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PROPER EMBEDDABILITY

OF INVERSE SEMIGROUPS

A. SHEHADAH

Let S be an inverse semigroup. We prove that there is a
ring with a proper involution * in which S is *-embeddable.
The ringwill be a natural one, R[S] , the semigroup ring of S

over any formally complex ring R ; for example R , £ .

1. Introduction

In [5] we gave a negative answer to a question in [3]: Given a
semigroup S with a proper involution, does there exist a ring R with
a proper involution in which S is *-embeddable. In this paper we
answer the same question in the affirmative if S happens to be an inverse

semigroup with an involution equal to its inverse map.

2. Preliminaries

DEFINITIONS: 1et S be a semigroup. An involution on S is a
map *: S + S such that, for a, be §, a** = a, (ab)* = b*a* . The
involution * is proper if, for a, b € S, aa* = ab* = bb* implies
a =b. A proper *-semigroup (5,*) is a *-semigroup (S,*) in which *

is proper.

Let R be a unital ring. &an involution on R is amap *:R =+ R

such that, for A, BER, A** = 4, (AB)* = B*A* , and (4 + B)* = A* + B* .
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The involution * 1is proper if, for 4 ¢ R , AA* = 0 implies A =0
A *-ring (R,*) is a ring R with an involution * . A proper *-ring

is a *-ring (R,*) in which * is proper.

Let (S,*) be a *-semigroup and (R,*) be a *-ring. A *-embedding of
(S,*) into (R,*) is a 1-1 map f:S > R , such that, for a, be S ,
flab) = fla)f(b) , and fla*) = (f(a))* . If such a map exists then we
say that (5,*) is *-embeddable in (R,*)

let (R,*) be a *-ring. If for every 4

X =
Lreees AneR,izlAiAi 0

implies all Ai =0 , then (R,*) will be called a formally complex ring.

A formally complex ring is a proper *-ring: We take #n =1 in the

definition.

Given a *-gsemigroup (S,*) and a *-ring (R,*) , the *-semigroup
ring (R[S1,*) with involution * defined by (Ir;s;)* = irfis is a
*-ring in which (S,*) is *-embeddable. If (S,*) 1is a proper
*-semigroup, there may not exist a proper *-ring (R,*) in which (5,%)

is *-embeddable [5].

3. The results

LEMMA. Let S be an inverse semigroup and let a, b, ¢ be

three elements of S such that aal =be . then o' = alo.

Proof. We have aa * = et = cb™) . fTherefore bb Y.aq*

= bet = bbbt = et = aat. Thus b laala = aata

therefore, pb g = a. Now we have o 1b(a 'p) 7t = a b7l = o7t

- - - - - - - -1 -1 -
=a a, and a lb(a 1c) - a lb.c la =q l.bc l.a =aq .aa .a=a kz

-1 - . .
Thus a b <a lc in the Vagner - Preston partial ordering.

Similarly a "¢ sa b and so a ‘b =ale .

THEOREM. Let S be an inverse semigroup and (R,*) be any
formally complex ring. Then the involution * <induced on the semigroup
ring R[S] is proper.
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Proof. We have to show, for every m , for every finite subset

= * =
{sl,...,sm} c S and for every A4 iglaiai € R[S]1 , that A4 0 only

if a; = 0 (£ =1,...,m) . We prove this by complete induction on m .

. . . - -1
The case m = 1 is trivial, since here aa.a*s L aa*.ss , and so
(ag) .(ae)* = 0 only if aa* = 0 so that g =0 (since R is a proper

*-ring) .

Given any positive integer # , assume the result is true for all

m<n . Choose any subset {sl,...,sn} c S , and let Ayre--0a, € R

n
be such that 4 = iglaisi satisfies AA* = 0 . Pick from the set
{sl,...,sn} any sj maximal with respect to the Vagner - Preston order,

without loss of generality assume it is 8, that is, sn £ si

(Z=1,...,m1). We distinguish the following two cases, which exhaust

all other possibilities:

-1 -1 .
Case 1. 6,8, = susv implies u =v(V u,v =1,...,n) .

Case 2. s s_l
nn

sus;l for some pair (u,v) such that u # v .
We treat each case separately.
In Case 1 the only sus;l which are equal to sns;t1 are of the

~1 . . -1 -1
form Bisi . Without loss of generality, let these be sksk ,...,snsn

for some Kk in the range 1 < k <7 . Then by collecting the coefficients

-1 . " % — .
of 8,8, in A4A* , we have that akak +o..t a.ar = 0 . Hence, since R
is formall a @ =0 . Thus 4= i‘a.s
1s formally complex, y Teeem A, = . us = gk %45 -
In Case 2, apart from sns;l itself, there can be no sns; or
-1 -1
. . w ol
svsn equal to 8,8, since either would imply sn < sv contrary to our
- -1
choice of . Also for otherwise = .
. %n %n n * n sv ° s 5y sv
-1 s _ 2 laa, _ -1, _n -1
Now s, A(sn Ay * = sn AA 8, = 0 where &, A = '51 a;e, €, -
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Also sns_l = 8 s_l for at least one pair (u,v) with u,v,n all

n uv
different, and for all such (u,v) we have s;lsu = s;lsv, by the Lemma.
. -1 n ~1 .
Thus, in the formal sum 8 4 = .L.a.8_ 8., there is at least one
n =l"1"n "1
"collapsing” s.'s = s 's. # s ‘s with wu,v all diff t. In oth
p g n u n Su n Sn Uu,v.n ifferent. n er

-1 -1 -1
i in th = '+...+ b.s!
words sn A can be written in e form sn A bnsn &, + b232+ b,l,sz

for some s',...,sée S , where bn=a . b

" 2,...,b1:<-R and 7 <mn

Since s;lA(s;]'A)* = 0 , by the induction hypothesis, a, = bn =0

Thus A = 221 as, . We have shown that, in both Case 1 and Case 2, 4

is a formal sum with fewer than n terms. By the induction hypothesis it

follows that all a,L- = 0.

PROPOSITION. rLet S be any inverse semigroup and let R be any
formally complex *-ring. Then the semigroup ring RI[S] contains no
nonzero nil ideal. (Equivalently, R[S] has a zero nil radical).

PROOF. The map 4 = ir g, > A* = Er{.‘s;l defines an involution on

R[S] . From the Theorem, R[S] is a proper *-ring. Let I be any nil
ideal in R[S] and let Ae¢ I . Now AA*e I and hence, for some

n21, (UA"" = 0. By *-cancellation [2] A =0 . Thus I = O
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