), for P(T = 00). Following this approach,
let us establish identity (32) for 0 < u < 1.

We have

P(T =00) =Y (=) E(b; (A /YW1 — )y, ..., /) (Wi + -+ W) —u)}))
j=0

00 _ j
=Z(-1)!(%> Ebj(Wy —u, ..., Wi+ + W, —u)). (34)
=0

In the last equality of (34) we have used the fact that0 < u < 1 and W; > 1.
From (34), by applying Lemma 7 (see Appendix A) with v = —u we have

0 1
P(T = 00) = (—1)°<§> E(1) + (—1)1@) E(Wi — u)

) /a j
+Z(—1)f<;) E(b;(Wi —u, ..., Wi+ -+ W; —u))

i —u)l-1
_1——(E(W1)—u)+Z( 1)/( ><( ]Lj) +((j”_)1)‘ E(W1)>. (35)
= ! .

After a straightforward transformation of the sum on the right-hand side of (35), for0 <u < 1
we obtain

P(T = 00) = e™/(1 — (A/c) E(W))). (36)

As can be seen, (36) coincides with the expression of the nonruin probability, (33), obtained by
Gerber (1988), (1989) and Shiu (1987), (1989). Similar but more complicated derivations lead
to the same result for any value of # > 1. This completes the proof of Corollary 2.
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Appendix A.

The main auxiliary result, which is used in proving Corollary 2 is given here as Lemma 7.
The latter is proved by means of Lemma 6, which is in turn proved via Lemmas 3 to 5. We
present their proofs first. Let us start by introducing some useful notation. Let (/1, ..., ;) be
an ordered set of k fixed, nonnegative integers, and let

( 1,2,...,k >
T =
T, 702, .., Tk

be a permutation of the numbers (1, 2, ..., k). Denote by £ the set of all such permutations.
Applying  let us permute (1, ..., Ilx) as follows:

o 1) = Uy L)

Let us introduce the polynomial

by, b
Qo) X1 X0 = Y Aty X)X

7T€=‘7’k

with real coefficients ay (... 1,). We shall refer to it as a permutational polynomial. Such
polynomials may have been studied elsewhere, but the authors were not able to find any relevant
references. We give here some auxiliary results related to these polynomials.

Lemma 3. We have
1+ A+ x) Qi) (XK1, -5 XE)
= QU+, X1y o XK+ -+ Qe+ 1) (X1, o X0,
where the coefficients of the polynomials on the right-hand side satisfy
Ax(+1,.. ) = = Au(ly,..h+1) = Az (ly,..I,) Jorallm € P.

Lemma 4. We have

1+ Fx0)" Quy,ty (X1, - X0)

r!
= Z ﬁQ(ll+j1,..‘,lk+jk)(xl sy Xk, 37)
120, giz0 /UK
et je=r
assuming that
A+ j1seli k) = 000 = Auly,.le)
for all integers j1 > 0, ..., jr > 0 and permutations w € F%.

The proof of Lemma 4 is straightforward and will not be given here.
Let us now make the following definition. We will call the permutational polynomial

Ouy...;0(x1, ..., xx) a ‘contrast’ if the sum of its coefficients is equal to 0, i.e. if
Y antyto =0.
TEPy

https://doi.org/10.1239/jap/1152413740 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1152413740

(Non)ruin for integer-valued claims 547

We can now formulate Lemma 5, which we will need to prove Lemma 6.

Lemma 5. If Q(x1, ..., xx) is a linear combination of contrasts and Y1, Y3, . .. is a sequence
of independent and identically distributed random variables having all moments, then

E((Y1 4+ 4+ Y+ Yig1+ -+ Vi) Q(Y1, ..., Y3)) =0.

Proof. Let Q. ...;,)(x1, ..., x) be a contrast. For the mean, E(Q ;... 1,) (Y1, ..., Yr)), we
obtain

Iz I
E(Quy, .ty (1. -, Y1) = E( D any ¥ Y k)

nej’k
Iy Iz
= > aagy..ip EX) B
7T€¢7)k
I I
= > dagyip EX - EQXE)
TEP

=0 xEY") x - x E(Y}) = 0.

Let us consider the product (Y1 + - -+ + Yx + Yip1 + -+ + Yi) Qi (Y1, - . ., Yi). For
its mean value we have

E(M +- 4+ Y+ Yir1 + -+ Yigs) Quytp (Y15 -, Yi))
r

r _
Z<U>(Y1+"'+Yk)U(Yk+1+"'+Yk+s)r 'O .., zk)(Ylﬁ---,Yk))

(2

0
r

<U> E((Y1+ - +Y0)"0u,..io1, .., YO)E(Ykg1 + -+ Yig) ™)
-
V

( > E((Yks1 + -+ Yir) ™)

r!
X Z T EQui+j1,titjn) Y15 -5 Yi)),

J120pz0 1
Jitetje=r

where in the third equality we have used (37) to express
M+ + Y"1, -, Yi).

The permutational polynomial Q4 j,....;i+j0 (X1, - - ., Xk) 18 a contrast, since it has the same
coefficients as Q... 1,)(x1, ..., xx). Hence,

EQu+jiirjo Y1, ..., Yp)) =0 forall j >0,..., jx 20with ji +---+ jr =71

and, therefore, E((Y1 + -+ + Y + Yip1 + -+ + Yirs) Qqy,...tiy Y1, ..., Yi)) = 0. Lemma 5
now follows from the fact that the mean is a linear functional.
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We are now in a position to prove the following lemma.

