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ON LINEAR OPERATORS ON
ORDERED BANACH SPACES

SADAYUKI YAMAMURO

The order structure of the space of all continuous linear
operators on an ordered Banach space is studied. The main topic
is the Robinson property, that is, the norm of a positive linear

operator is attained on the positive unit cone.

Let B be a real Banach space ordered by a closed and proper cone
B+ . The norm of B is said to be monotone if 0 =g < b implies
llall = Ibll , absolutely monotone if -b <=a <b implies fla|l < [|pll , 2nd a
Riesz norm if both the norm and its dual norm are absolutely monotone,
where the dual B* of B is ordered by the dual cone B: defined by

B* = {f € B* : fla) 2 0 for every a = 0}

The cone B: is proper if and only if B+ is quasi-generating; that is,
B+ - B+ = B . Throughout this paper B+ is always assumed to be quasi-

generating.

let L(B) be the space of all continuous linear operators of B into
itself. The norm on L(B) is defined by

lull = sup{lju(a)ll : a € Bl} for u € L{B) ,

where B, is the closed unit ball of B . Then L(B) is a Banach space
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and it is ordered by the cone
L(B), = {u € L(B) : u(a) 2 0 for every a = 0} ,
which is closed and proper.

These notions have played essential rdles in a theory developed by

Robinson [4, 5]. He has shown, in particular, that the norm
”u”+ = sup{|lu(a)ll : a € P} for wu € L(B) ,
where P = Bl nB,_ , fits into the theory better than the norm of L(B)
and the equality
Hu”+ = {lul| for every u € L(B)+
holds if the norm of B is a Ries2z norm.

This equality is expressed in terms of the norm and order structure of
the ordered Banach space L(B) and, therefore, better understanding of

this equality requires further investigations on the order structure of
L(B) .

To carry out this investigation, we shall use the notion of the half-
norm which has been introduced by Arendt, Chernoff and Kato [1]. As stated
above, B 1is a real Banach space ordered by a closed and proper cone B+ .
Then a half norm on B is a real-valued function ¥ on B such that the

following conditions are satisfied:

(1) there exists a constant & = 0 such that N(a) = allal| for
all a €B ;

(2) N{a+b) = N(a) + N(b) for a, b €B ;

(3) N(M) = W(a) for A 20 and a €B ;

(4) Na) + N(-a) = 0 implies a =0 .

In particular,

N(a)

inf{lla+d| : b € B+}

N(a) < |lall . This is called the canonical

half-norm of B+ . Unless otherwise stated, we shall always denote by N

is a half-normon B and O

A

the canonical half-norm of B+ .

It has been shown in [9] that
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N(a) = sup{f(a) : f € P*} for all a € B ,
where P* = Bf n B: and Bf denotes the closed unit ball of B* . Since
B: is proper, we can define the canonical half-norm of B: :
N(f) = infllif+gll : g € B} .
It has been proved in [9] that
N(f) = sup{f(a) : a € P} for all f € B* .

We shall frequently use a simple fact that the norm of B is monotone

if and only if |la|| = N(a) for every a € B, .

1. Order relations in L(B)

An element u of L(B) is said to be positive if wu(a) = 0 for
every positive element a of B . The set of all positive elements of
L(B) 1is denoted by L(B)+ and the closed unit ball of L(B) 1is denoted
by L(B)l . We set

P = L(B)l n L(B)+ .

The dual L(B)* of L(B) is then equipped with the order structure
defined by L(B)+ . We denote the set of all positive elements of L(B)?*
by L(B): and the closed unit ball of L(B)* by L(B); . We set

4 = * *
P L(B)l n L(B)+ .
Since B 1is assumed to be quasi-generating, L(B)+ is a proper and closed
cone in L(B) . Hence the canonical half-norm
N(u) = inf{lju+v| : v = 0}

is defined for all wu € L{(B) , and, as we have shown in [9], it has another

expression
N(u) = sup{F(u) : F € P} .
We define the second half-norm N on L(B) vy
Hu) = sup{W(u(a)) : a € P} .
Then, since

V(ula)) = #lula)+v(a)) = |lusv]]

https://doi.org/10.1017/50004972700025764 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700025764

288 Sadayuki Yamamuro

for all a € P and v € L(B) we have

+ k4
M(u) = W(u) = |ull for all u € L(B)
Relations among these quantities will be studied in the next section. Here

we shall give some general remarks on the order structure of L(B) .

