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Symmetric Sequence Subspaces of C(a), Il

Denny H. Leung and Wee-Kee Tang

Abstract. If « is an ordinal, then the space of all ordinals less than or equal to « is a compact Hausdorff space
when endowed with the order topology. Let C () be the space of all continuous real-valued functions defined
on the ordinal interval [0, ]. We characterize the symmetric sequence spaces which embed into C(«) for
some countable ordinal «. A hierarchy (E,) of symmetric sequence spaces is constructed so that, for each

countable ordinal «, E, embeds into C(w”“), but does not embed into C(aﬂg) forany g < a.

Let « be an ordinal. The ordinal interval [0, ] is a compact Hausdorff space in the
order topology. The space of all continuous real-valued functions on [0, o] is commonly
denoted by C(«). In [4], the symmetric sequence spaces which embed into C(w®) are
characterized. This paper, which is a continuation of [4], gives a characterization of the
symmetric sequence spaces which embed into C(«) for some countable ordinal a. In [4],
it is shown that any Orlicz sequence space which embeds into C («) for some countable or-
dinal « already embeds into C(w*). Here, we construct a hierarchy of symmetric sequence
spaces (Eq)a<., such that, for each countable ordinal «, E, embeds into C(w*"), but does
not embed into C(w“"‘j) for any 8 < a. Since, according to Bessaga and Petczynski [2], if
a < (3 are countable infinite ordinals, then C(«) and C(3) are isomorphic if and only if
6 < o, (E,) is a full hierarchy of mutually non-isomorphic symmetric sequence spaces
which embed into C(«) for some countable ordinal «. The authors thank the referee for
pointing out some errors in an earlier version of the paper, and for various suggestions for
improving the exposition.

For terms and notation concerning ordinal numbers and general topology, we refer
to [3]. The first infinite ordinal, respectively, the first uncountable ordinal, is denoted by
w, respectively, wi. Any ordinal is either 0, a successor, or a limit. If « is a successor ordi-
nal, denote its immediate predecessor by o — 1. If K is a compact Hausdorff space, C(K)
denotes the space of all continuous real-valued functions on K. It is a Banach space under
the norm || f|| = sup,. | f(t)|. If K is a topological space, its derived set K™ is the set of
all of its limit points. A transfinite sequence of derived sets may be defined as follows. Let
KO = K. If « is an ordinal, let K(**D) = (K())® Finally, for a limit ordinal «, we define
K = N, K. The cardinality of a set A is denoted by |A|. By Po.(N), respectively,
P -oo(N), we mean the collection of all infinite, respectively, finite, subsets of N. These are
subsets of 2N, and consequently inherit the product topology. If A and B are nonempty
subsets of N, we say that A < B if maxA < minB. We also allow that & < Aand A < &
forany A C N.

We follow standard Banach space terminology, as may be found in the book [5]. We
say that a Banach space is a sequence space if it is a vector subspace of the space of all real
sequences. Such is the case, for instance, when a Banach space E has a (Schauder) basis (ex),
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310 Symmetric sequence subspaces of C(«), I

i.e., every element x € E has a unique representation x = > axex for some sequence of
scalars (ax). Naturally, we identify every x € E with the sequence (ax) used in its represen-
tation. If () is a basis of a Banach space E, there is a unique sequence of bounded linear
functionals (e;) on E such that (ej,e;) = 1if j = k, and 0 otherwise. The sequence (e}) is
called the sequence of biorthogonal functionals to the sequence (ex). It is a well known fact
that every x’ € E’, the dual space of E, has a unique representation x’ = " ayey, where
the sum converges in the weak* topology on E’. Therefore, E’ may also be regarded as a
sequence space. If (e,) is a basis of E’ (so that the foregoing sum actually converges in norm
for every x’ € E’), then the basis (g) is said to be shrinking. If x is an element of a sequence
space, let supp x be the set of all coordinates k at which x is nonzero. The vector space con-
sisting of all finitely supported real sequences is denoted by coo. Given a real null sequence
a = (an), leta* = (a;) be the decreasing rearrangement of (Jan|). A basis (ex) of a Banach
space is unconditional if > exaxex converges for every choice of signs (ex) whenever > axex
converges. A basis (e) is subsymmetric if it is unconditional and )  ajex, converges for ev-
ery subsequence (gx;) whenever axex converges. It is symmetric if ) aer() converges
for every permutation 7 on N whenever Y axex converges. A symmetric basis is necessarily
unconditional [5, Section 3a]. We say that it is 1-symmetric (respectively, 1-subsymmetric)
if | > exaker@l = || D axex|| for every choice of signs (i), and every permutation 7 on
N (respectively, every increasing function 7: N — N). Examples of Banach spaces with
1-symmetric bases are £P (1 < p < o0), and ¢co. These norms are defined by

1@l = (D la®)” and @Il = supa

respectively. A sequence (xx) in a Banach space is normalized if ||x«|| = 1 for all k. Given two
sequences (xx) and (yk) in possibly different Banach spaces, we say that they are equivalent
if there is a finite positive constant C such that

- own] <[] <l o]

for every finitely supported sequence (ax). Two Banach spaces E and F are said to be iso-
morphic if they are linearly homeomorphic. We say that E embeds into F, E — F, if E is
isomorphic to a subspace of F.