Lemma 6. For every k > 2 independent and identically distributed random variables

Y1,..., Yk having moments of all orders, we have
Y 1 0 o 0 0
Y1 + ¥)?
% Yi+ Y 1 .. 0 0
3 2
M +Y+Y)’ Yi+Y2+7Y3) Vit Yat Vs .- 0 0
3! 2!
E | det
02D O L O 3 B ) (B O DB (3 L N Sy |
k —1)! k —2)! (k —3)! =
_ _ k
OID L0/ D (5 Lul NN O3/ IND () L <zZ a Yo)? Z
k! (k—1)! k—=2)! =
=0. (38)

Proof. We will use induction on k = 2, 3, ... for the sequence of assumed equalities
E((Y1 4+ 4+ Y+ Yer1 + -+ Yias) det D) =0, forall integers r > 0 and s > 0,

where det D; denotes the determinant in (38).
For k = 2 we have

(Y1 + Y»)?
E<(Y1 +Y+Yo+--+ Y2+s)r(Y1(Y1 + 1) — —

=E((Y1 + Y2+ Yoi1 + -+ Yor ) (A¥E = L))
=0.

In the last equality we have used Lemma 5, since the polynomial x1 — lx% is a contrast, i.e.

1.2 1.2 _
53X — 53x%5 = Q2,0)(x1, X2),

where, for the two possible permutations, 71 € #, and 7® € #,, we have

1 2 1 2 I 2
x® = (1 2) v Arh2,0) = 3 and 7 = <2 1) o Az @20 = T 72-

Let us assume that for every j, 2 < j <k,

—_

E(Y1+ -+ Y+ Yig1 4+ + Yigy) det D) = 0.
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For j =k+ 1,r =0, and s = 0, for det Dy we have

(Y + -+ Yieg1)?
2

E(det Diy1) = E((Yl + -+ Ygq1)det Dy — det Dp_1 +---

(Y1+"'+Yk+l)kY

+ (=D 4 4 Y )f T et Dy (- 1F o

1

_ k(Y1+"'+Yk+l)k+1)

D (k+ 1!
(_l)kfl
TR

k 1
El v+ - -+Y..)F Vi+(—— v, + -
((1 ket) <k+1 ! < k—|—1> 2

1
+ <—m)yk+l>>- (39)

In the last equality in (39) we have used the induction assumption.
It is not difficult to establish that the polynomial

k 1 1
PR e i
is a contrast, i.e.
£ oL : 0000 ) (40)
X1 — Xy — o — X = X1yeoes X .
i k+12 k+1k+1 (1,0,...,0) (X1 k+1
where
; 1,2, ...,i—=1,i,i+1, ..., k+1 )
i) _ s L ) s by ) ) _
4 _(i,Z,...,i—l,1,i+1,...,k+1>’ f=h2o kL
k 1 .
G0 = W Goge.0 =T 2siskAlL
Hence,
E( (Y1 + + YiaDF Ky Ly Ly
1 k+1 k—i—l] k+12 k+1k+1
=E[(Y1 + -+ Vit D Q0.0 (Y1, ..., Vi)l

=0.

In the last equality we have used Lemma 5. Now, for the case of any nonnegative integer values
of r and s, we have

E((Y1 4+ Ye+ -+ Yiys) det Diyp)

,
r _
= E< <v>(Y1 +o Y ) Vg2 + - 4 Yiyy) ™V det Dk+1)
0

,
-
= (v) E((Yig2 + -+ + Yig) ) E(X1 4 -+ + Yiq1)" det Diyp)
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and, by proceeding as for (39) and applying induction, we obtain

E((Y1+ -+ Y+ + Yigy) det Diyy)

= i <r> E((Yet2 + -+ Yirs) ™) e
o\ !
XE<(Y1+---+Yk+1)”+k< i Yy — ! Yp—--o— ! Yk+l))
k+1 k+1 k+1
-y (’) Bk + T T
v !

<
(=}

e

(41)

In the last equality of (41) we have used Lemma 5 and (40). This completes the proof of
Lemma 6.

Finally, we apply Lemma 6 in proving the following lemma, which we will need to prove
Corollary 2.

Lemma 7. Let v and Wy, Wy, ... be independent random variables having moments of all
orders and let Wy, Wy, . .. be identically distributed. Then, for j > 2 we have

E(w/) E@/™hH

Ebjw+ Wi, ...,v+ Wi+ -+ W;)) = ——+ —7ZE(W)).
! ’ it G-
Proof. The identity
bijvi+c,...,vi+c)=bj(1,...,v;) =bj(v1,...,v; —0), j=12,..., (42
follows easily from the fact that
V1 1 0
2
v
2_2' v 0
bij(vi+c,...,vj+c) =det i i
Uit Uil 1
@—-1! i—-2)!
o A T - U T R Cvo)
Jj! Jj! G- G-n ! 1!
and well-known properties of determinants.
Applying (42) yields
biw+ Wi, ..., v+ Wi+ + W)
:bj(Wl,...,W1+"'+Wj)—bj(Wl,...,W1+~-~+Wj—v)
L)
=bj(Wi,.... Wi+ + W)=Y (=) bt W Wi W),
=1 ’

(43)
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where, in the last equality, we have expanded the determinant with respect to its final row.
By taking expectations in (43) and noting the independence of the random variables v and
Wi, Wa, ..., we obtain

EQ;w+Wi,...,v+Wi+---+W)))
T B

= E(bj (Wi Wi+ W) + ) —

EBj—1 (Wi, ... Wi+ -+ W)
=1

(44)
We can simplify (44) by applying Lemma 6 to it. Thus, for j > 2 we have

E(w/) E@/™hH
E(bj(U+W1,...,V+W1+"'+Wj))=f'i‘,—E(W]),
J! (G —=D!

which completes the proof of Lemma 7.
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