First, we note that L(B)+ is not necessarily generating even when B
is a Banach lattice. It is generating if and only if every element of

L(B) is "regular" in the sense of Kantorovitch [3].

Secondly, we can consider WN(u*) for the dual u* of u € L(B) only
when Bi is quasi-generating. When Bi is quasi-generating,
N(u*) = N(u) is the best we can have unless B is reflexive. However,

the second half-norm presents no such difficulties.
(1.1). W(w) = N(u*) for every u € L(B) .
Proof. The definition of ﬁ(u*) ,
V(u*) = sup{W{u*(f)) : £ € P*} ,
is always meaningful and

N(u*) = sup{lu*(f)(a) : a € P, £ € P*}
suplf(u(a)) : a € P, £ € P*}
sup{IV(u(a)] :aqa €P} = Wu) .

We recall that the norm of L(B) is monotone if and only if
lull = ¥(u) for every u € L(B)+ .

(1.2). If the norm of L(B) <is monotone, the norms of B and B*

are both monotone.

Proof. For a € B and f € B* , we define an element a ® f of
L(B) by

(a ® f)(x) = flx)a for all x € B .

Then fla ® Fll = llallllfll . Now suppose O <a <b and f € P¥ . Then
0=a®f=b®f and, hence,

lallifll = lla @ fll = Ib @ £l = WBIA -

Therefore the norm of B is monotone. Similarly, it can be proved that

the norm of B* 1is monotone.

The converse of (1.2) is not true. In contrast to this situation, the
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absolute monotonicity is a symmetric property in the following sense.
(1.3). The following conditions are equivalent:
(1) the norm of L(B) <s absolutely monotone;

(2) the norms of B and B* are both absolutely monotone, that

18, the norm of B 1s a Riesz norm.

Proof. (1) = (2). Suppose that -b <=a =<b and f € P* . Then
b®FfF=<a®f=<b®Ff and we have |la|l = ||b|| by the same argument as in

(1.2). Similarly, the norm of B* 1is absolutely monotone.
(2) = (1). Suppose that -v < u <v and a € B1 . Then, for any

€ >0 , there exists b = 0 such that -b <a =<b and ||| = (1+&)]all
(see [9]). Then

tu(a) = tu[b;a] ¥ u(b;a} < v(b;aJ + v[b;a} = p(b) ,

and, therefore,
lula) | = Bl = (1+e)vllllall -
Hence lu|| = |lvl} .
There is another characterization of Fiesz norms which uses the notion
of orthogonal generation. We say that B_ is orthogonally generating (see
[6]) if every element a of B has a decomposition a =a, - a_ such

+
that a, 20 and |l = Ha++a_H . Robinson [4] has observed that, if the

norm of B is a Riesz norm, the dual cone B: is orthogonally generating.
This observation turns out to be an essential one as the following result
shows. We note that u < v in L{(B) if and only if u* < v* for the

duals u* and v* of u and v respectively.
(1.4). The following conditions are equivalent:
(1) the norm of B 1is a Riesz norm;
(2) B} and B}* are orthogonally generating.

Proof. (1) = (2). When the norm of B is a Riesz norm, the norm of
B* is also a Riesz norm. Hence (2) follows from Robinson's result cited

above.