Throughout the rest of the paper, for each countable limit ordinal «, fix a sequence of

ordinals (o) which strictly increases to «. In [4], the family (AL) of subsets of P, (N) is
introduced. If f: N — N is strictly increasing, let

Aé = {ACN:maxA < f(minA)} U{@}.
For a countable ordinal «, let
n
Al ={A=JA A< <An, A € AL n < f(minA)}.
i=1
If « < wyq isalimit ordinal, recall the sequence («,) chosen above. Set
Al = {A : thereexists n < f(minA) such thatA € A/ 1.

The results in [4] yield the following fact.
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Proposition 1 Let E be a Banach space with an unconditional basis (e,) such that E embeds

into C(w*") for some o < wi. Then there exist an increasing function f: N — N, and a
constant K < oo such that for all x = > ane, € E,

|| < Ksup{HZ anén
neA

:AeA;}.

The definition of the family (A;) is modelled on the definition of the well known
Schreier family (SCI) [1], [7]. The Schreier set Sof = {A C N : |A] < 1}. The induc-
tive steps defining 8. are exactly the same as in the definition for (AL) (with A replaced by
8). We will need a slight modification of Proposition 1. The next lemma is easily proved by
induction.

Lemma?2 Let « be a countable ordinal, and let f: N — N be an increasing function. If
h: N — Nisan increasing function such that h(n+1) > f(h(n)) for all n, then Anh(N) € SJ
forall A € A;.

Proposition 3  Let E be a Banach space with a 1-subsymmetric basis (e,) such that E embeds

into C (w*") for some o < wi. Then there exist an increasing function f: N — N, and K < oo
such that for all x = " ane, € E,

x|l < K sup{ || 3" aves
neA

:Aesg}.

Proof By Proposition 1, there exist an increasing function f: N — N, and a constant
K < oo such that forall x = " ane, € E,

Ix|| < Ksup{HZ anén
neA

:AeAi}.

Let h: N — N be an increasing function such that h(n + 1) > f~(h(n)) for all n. Define
y=>, an€n(n)- Then

I = Iyl < K supd || (3 anenen )| : A € 47}
=K sup{ <Z aneh(n)>xh(N)mAH HVANS Ai}

<K sup{ Z anen

neA

<K sup{ Z anen

neA

‘h(A) SZ} by Lemma 2

Ac Si"h}.

The proposition follows by taking f = foh. ]
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1 Norming sets

In this section, we show that if E is a symmetric sequence space which embeds into some
C(w"), then the norm on E can be isomorphically generated by a norming subset of E’ of
a particular type. Recall that a subset W of E’ is isomorphically norming if W is bounded
and there exists K > 0 such that K||x|| < sup,,qy |{x,x’)|forall x € E. We begin with the
following definitions. Let g : N — R. be a nondecreasing function such that nIi}n;nog(n) =

oo. Define

€3 = {X €t [|X[|oc <1,|suppx| <1}.

If v is a successor ordinal, let

n
e = {x = iz:;x. :Xi € C,_q, (i) pairwise disjoint, and g(n)||X||ec < 1},

If o is a limit ordinal, recall the sequence (a,) chosen in the introduction. Define €%, =
{x:x €€, g(xX]l < 1}. Itiseasy to see that C, is a symmetric set, i.e., it is invariant
under permutations of the coordinates.

Let E be a sequence space that admits a normalized 1-symmetric shrinking basis which is
not equivalent to the unit vector basis of cy. We represent both E and E’ naturally as spaces
of real sequences. Denote the (closed) unit balls of E and E’ by Ug and Uk respectively.

Lemma4 Given an increasing function f: N — N and numbers §, n such that0 < § < 1,
n > 0, there exists a nondecreasing function g: N — R., lim g(n) = oo, such that if
n—oo

a=a*=(an) € Ug, b = (by) € Ug/, [{a,bxa)| > nfor some A € P (N), there exists c
such that [c] < [bxal, [|c]lscg (f(MinA)) < 1and|(a,c)| > &](a, byxa)l-

n

n
———
Proof Define A(n) = ||(1,1,...,1)|[e and p(n) = || (1,1,...,1)|[e.. Since the basis for
E is shrinking but not equivalent to the co-basis, A(n) — oo and u(n) — coasn — co.
Therefore, there exists a nondecreasing functiong: N — Rs, nIim g(n) = oo, such that for
—00

everyk € N,

1 if [(1—0)nAK)] =0
g(f(K) < {%M(L(l — &)nAK)])  otherwise,

where |-| is the greatest integer function. Let a, b and A be given that satisfy the hy-
potheses, and let m = minA. If [(1 —d)nA(m)] = 0, let ¢ = 1; otherwise, let ¢ =
2/p(L(1 = &)nA(m)]). Consider B = {n € A : |by| > €}. In the first case, B = @. In the
second case,

1> [Ibl} > [Jbxs|l = en(|B]),
which implies that
1
3

= Zu(1@ - mAm)]) < (L= HmAm)]).

w(B|) < == 2
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Consequently, |B| < (1 — d)nA(m) as u is nondecreasing. Also,

m
—_——
1> ||a|| > ||(|am|a-~-v‘am‘)” = ‘am|)‘(m)-
Therefore, [|axallc = lam| < xip- Let ¢ = bxas. Then [c| < |bxa| and

cllocg (f(MInA)) < eg(f(m)). If [(1 —8)nA(m)] = 0, thene = L and g(f(m)) < 1;
hence eg(f(m)) < 1. Otherwise,

2 1
(G oymy) 2" (L@~ dmam]) =1

eg(f(m)) <

Finally,

|(a,¢)| = [(a, bxa)| — [(a, bxs)|
> |{a,bxa)| — [laxs|l B
> [(a;bxa)| — llaxall [B|

> |(@,bxa)| ﬁ (L~ SynA(m)

> 4|(a, bxa)l. [ |

Lemma5 Let h, and g,, n € N, be nondecreasing functions from N into R, such that
kIim hk) = kIim On(k) = oo for all n. There exists a nondecreasing function g: N — R,
—00 — 00

limi_y00 §(K) = o0, such thatg < h, and d € C% whenever o < wi, and d € G for some n
satisfying [|d||ch(n) < 1.

Proof There exist0 = my < m; < m, < --- € N and a nondecreasing functiong’: N —
R+ such that I(Iim 9’(k) = oo, and g’ (k) < min{g:1(k),...,0i(k)} whenever mj_; < k <
—00

mi, i € N. Now choose a nondecreasing function g: N — R, such that kIim (k) = oo,
e el

g <g’,and g(m;) < h(i) foralli € N. Clearly,g < h.

We claim that the function g satisfies the remaining condition of the lemma. The proof
is by induction on a. If & = 0, there is nothing to prove. Suppose the claim is true for some
a < wi. Assume thatd e Gi”ﬂ, and ||d||ooh(n) < 1. We canwrited = d; + - - - +dj, where
di,...,d are pairwise disjoint elements of €%, and ||d||oogn(l) < 1. Since ||dj||ch(n) <
|d]|ch(n) < 1,d; € €2 by the inductive hypothesis. Choose i so that m;_; < | < mj, then
g() < min{g1(),-..,qi(N}. Ifn <, then ||d||ccg(I) < [|d]|so8n(l) < 1. Otherwise, i < n;
hence ||d[| o9 (1) < ||d]|oeg(mi) < ||d||och(i) < ||d]|och(n) < 1. Therefored € €2,,.

Finally, suppose that « is a limit ordinal and that the claim holds for all ordinals 5 < «.
Assume that d € €%, and ||d||oh(n) < 1. Let (cj) be the sequence used to define e and
€%. By definition, d € € impliesd € CZ, for some j such that ||d||scgn( j) < 1. By the
inductive hypothesis, d € Gij. Choose i suchthat mj_; < j < m;j. Ifn <, then

1dlloeg() < lldlloeg’(]) < lldflocgn(]) < 1.
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On the other hand, if i < n, then

Hence d € Gij, and ||d||g( j) < 1. Consequently, d € €%. This completes the proof of
the claim. [ |

Proposition 6  Given an increasing function f: N — N,0 < § < 1,7 > 0, and a countable
ordinal «, there exists a nondecreasing function g: N — R, lim g(n) = oo, such that if
n—oo

a=a*=(a) € Ug,b = (b)) € Ug,, A € 8, and |(a, bya)| > n, then thereisac € €%,
lc| < [bxal, [lc]lcg( f(MinA)) < 1and [(a,c)| > 5|(a, bxa)l-

Proof We will prove the proposition by induction on «. Consider first the case when
a = 0. Choose g by Lemma 4. If a, b and A are given as in the hypothesis, there exists ¢
such that [c| < [bxal, [|c]l-cg( f(MinA)) < 1and |(a,c)| > d|(a,bxa)|. Since A € Sy,
|A] < 1. Thus, it follows from the fact that |c| < |bya] that |suppc| < 1. As ||b|le < 1,
the same inequality also shows that ||c||o, < 1. Therefore, ¢ € €3, as desired.