(2) = (1). We shall prove that the norm of L(B) is absolutely

monotone. Then (1.3) will imply that the norm of B is a Riesz norm. Now
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suppose that #u <v in L(B) . Let a € Bl and f € B{ . We denote by

the image of a by the imbedding of B into B** | and let

Q>

~

=a, = a_ and f = f; - f_ be orthogonal decompositions. Then

+ =
flula))

Q>

=a@ﬂfn

= 3+(u*(f;)] + a_(u*(fL)) + a+(—u*(f;)) + 3_(—u*(f;)]
= a, (vx(r)) +a_Hr)) +a, (x(r)) + a_(vi(r,)
= (@, +a_Jo*(f +f)

< fla,+a_Hw*llif +7 1 = lalllvitifl -

Hence |lul = [jv}

It follows from (1.4) that, if B+ and B: are orthogonally
generating (then the norm of B is a Riesz norm), then B:* is also

orthogonally generating.

Dr C.J.K. Batty has shown that (1.4) follows from the fact that B,
is absolutely dominated (see [4]) if and only if it is orthogonally

generating.

2. The norm and the half-norms
For a € B and f € B* , we define an element of L(B)* by
(a, I u)

For subsets X< B and Y C B* , we set

f(u(a)) for all u € L(B) .

(X, ¥)={(a, f) :a € Xand f € ¥} .

For a subset 2 < L(B)* , we define the polars by

2° = {u € L(B) : F(u) =1 for every F € Z}

z°° = {F € L(B)Y* : F(u) <1 for every u € 2Z°} .
The positive bipolars are defined by
2" = 2° n L(B), , 7ot = goo L(B)} and 2t = gto L(B)} .
Then the following relation is obvious.

(2.1). (B, = (8, B})° .

Another relation that always holds is the following.
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+
(2.2). P*= (B, Bf)° .

This relation implies that P* is contained in the convex w#*-closure

(8, Bf)°° or (B, B;)

We now compare two half-norms and the norm on L(B) . We recall that

N(u) = supl(a, f)(u) : (a, f) € (P, PH},
N(u) = sup{F(u) : F € P*}
and
lull = sup{(a, (u) : (a, f) € (Bl’ Bf)} .
(2.3). The following conditions are equivalent:
(1) W(w) = |lull for all u €L(B), ;
(2) P=(PH";
(3) P <Zs hereditary;
(4) the norm of L(B) 1s monotone.
Proof, (1) = (2). Since P C (P*)+ is obvious, suppose that
u € P . Then w20 and N(u) <1 and, hence, llull <1 . Therefore
u €P .,

(2) = (3). Since (P%)7 is obviously hereditary, so is P .

-1 -1
lol ™ u = v and
ol .

(4) = (1). This has been proved in [9], Theorem 2.3.

1A

(3) = (4). If 0<u<wv, them O

1A

Il ™t €P . Hence vl u €¢P or lul

(2.4). The following conditions are equivalent:
(1) N(u) = N(u) for every u € L(B), ;
(2) P*c (p, PH*T .
Proof. The equality (1) is equivalent to
(p, PH" = (PH" .

Then P*C (P*)++ = (P, P*)++ . Conversely, if condition (2) holds and
N(u) =1 for some u € L(B)+ , then
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e (P*)+

u € (P, P*)" c (P, P*)
and hence, N(u) <1 . Therefore we have the equality (1).
Combining (2.3) and (2.4), we have the following.
(2.5). The following conditions are equivalent:
(1) Mu) = llull for all u ¢ L(B)+
(2) P=(p, P*)" .

In relation to condition (2) in (2.4), we note that the equality
P* = (p, P
if the equality holds, P* is hereditary and, hence, the norm of L(B)#*

does not hold even when B 1is a Banach lattice. In fact,
is monotone. This then implies that L(B)+ is generating.

3. The Robinson property
We define the Robinson norm IIuII+ for u € L(B) by
lull, = swlllu(a)ll : a € P} .

This norm has been introduced by Robinson [4] and has been shown to play an
essential role in the theory of positive semigroups on ordered Banach

spaces. We shall say that (the norm of) B has the Robinson property if
= 3\
lull, = llull for all u € L(B)

Robinson [4] has noted that every Banach lattice, the self-adjoint part of
every C*-algebra and the predual of every W#*-algebra have the Robinson
property. In fact, he has shown that the norm has the Robinson property if

it is a Riesz norm.