Suppose the proposition holds for some @ < w;. Choose a function h by Lemma 4
corresponding to f, v/d, and . For each n e N, choose a function g, by the inductive
hypothesis (for the ordinal ) corresponding to f, v/§, and v/ (1 — v/§)/n. Finally,
apply Lemma 5 with the functions h and (g,) to obtain a function g. Leta = a* € Ug,

b € Ugsand A € 8(;1 be given so that |(a,bxa)| > 7. There exists ¢, |c| < |bxal,
l[cllsoh( f(minA)) < 1, such that [(a,c)| > v/§|(a,bya)|. Letn = f(minA). Since
Ac S(I,,l,A:AlUn-uAk,whereAl <o <A A LA E Saf,andk <n. Letl be
the set of the indices i such that |(a, cxa,)| > nv/8 (1 —V/3)/n, and let B = J;, Ai. Then

(@, cxe)] > (@, cxa)| — (k= [1)nV/é (1 — V/3)/n
> V6 |(a,bxa)| — V3 (@ —V8)n > 6%|(a, bxa)|-

By choice of gy, foreachi € I, thereexistsd; € €2, |di| < [cxa, |, [|di][oofn (f(MINA})) < 1,
and |(a, di)| > V/5 |(a,cxa)|- Defined = 3, sgn(a, d;)d;. Now sgn(a, dj)d; € €2, and

[ sgn(a, di)dilch(n) < [lc[loch(n) < 1.
Hence sgn(a, d;)d; € €% by the choice of the function g. Note that
1dllocg (k) < [ld]locg(n) < [[¢[[ocg(n) < [lcfloch(n) < 1.
In particular, d € €7, ,. Clearly, |d| < |bxa|. Also,

|(a,d)| = |(a di)|

icl

> \3/3 ZKavCXAi)l

iel
> V5 |(a,cxe))
> 5(a,bxa)].
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Finally, suppose that o < wy is a limit ordinal and the proposition holds for all 3 < «.
Let (an) be the sequence used in defining €% and S(I. Apply Lemma 4 with f, v/5, and
to obtain a function h. Then, for each n, apply the inductive hypothesis with f, /3, v/ 7,
and the ordinal o, to obtain a function g,. Again, choose a function g corresponding to h
and (gn) by Lemma 5.

Let a, b, and A be given satisfying the hypothesis of the proposition for the ordinal .
By definition, A € S implies that A € SJH for some n < f(min A). By the choice of the
function h, we can find a ¢ such that [c| < [bxa|, [l (f(minA)) < 1and |(a,c)| >
V6 |(a,bya)|. Similarly, because of the choice of the function g, there exists d such that
jd| < [cxal, 1d]locgn (f(MinA)) < 1,d € €% and |(a,d)| > V5 |(a,cxa)| > 5](a, bxa)l.
Then [d| < [cxal < [bxal. Sinced € €%, and ||d||ch(n) < [[c]|och(f(MinA)) < 1, it
follows from the choice of g that d € G, . Observe that

1d][e0g(n) < [ld[lsch(n) < [lc]loch(f(minA)) < 1.
Therefore, d € €%. Finally,
[d]locg (f(minA)) < [ld]jch(f(minA)) < 1.
This proves the proposition. ]

Theorem 7  Let E be a Banach space with a normalized 1-symmetric basis. Suppose E em-
beds into C(w“") for some ov < wy. Then there exists a nondecreasing function g: N — R.,
nIim g(n) = oo such that Ug, N €, is an isomorphically norming subset of E’.

—00

Proof If E = cq, the result is obvious; hence we may assume that E # cy. Since E em-
beds into C(w*"), any normalized 1-symmetric basis of E must be shrinking. According to
Proposition 3, there exist an increasing function f: N — N, and a finite constant K such
that for all x € E,

Ix]le < Ksup{|jxxalle : A €8}
Given x € ENcop, ||X][e = 1, pick A € S+ such that
1=x[[e = [Ix"[le < KIx*xalle-
Now choose x” € Ug/ such that 1 < K|{x*,x"xa)|. Let g be the function given by applying

Proposition 6 with the function f, § = 1/2, and n = 1/K. It follows that there exists a y’,
y' €€ ly'| <Ix'xal and

1 1
* !/ > = * ! >_.
[0, Y) 2 S 1 X xm)] =

Since X’ € Ug and |y’| < |x"xal, we see that y’ € Ugs. Thusy’ € Ug: N eY. Since
Ug. N G, is a symmetric set, this proves that Ug. N €%, is an isomorphically norming subset
of E’, as desired. [ |
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2 A characterization theorem

In this section, we prove the converse of Theorem 7 (see Theorem 16). Given a nondecreas-
ing function g: N — R, such that lim g(n) = oo, and a pointwise compact subset F of
n—oo

Coo such that |x|xa € F whenever x € Fand A € P_,(N), define

n
9(@) = {x = in X € F, (xi) pairwise disjoint, and g(n)||X|| o < 1},

i=1

Ifx = Z?:l Xj as in the foregoing definition, we say that Z?:l Xj is an admissible represen-
tation of x.

Lemma8 Theset G = g(F) is pointwise compact.