Since

lull, = swp{(a, ) : (a, ) € (7, B},

the following statement is obvious.

(3.1). The norm of B has the Robinson property if and only if
P=(p, 81" .

Note that the equality P = (P, Bf)+ does not imply the mcnotonicity

of the norm of L(B) , which is equivalent to that P is hereditary,

because (P, B{) is not contained in L(B): . The monotonicity of the
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Robinson norm has simpler character.
(3.2). The following conditions are equivalent:
(1) the Robinson norm is monotone;
(2) the norm of B is monotone;
(3) W(u) = lul, for all u € L(B),
Proof. (1) = (2). We first note that
lla ®f||+ = N(f)|lall for a € B and f € B} .

Since 0<a=b and f=20 imply 0<=a® f<b®f , we have
flall < lBll -

(2) = (3). since N(a) = llall for every a € B, , we have
flula)|f = N(u(a)] for 20 and a2 0 . This implies N(u) = |]u||+ for

u =0 . Since N is monotone, it is evident that (3) implies (1).
We shall say that (the norm of) B has the Robinson* property if
IIu*II+ = [Ju*|| for every u € L(B)+ .

Since |lu*ll = lull , this is equivalent to llu’*ll+ = |lull for every

u € L(B)+ .

(3.3). (1) If the norm of B has the Robinson property, the dual

norm is monotone.

(2) If the norm of B has the Robinson* property, then it is

monotone.

Proof. (1) follows from |la @f”+ = N(f)lall for f =0, and (2)
follows from |[{(a ® f)*||, = lIfl¥(a) for a =0 .

Now, if the norm of B is monotone, we have, by (3.2), the following

relation:
W) = Jlull, = ¥(u) = flul for u € L(B), .

If we recall that N(u) = |lu||] for all u € L(B)+ if and only if the norm
of [L(B) is monotone, the following statement follows immediately from

(2.4) and (3.3).
(3.4). The following conditions are equivalent:

(1) the norm of B 1is monotone and has the Robinson property;
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(2) the norm of L(B) 1is monotone and P*c (P, P")++
(3) the norm of B has the Robinson and Robinson?* property.

Since Riesz norms are monotone, the norm of B has the Robinson and

Robinson* properties if it is a Riesz norm.
A normon B is called an order norm if
llall = ¥(a) v N(-a) for all a € B .

Robinson [5] has proved that the norm of B has the Robinson property if
it is an order norm and the duvual norm is monotone. The converse is in fact

true and it follows immediately from (3.3) (1).

(3.5). Let the norm of B be an order norm. Then it has the

Robinson property i1f and only if the dual norm is monotone.

We shall have a more general version of this result in §7.

4, The Robinson property in the duals

Throughout this section, we assume that B+ is quasi-generating and
normal, so that B+ is generating. Then the positive cone L(B")+ of
L(B*) is proper under the canonical ordering. The second dual B** of B
is also ordered canonically. The positive unit cone of B** is denoted by

P** | For f € P* and & € P** | we set

(£, )(V)

i

€(_V(f)) for every V € L(B*)

and

(P*, P*#) {(f, E) : f € P*, £ € P**} .
The the positive polar (P*, P“)+ is, by definition,
(p*, P*)* = (V2 0 : (f, E)(V) <1 for (f, §) € (P*, P*%)} .

The space B is imbedded in B** and, hence, P 1is imbedded in P** .
We denote the image of P in P** by this imbedding by the same P .

Then we have the following relation.
+
(4.1). (p*, )* = (p*, P4 |

+ +
Proof. It is obvious that (P*, P) D (P*, P**)" . fTo prove the
converse, suppose that V € (P#*, P)+ . Then, for f € P* , we have
V(f) € P° . It has been proved in [?] that P°° = P** vhen the second
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polar is taken in B** . Hence &(V(f)) <=1 for every & € P** | or
+
V € (P*, PA*)" |

Next we consider a correspondence between L(B) and L(B*) . For
u € L(B) , the dual u* belongs to L(B*) and it is w*-w*-continuous,

that is, if {f}} is a net in B* such that fk(a) + 0 for every
a € B , then {u*(f))} is a net in B* such that u*(fk)(a) >0 for

every a € B . Conversely, if V € L(B*) is w*-w*-continuous, we can
find V, € L(B) such that ||V, = IVl by

V(f)(a) = F(V,(a)) for all (a, f) € (B, B*) .
Furthermore, V, 2= 0 if and only if V z O .

(4.2). The following conditions are equivalent:

(1) N(u) = |lull for every u ¢ L(B),
(2) N(V) = |Vl for every positive and w*-w*-continuous element
V of L(B*) .

Proof. (1) = (2). Let V be a positive and w*-w*-continuous
element of L(B*) . Then V, € L(B)+ . Hence, by the assumption,
- +
NV, = IVl . Now suppose that V € (P*, P**)" | fThen, by (k.1),

+

vV € (P*, P and, hence, V, € (P, P*) . Therefore V, €¢P vy (2.5),
that is, [[V,l =1 . Then, again by (2.5), we have Ny = v .

(2) = (1). For u € L(B)+ we have N(u*) = [[u*|l . Hence, by (1.1),
we have WN(u) = [lu| .

An immediate corollary is the following.

(4.3). IFf WN(v) = ||Vl for every V € L(B*)+ , then W(u) = llull for
every u € L(B)+ .

The following is another immediate corollary. 1In view of (3.3), the
assumption that the norms of B and B* are monotone is not restrictive.

(4.4). Suppose that the norms of B and B* are montone.

(1) The norm of B has the Robinsonm property if and only it has the
Robinson* property.

(2) If the dual norm has the Robinson property, then the norm of B
has the Robinson property.
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5. The ~N-decompositions

As a preparation for obtaining another sufficient condition for the
Robinson property, we shall introduce the notion of WN-decomposability and

give some of its basic properties.

When B is a Banach lattice or the self-adjoint part of a C(*-
algebra, we always have
N(a) = ||a+|| for every a € B ,

where a_ denotes the "positive part" of a . Hence, in these cases,
every element has a decomposition a =a, ~ a such that a, =20 ,

+
¥(a) = lla |l end N(-a) = lla_|| .

In general we call B N-decomposable if every element of B has an

N-gecomposition, that is, a =a_-a_ with a 20, N(a) = ||a+|| and

N(-a) = ||a_|| . An element may have more than one N-decomposition.
However, a positive element a € B+ has a unique N-decomposition

(a, 0) .

If B 1is N-decomposable, B+ is obviously generating and,
furthermore, the norm of B 1is monotone because N(a) = |a|| for every

a € B, . Hence B: is also generating.
(5.1). The following conditions are equivalent:
(1) B* is N-decomposable;
(2) for every a € B and f € B*,
fla) = 8(fIN(a) + N(-fIN(-a) .

Proof. (1) = (2). Let f = f, - f_ be an N-decomposition of
f € B* . Then, for each a € B ,

fla)

fla) + f (-a) < |If I¥(a) + |If_iv(-a)
= N(fin(a) + N(-)N(-a) .

(2) = (1). Let f € B* and set
qla) = N(f)¥(a) and r(a) = fla) + N(-fIN(a) .
Then we have
0 <qla) + r(-a) for all a €B .

Therefore, by the double Hahn-Banach theorem [9], there exists g € B*
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such that g(a) = q(a) and g(a) = r(a) for every a € B . Then f,=49
and f =g - f supply an N-decomposition of f .

As the following result shows, B* is N-decomposable if B is
N-decomposable.

(5.2). The following conditions are equivalent:
(1) B 1is N-decomposable;
(2) (1) B* 1is N-decomposable,
(i) aoP - BP is closed for every o >0 and B >0 .