Proof It suffices to show that § is pointwise closed. Let (x;) be a sequence in G converging
pointwise to some nonzero x. By the definition of g(&), for each j, there exists a pairwise
disjoint sequence (x;;);’, in F such that x; = >, xj;, and g(n))[|Xjllc < 1. Now
liminf||Xj|lo > [|X|lco. Therefore, limsupg(n;) < 1/|X||. In particular, it follows that
(nj) is abounded sequence. By using a subsequence, we may assume that there is a constant
nsuch that n; = nforall j. As aresult, we may represent x; as

n
Xj = ZX“.
i=1

Since x;; € F and JF is compact, we may assume that lim x;; = z; € F exists. Then

J—o0
X = Z?:l z;. Itisclear that (z;)[_, is a pairwise disjoint sequence. It follows from the above
that g(n)||x||oc < 1. Hence x € G, as required. [ |

The proof of Lemma 8 shows the following:

Lemma9 Let (x;) be asequence in G converging to a nonzero vector x. Suppose each X; has

an admissible representation 77, x; ;. Then there exist M € P.,(N) and n € N such that

nj=nforaljeM,z = linh)I Xjiexistsfor1 <i < n,andx = Zi”:l zi is an admissible
jem v

representation of x.
Definition 10 For x € F, define the degree of x by
deg(x) = sup{g: x € FP1.

If -isan ordinal, it can be expressed uniquely in its Cantor canonical form o = w®-m;+
coetw®emy, whereag > - > ag,andmg, ..., m € N. We say that the «j-th component
of aism;, 1 < i < k; whereas the v-th componentof ais0if v ¢ {a,...,a}. If a and
[ are two ordinals, let a @ 3 be the unique ordinal each of whose ~v-th component is the
sum of the v-th components of « and 3. The operation ‘@’ may be extended to any finite
number of ordinals in an obvious fashion. It is clear that o & 8 < w; if both « and 3 are
countable. The proof of the next proposition is left to the reader.
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Proposition 11 Let (o), and (Gi);_; be two sequences of ordinals. If o; > G; for each i,
and @, 6 > ;. ai, then a; = G for everyi.

Proposition 12 Suppose that x is a nonzero vector in G for some o < wy. Ifx = Y"1, 7
is an admissible representation of x, then ;" , deg(zi) > .

Proof If o = 0, there is nothing to prove. Suppose that the proposition is true for all
ordinals less than some « < wy. First consider the case when « is a successor ordinal. Let x
be a nonzero vector in G(. There exists a sequence (xj) € G~V \ {x} that converges to
X. By Lemma 9, we may assume that there exists n € N such that each x; has an admissible
representationx; = >_i', X;j, that Iijm Xji = zi foreachi,andx = Y"1 , z; isan admissible

representation of x. By taking a subsequence if necessary, we may further assume that
lim deg(x;i) = «; exists for each i, and deg(x;;) < «; forall j. Since x;; — z;, deg(z;) >
i

ai. Now €D, deg(x;) > o — 1 by the inductive hypothesis. Of course, B;_, deg(zi) >

@D, i > a—1. Suppose that @;_, deg(zi) = a—1 < [, deg(x;,). By Proposition 11,

deg(zi) = deg(x;;) foralli, j. Butsince limx;; = z;, deg(x;;) = deg(zi) would imply that
i

Xji = z; for all large j. Consequently, x; = x for all large j, which is a contradiction.
Therefore @', deg(zi) > o

Finally, consider the case when « is a limit ordinal. Let x € G(® = ﬂ[ka @, Sup-
pose x = I,z is an admissible representation of x. Since x € G forall 8 < «q,
@, deg(zi) > Bforall 3 < o by the inductive hypothesis. Consequently, ;" , deg(z) >
. |

We now proceed to apply the foregoing analysis to the sets G, defined in Section 1.
Lemma13 Leta < wi, then G is pointwise compact.

Proof The assertion is clear for « = 0. Suppose that the lemma has been proved for all
ordinals less than some o < w;. If o is a successor ordinal, a glance at the definitions shows
that CJ, = g(C? _,). It follows from Lemma 8 that CJ, is pointwise compact.

Suppose that « is a limit ordinal, and let («n) be the sequence of ordinals used in defin-
ing C%. Let (x¢) be a sequence in C% converging pointwise to a vector x. If x = 0, then
certainly x € €. Thus we may assume that x = 0. For each k, let ny € N be such that x, €
€4, and g(n)Xulloo < 1. Since liminfic[[xlloe > [X[|oc, lim sup, 9(Mi) < 1/[1X -

This implies that (ng) is bounded. By taking a subsequence if necessary, we may assume
that n, = n for all k. Then x, € CJ,, for all k. Since €%, is compact, x € €%, . Moreover, as
g(M)[1X][oo = 9(M)||X||o < 1, we conclude that x € €. [ |

Lemmal4 Suppose o < wj isa limitordinal, and let («) be the sequence of ordinals used
to define C%. Then for any ordinal 8 < wy,

(@)D C {x:x € (€2 )P for some n such that g(n)||x|| < 1} U {0}.
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Proof The proof is by induction on 3. If 8 = 0, there is nothing to prove. Suppose the
lemma is true for some ordinal 3 < w;. Let x € ()W, x # 0. Then there exists
a sequence (xi) € (€%) \ {x} converging pointwise to x. By the inductive hypothesis,
X € (€4, ) for some ny such that g(n)[Xcllc < 1. Now liminf|[Xy/lsc > [IX]loc-
Therefore,

1 > lim sup g(n) [|Xk| oo > lim sup g (i) |1X]] oo -
k k

Hence (ny) is bounded. By going to a subsequence, we may assume that ny = n for all k,
and g(n)||x|| < 1. Since (xk) € (€%,) \ {x} and () converges to x, x € (€, )**D.
Suppose 8 < w is a limit ordinal and the lemma holds for all 3’ < 3. Let x € (C2)®,
X # 0, and let (3,) be a sequence of ordinals strictly increasing to 3. Choose a sequence
(%) such that x, € (€%)®) for each n, and lim x, = x in the topology of pointwise

n— oo
convergence. By the inductive hypothesis, X, € (€%, ), where g(kn)|[Xn||cc < 1. As
before, we may assume without loss of generality that k, = k and g(k)||X||cc < 1. Then
X, € (€%,)¥) for all n. Since lim x, = xand (5) B, x € (C2,). This completes the
—00

induction. [ |
Proposition 15 If a < wy, then (€%)“") C {0}.

Proof It is easy to verify that the proposition is true for o = 0. We now suppose the
proposition has been proved for all « < 3, where 5 < w;. Consider first the case when

i
(3 is a successor. Let x € (Ggﬁ)(w'e) = (g((‘?gﬁfl))(w ) x # 0. Applying Proposition 12 with
F = €}_,, x has an admissible representation x = >, z; such that @;_, deg(z;) > w"’.

But by the inductive hypothesis, (Ggﬁfl)(wafl) C {0}; hence deg(zj) < w’~ for all i.
Consequently,

n
W < Peg(z) <w’ton,
i=1
which is a contradiction.

Suppose that 3 is a limit ordinal. Let (8,) be the sequence used to define G%. By
Lemma 14,

(@%)(w@) C{x:xe (G%ﬂ)(“'@) for some n such that g(n)||x||oo < 1} U {0}.
But (G%n)(“"ﬁ) = @ by the inductive hypothesis. Hence (6%)(‘“5) C {0}. [ ]

Theorem 16  Let E be a Banach space with a normalized 1-symmetric basis. Then E embeds
into C(w*") for some o < wy if and only if there exists a nondecreasing function g: N — R.,
nIl}m g(n) = oo, such that Ug, N €% is an isomorphically norming subset of E’.

oo
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Proof Suppose that such a function g exists. Since Ug. N €% is pointwise compact, and
(Ue N €YW) C ()« C {0} by Proposition 15, Ug, N €% is homeomorphic to an
ordinal interval [0, 3] for some 8 < w*". Now Ug, N G, is isomorphically norming.
Therefore,

E < C(Ugr N CY) — C(B) — C(w*").

The converse is precisely Theorem 7 in Section 1. ]

3 A family of examples

The aim of this section is to construct a full complement of mutually non-isomorphic 1-
symmetric sequence spaces which embed into C(«) for some oo < w;. Let us define the fol-
lowing terms and operations on finite sequences of natural numbers. If m = (my, ..., m;)
andn = (ny, ..., n;) are finite sequences of natural numbers, let

1. ¢(m) = my (the leading term of the sequence),
2. m—n=(mg,...,mj,ng,...,Nn;) (the concatenation of m and n).

Also, we say that m < n if 2m; < ng, and that m is at least doubling if 2m; < myq,
1 <I<i. NowdefineM; ={(m): meN}. Forl <a < wy,let

Masr ={Mg — - —mg:imy,....mg € My, My < -+~ K My, and k < p(my)}.

If @ < wy and « is a limit ordinal, recall the sequence (ay) chosen in the introduction.
Define

M, = {m : there exists n € N,n < o(m) such that m € M, }.
Itis easily verified thatany m € M,, 1 < a < wy, is at least doubling.
Definition 17 Letl < a < wy, if m = (my, ..., m) is a finite sequence of integers, we

let X, be the set of all X € cgg such that there exist pairwise disjoint sets Ay, ..., A € N,
|Ail =m;, 1 <i <l and

|
1
X = (XA
2 m
Moreover, define G, = U{X;n : m € M,}.
Lemma18 Letg: N — R be defined by g(n) = /n. Then G, C CJ for1 < a < wy.
Proof The proof is by induction on «. Suppose x € G;. There exist (m) € M;, A C N,
|A| = msuch that x = ﬁXA- Let x; = ﬁX{ni}: 1<i<mwhereA={ng,...,ny}.
Thenx = 3, xi and x; € C5. Moreover, g(m)[|x||oc = /M = = 1. Hence x € €1.
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Suppose now that G, C G forsome 1 < a < wi. Let x € Ga41. There exist m =
(Mg, ..., my) € Ma+1, and pairwise disjoint sets A, ..., A; C N, |Ai| = m;, such that

I
1
X= )  —=Xn
2
Since m € Mg+, We may writem =r; — --- — ry forsomery,....r, € M, such
that n < ¢(r1) = my. Letl; = {i : mjisacoordinate of r;}. Then since rj € M,,

Xj = Yy, ﬁXAi € Ga. Now (x)1_, is pairwise disjoint and x; € €2 by the inductive
hypothesis. Note that x = 31, Xj and |[X|lec = —&:. Therefore, g(n)||x[|oc = ?/(—:1_)1 <
9O — 1. Hence x € €Y.