Proof. (1) = (2). Let (a+, a_) be an N-decomposition of a € B .
Then, for f € B* ,

fla)

fla) + (-fla_) = 8(Hlla,ll + #(-Fla_l
F(f)N(a) + N(-f)¥(-a)

IA

Therefore, by (5.1), B* is N-decomposable. Next, to prove (2) (i),

suppose that a =ab -Be , b €P , ¢ €P and a ~+a . Let
n n n n n n

(a+, a_) be an N-decomposition of a . Then, since

"a+" = N{a) = 1im N(an] . N(an] < N(ubn] <a,

ne
and

la_ll = #(-a) = 1in#(-a) , W(-a) =v(e) =8,

n-’oo
where have a_ € oP and a_ €BP . Hence oF - BP 1is closed.

(2) = (1). Suppose that there exists a € B such that
a F N(a)P - N(-a)P . Since N(a)P - N(-a)P is closed and convex, there
exists f € B* such that
fla) > sup{f(z) : = € N(a)P-N(-a)P}
= N(f)V(a) + N(-f)N(-a) ,
which is a contradiction. Hence a € N(a)P - N(-a)P for every a € B and

therefore B 1is N-decomposable.

Condition (2) (ZZ) is satisfied by all Banach lattices and also the
self-adjoint parts of C*-algebras because they are N-decomposable.
Furthermore, all the duals satisfy this condition because of

w*-compactness of P* . Therefore
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(5.3). B* is N-decomposable if and only if B** <is

N-decomposable.

An ordered Banach space B will be called N+-decomposable if every
element aq € B admits a decomposition a = a, - a_ such that a,_ ¢ B+
and N{a) = ”a+H . We have proved in [9] that B* is N, -decomposable if

and only if the norm of B is monotone.
(5.4). The following conditions are equivalent:
(1) B 1is N, -decomposable;
(2) (i) the norm of B* 1is monotone,
(it) P - B, is closed.

Proof. (1) = (2). It has been proved in [9] that the norm of B* is
monotone if and only if, for any a € B and € > 0 , there exist a, €B

such that a =a_-a_ and Ha+H < (1+€)lall . When B is N,-

+
decomposable, the condition is satisfied with € = 0 . To prove that
P - B+ is closed, suppose that bn - cn +a for Dn € P and cn € B+ .
let (a+, a) be an N+—decomposition of a . Then, since N(a-bn) >0
and N(bn) =1 , we have HN(a) =1 , or equivalently, a, ¢ P . Therefore
a € P-—B+ .
(2) = (1). The norm of B* is monotone if and only if
P* = B* n (P*—B*)
+ +
The polar (B: n (P*—B:))° of the right-hand side coincides with P - B,
and
(P*)° = B(N) = {x € B : N(z) =1} .
Hence B(N) = P - B, and, since P - B_ is closed, we have
B(N) = P - B+ ,
which exactly means that B 1is N+-decomposable.

This, in particular, implies that the norm of B* is monotone if the

norm of B is monotone.

6. Spaces of type (v, p)

We set
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up(a) = (Ma)P+0(-a)P)P for a € B

and
w(f) = WEPHPPYYP cor £ et
where 1 =p =® . We include the case when p = o :
u (a) = N(a) v ¥(-a) for a €B
and

w(f) = N(f) v N(-f) for f € B*.

Furthermore, we set

W) = sup{f(a) : Hy(a) = 1} for f € B*
and
ug(a) = sup{f(a) : up(f) =1} for a €B .

The following relations are obvious.

(6.1). (i) u (a) = u(a) = ul(a) for a € B .

0’
(11) w (f) = up(f) = u(f) for f €B*.
(ii1) wi(f) = ul’;(f) s uwA(f) for f € B*.

(iv) ui(a) < ug(a) < ui(a) for a € B .

(v) up(a) = N(a) for a € B+ 5 up(f) N(f) for f € B: .

1A

(vi) wl(@) = flall for @ €B, 5 wAH = Ifl for feB}.

Since MY =y = 21/p

L, b M, when 1 =p = , it is easy to see that

L, u* and u# are all equivalent continuous norms on the spaces where

p'p p
they are defined. We also have the following relations.

(6.2). up(a) = sup{f(a) : ug(f) =1} and

u(f) = sup{f(a) ) < 1} .
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Proof. Since up(a) 2 sup{fla) : ul’;(f) <1} is obvious, we only need

up(a) . For this

purpose we take f € P* and g € P* such that f(a) = N(a) and
g{-a) = N(-a) (see [6]). Now suppose that p < ® and set

to construct h € B* such that ug(h) <1 and h(a)

ho= (@ P Wa@Ptrn-a)P )

Then #(a) = up(a) and

sup{#(z) : p_(x) =1}
< up(a)l-psup{j/(a)p_llv(x)+N(-a)p_lIV(-x) IROE 1}

=1 .

ul’;(h)

When p = ® , for the same [ and g as above, we have WX(f) =1 ,

W¥(g) =1 and u (a) = fla) v gla) . Hence

u (a) = sup{f(a) : u{;(f) =1} .

The second equality can be proved in the same manner.

We shall always denote p/(p-1) by q . When p=1 or p =,

then g = or ¢q =1 respectively.

(6.3). (1) For any a, € B, such that a=a,_-a_,
wy(a) = ulta) = (la, IPella_IP)/P .
(2) PFor any _fir € B: such that f = f+ -f
< < 1 Py1/p
() = () = (IF, P+l IF) 7

Proof. Choose f and ¢ , and define % in the same manner as in
(6.2). Then Hh(a) =up(a) and

(T = 0T+ 8w = w (@) P W@ -a)f) = 1

Therefore up(a) = ug(a) .

1}
Q
|
Q

Next let «a and a, € B+ . Then, for f € B* |,
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fla) = fla,) + (-fa_) = 8(H)lla i + ¥(-F)la_ll

()l [P+ la_IP) /P

IA

It then follows that uz(a) < (_||a+||p+lla_||p)l/p .
When p = and q =1 , the relation we need to prove is
w(a) =) < lla Il v lla |
) e | - + s

To prove this we take f € P* such that f(a) = N(a) . Then, since

ul(f) = N(f) =1 vy (2.1) (vi), we conclude that N(a) < uf(a) .
Similarly, WN(-a) = ui(a) , and, therefore, U (a) = uf(a) . The proof for

uf(a) < Ha+H vV Jla || is the same as above. Thus (1) has been proved and
(2) can be proved similarly.
As a corollary, we have the following relations.

(6.4). (1) Suppose that B is N-decomposable. Then
up(a) = uz(a) for all a €B.

(2) Suppose that B* <is N-decomposable. Then
up(f) = uc’l‘(f) for all f € B*
Proof. We only need to take N-decompositions (a+, a) or (f;, )
in the right-hand sides of (2.3).
We say that B is of type (N, q) if |la| = up(a) for all a € B .
Then (2.4) implies the following.

(6.5). (1) Suppose that B is N-decomposable. If B* is of type
(N, q) , then B 1is of type (N, p) .

(2) Suppose that B* is N-decomposable. If B s of type
(¥, q) , then B* <is of type (N, p) .

Next we consider the relations between the spaces of type (N, @) and

of type (N, 1) . The following facts are fundamental.

(6.6). (1) Jla = W (a) for every a €B if and only if B} is
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postitively generated, that is, Bf < p* - p*

(2) iffl = ul(f) for every f € B* 4if and only if B, ig positively

quasi-generated, that is, Bl CcCP-P.,

Proof. Suppose that |la] < ul(a) for all a € B. Then B(ul) c Bl
where B(ul) ={a €8 : ul(a) <1} . Since we have B(ul)° = P* - P* for
the polar B(_ul)° of B(ul) , we can conclude that B]’_E C P* - P* |
Conversely, if Bi‘ is positively generated and f € B]’_‘ , there exist
f, € P* such that f=f - f . Then

fla) = f+(a) - f (a) = N(a) + N(-a) = Ul(a) s
and hence, |la|l = ul(a) .

We can prove (2) in a similar manner by using the relation

#H s #l oo . uflg) <
B[]Jl] = P - P , vhere B[Hl] {a €B : Lll(a) = l} .

We can now characterize those spaces of type (N, ©) whose duals are

of type (W, 1) .