Finally, suppose that o < wy is a limit ordinal and G5 C G% forall 5 < a. Let (an)

be the sequence used in defining G, and C%. Suppose X € G, then there exists m =
(my,...,m) € M, such that x € Xn,. Since m € M,, there exists n < ¢(m) such that
m € M,,. Thusx € G,, and consequently, x € €%,. Asn < ¢(m) = my, we see that
g()||X]leo < g(ml)VLm_1 = 1. Hence x € €, as required []

Lemmal9 Givenl < a < ws, define a norm on cyo by

[¥lla = sup{{lyl,x) : x € Ga}.

Then || - || is & 1-symmetric norm on cgo, and ||(1,0,0,...)||. = 1.

Proof By definition, G, is invariant under permutation of the coordinates. Therefore,
I - |la is 1-symmetric. Also, every element of G, has ¢>°-norm at most 1. Hence
[11,0,0,...)]|o < 1.Ontheother hand, the singleton (1) liesin M, forevery 1 < a < wj.
Thus (1,0,0,...) € G,. Consequently,

1(,0,0,...)]la > ((1,0,0,...),(1,0,0,...)) = 1. u

Lemma20 Givenn € N, letl, = (1,...,1,0,0,...). Then forevery 1 < a < wy,

[1n]la < 5v/N.

Proof Suppose x € G,. There existm = (my,...,m)) € M,, and pairwise disjoint sets
A, ..., A C N, |Ai| = mj, such that

|
1
2w
<m

Choose I3 such thatmy +---+m;,_; < n
Then

1+---+my,andletk =n—(my+---+my_1).

(I, %) < (In,X") < /My + /Mg ook /My g+ —
Ih
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Since m is at least doubling,

1 1 k
L,x) <ym g (l+ —=+—+- +
o) < (10 00 e )+
_ VA | Vi
\/E_l my,
Hence,
<1n7X> < \/i + L
\/ﬁ _\/z_l my,
V2
< +1<5.
S tts
Asaresult, ||1n]le = sup{{ln,x) : X € G4} < 5y/n. [ |

The next proposition is due to Odell, Tomczak-Jaegermann, and Wagner [7, Proposi-
tion 3.2a].

Proposition21  Given § < «a < wi, and an increasing function f: N — N, there exists
i € Nsuchthat A € SJ whenever A € Sﬁf and minA > i.

Proposition22  Let f: N — N be an increasing function. Givenanyk > 2,and 1 < 8 <
a < ws, there exist m € M, p(m) > Kk, x € X, min(suppx) > k, and y € ¢y such that
min(suppy) = k, (y,x) >k, [ly[l, < 5(y,x), and [[yxall, < 10for1 < < w; andall

A€s;.

Proof The proof is by induction on a. Consider « = 2 and 8 = 1. Pick my, ..., mg such
that m; > kand mjy; > max{2m;, f(k + my +my +---+m;)} for 1 < i < k. Then
m = (Mg, ...,My) € My, and o(m) > k. Furthermore,

K m; mg
—
X = <o,...,o, L L ! ! ) € Xm.
/M1 /M1 /Mg £/ Mg

Now let y = x. Theny € ¢ and min(suppx) = min(suppy) > k. Computing directly,
we have (y, x) = k. Applying Lemma 20,

my my
—~ —
1 1 1 1
h<|{ =-—== )| *"* || = —==
/My /My . /Mg /Mg o
< 5k = 5(y, x).
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IfA € Slf, chooseisuchthatk+m; +---+mj_y < minA <k+my +---+m;j, then

Al < f(minA) < f(k+my+---+m;) < M.

Hence
m; |Al
—_—
XAlly = mi’ 7 /m 5 VM T /M .
<5+5 A <5+5=10
Mi+1

Suppose the proposition holds for all ordinals less than or equal to some o > 2; let
usproveitfora+1 Sayl < 8 < a+ 1 If 8 < q, there is nothing to prove since
M, C M,+1. SO we may assume without loss of generality that 3 = «. If « is a successor
ordinal, apply the inductive hypothesis repeatedly to pick sequences (mp)';,:l C M, and

(Xp)'szln (yP)'E):l C cqp such that

o(my) > k,andm; < --- < my,
Xpexmpvlgpﬁk,

{K} < suppxi Usuppyi < -+ < SUPPXc U SUpP Vi,
(Yp,Xp) >k, and [|ypll, < 5(yp, Xp), 1 < p <Kk,
IlYpxally <10forl <~y <wiandallA e 8;_1,

o0 kwhpE

k
1
10 f (max(suppy,)) >
g=p

<5 forl<p<k
1 (Yas Xq)