(6.7). Let B be of type (N, ») . Then the following conditions

are equivalent:

(1) B* is of type (N, 1) ;

(2) Bl 18 positively quasi-generated;

(3) B* is N-decomposable.

Proof. (1) = (2). B* is of type (¥, 1) if and only if
IFll = ul(f) for every f € B* . Hence (6.6) implies that B, is

positively quasi-generated.

(2) = (3). By the Grosberg-Krein theorem (see [2] and [6]), every
f € B* admits a Jordan decomposition
Fef-f £, €8 aa Ifl=I70+ 70 -
It is obvious that N(f) = [If, I and N(-f) < ||f_|| . However, by (6.6), wve
have |Ifll = ¥(f) + N(-f) . Therefore N(f) = ||f'+|| and N(-f) = lIf_ Il - In

1A
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other words, Jordan decompositions are N-decompositions when Bl is
positively quasi-generated.
(3) ® (1). This follows immediately from (6.5).

REMARK. Suppose that B has an order unit e such that Jel =1

and its norm is of the form
lla]] = inf{x > 0 : -Xe = a = X} .
Then
Na) = inf{X >0 : a = A} ,
and B 1is of type (N, @) . For every a € B ,
a = %(|lalle+a) - %(llalle-a) ,

and, hence, B, is positively generated. Therefore B* is of type

1
(N, 1) and the Jordan decompositions are N-decompositions. Since Bl is
positively generated, B(u,) = Bl C P - P . However B(H,) = B(u§]==P - P.

Therefore P - P is closed. Note that the decomposition of a ,

3(llalle-a) ,

a, = 4(llalle+a) and a_
is an orthogonal decomposition and

lall = ¥(a) v ¥(-a) = lla ,+a_|

eIl v lla_l -

However these are not enough to conclude that (a+, a_) is an

N-decomposition of a . Note also that the equality
a = N(a)e - (N(a)e—a]

shows that B is N+-decomposable and, hence, P - B+ is closed.

7. The Robinson property and spaces of type (¥, p)

The connection between the Robinson property and the spaces of type
(¥, p) is based on the following fact, which is a generalized version of

(3.5).

(7.1). Suppose that every f € B* admits a decomposition
f=Ff,-f such that f =0 and

f Ivta) + lIf_ln(-a) = |Ifllllall for all a €B .
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Then N(u) = |u|]| for all u € L(B)+ if and only if the dual norm is

monotone.

Proof. Let wu € L(B)+ , ac¢€B

4
, and f e Bl . Then

fu@) = £, (Wa)) + £ (u(-a))
= If, (@) + If_I7(u(-a)) .

Suppose that the dual norm is monotone. Then there exist bn > 0 and

cn = 0 such that

bn za, ¢ 2-a, ||bn|| < N(a) + 1/n and ”cn” < N(-a) + 1/n .

Then, since u = 0 ,

flw@) = Irw(u®,)) + Ir_Ivule,))
s IF, WG I, 1l + 7T e, |
= W) (117, [l (@) -(2/m) )+l _l(W(-a)-(1/m))) .
Therefore we have |lul| < N(u) and, hence, |lu]l = N(u) . Conversely, if
lull = ¥(u) for all u € L(B), , the norm of L(B) is monotone. Therefore

the dual norm is monotone.

As a corollary, we have a sufficient condition for the Robinson

property.

(7.2). Suppose that B 1is of type (N, p) and B* 1is
N-decomposable. Then B has the Robinson property.

Proof. By (6.5) the dual norm is of type (W, q) and, for an
N-decompositicn f = f; - f; of f € B* | we have

Hf+”N(a) + [If_W(-a) = N(f)N(a) + N(-f)N(-a)
= WA La-HNY U w(a)P+i(-a)P) P = sl

Furthermore, since the norm of B is monotone, we have N(u) = ||u||+ for

u € L(B)+ . Therefore B has the Robinson property.

It follows from the remark at the end of the previous section that the

space whose norm is an order unit norm has the Robinson property.
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