Letm = m; — --- — my. Because of condition (3), m € M,+1, and o(m) > k. Also,
X=X+ -+ X € X, min(suppx) > k. Define

iy Yk '
(Y1,%1) (Vi Xk)

y:

Then y € coo, min(suppy) > k, and (y, x) > k. Furthermore,

1y1lly IIyklly
< +.-+ < 5k < 5(y,x
Iylly < oxa) oxg S oKS (¥, )

forl < v < w;. Suppose A € 8;. Then A = AjU---UA|, where A; < --- < A,
A, ..., A€ 8;_1 and | < f(minA). Choose i so that

max(supp yi—1) < min A < max(supp ;).
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Forl <« <wi,

ko1
[

I3l Yol
< + Y Xq)
Iyxally < (i, %) Z 2 (Yo, Xq)

by conditions (3) and (3)

1
<yQ7 Xq>

<5+10 f (max(suppy) 3

q=i+1
< 10 by condition (3).

Let us turn to the case when « is a limit ordinal. Let («,) be the sequence used to define
84 and G,,. Suppose k € N is given. Pick sequences (ip)k_y, (Mp)K_y, (Xp)—y. and (¥p)_4
as follows. Leti; = 2. By the inductive hypothesis, there exist m; € M,,, p(m1) > K,
X1 € X, Min(suppx;) > k, and y; € cgo such that min(suppyi) > k, (y1,x1) > Kk,

llyilly < 5(y1,x1), and ||y1xall, < 10forl < v < wyandall A € 8651. Suppose all

four sequences have been chosen up to p, where 1 < p < k. By Proposition 21, there
exists ip+y > f(max(suppxp)) such that A SL,(max(suppxp» whenever A ¢ Sofj for some

j < f(max(supp xp)) and minA > ip4. By the inductive hypothesis (applied to the
ordinals avf (max(suppx,)) < Qipey)s PICK

1. Mp+1 € Maipﬂl mMp < Mp+1, <P(mp+1) > ip+1,

2. Xp+1 € Xmy,;, MIN(SUPP Xp+1) > ip+1, and

3. Yp+1 € Coo,

such that (Yp+1, Xp+1) > 2K, [[Yptlly < 5(Yp+1, Xp+1), and [|Ypeaxall, < 10forl < <y
andall A € 8/ Since m,, € M%, and o(mp) > ip,mp € My, 1 < p <k

Qf(max(supp xp)) * .
Nowm; < --- < mg, and k < o(my). Hencem = m; — -+ — myg € M,+1. Define

X =X1+---+Xc Thenx € X, and min(suppx) > k. Let

_ Y1 Xsupp x; F. .+ Yk X supp x¢
(y1,%1) {Yis Xk)

Theny € coo, min(suppy) >k, and (y, x) = k. Furthermore,

y

for 1l <+ < wj. Suppose A € Sa. ThenA € Sofr for some r < f(minA). Choose p such
that

max(supp Xp—1) < min A < max(supp Xp).
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Ifp<qg<KkletA; =ANsuppxq Nsuppyq. Then Ay € SJ,. Note that
r < f(minA) < f(max(suppxp)) < f(max(suppxq—1))

f
QU f (max(supp xg—1)"

and min Ay > min(suppXq) > ig. By the choice of ig, we see that Ay € §
Hence ||yqxa,ll, < 10for 1 <+ < w;. Therefore,

k
yelly [[Yaxaq |l

1yxally <
! <yp?xp> q=p+1 <Yq?xq>

since (yq, Xq) > 2kforl < q <k

Finally, suppose ap < wy is a limit ordinal and the proposition holds for all « < ay.
Let (o) be the sequence used to define M,,,. Letk € N,and 1 < 5 < ap < wy be given.
Choose no such that 3 < an,. There existm € M, , (M) > K, X € X, min(suppx) >
max{k,ng}, and y € cg with min(suppy) > k such that (y,x) > k, [ly[, < 5(y,x),
lyxall, < 10for1 <~ < wandall A € 8. Since ng < (M), M € M,,. n

Theorem 23 For 1 < a < wy, let E,, be the completion of ¢y with respect to the norm || - || .-

Then E,, has a 1-symmetric basis, E,, embeds into C (w*"), but E,, does not embed into C(w”a)
forany 8 < a.

Proof By Lemma 19, the coordinate unit vectors form a 1-symmetric basis of E,. Note
that G, C Ug, is a norming subset of E,. By Lemma 18, G, C %, where g(n) = /n.
Therefore, E,, embeds into C(w*") by Theorem 16. Suppose 3 < « and E,, embeds into

C(ww‘“’). By Proposition 3, there exist an increasing function f: N — N, and K < oo such
thatforall y € E,,

® Illa < Ksup{llyxalla : A € 8}
By Proposition 22, there exist m € M, X € Xm, and y € cqp such that (y,x) > 10K, and
lyxalla < 10forallA € Sg. Since x € G,

1ylla = (y,%) > 10K > K sup{[[yxalla : A€ 81},

contrary to (1). [ ]
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