
LEBE5GUE CONSTANTS 
FOR REGULAR TAYLOR SUMMABLLITY 

R. L. Forbes 

( rece ived September 21 , 1964) 

1. Introduction» The n Taylor m e a n of order r of a 
sequence { s } i s given by 

n 

(1 .1 ) <rr = S a s 
n , _ nk k 

k=0 

where 

n+1 n oo 

(1.2) ^H—-^—= s a v e k , | r e | < i . 
d - r e ) n + 1 k=o n k 

Cowling [ l ] has shown that this method i s regular if and-
only if 0 < r < 1. Since r = 0 corresponds to ordinary 
convergence , it wi l l be a s s u m e d here that 0 < r < 1. 

th 
The n T a y l o r - L e b e s g u e constant of order r i s given 

by 

2 *IZ °° d 
(1 . 3) l / ( n ) = - f | S a s in(2k+i )u | - r ^ — . 

T ir «i ' „ nk ' s in u 
0 k = 0 

These constants have a lready been studied by Ishiguro [2] and 
Lorch and Newman [6] who showed, independently, that 

(1 .4 ) l £ ( n ) = — l o g — + a + o ( l ) a s n - « 
T ù x 

TT 
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where 

(1.5) a = -
1 oo 

2 /• sin t . 2 r r2 . . h dt 
y +— [ — dt - — / [— - sin t ] — 

where y i s Euier* s constant. 

Here it will be proved that 

(1.6) L*(n-1) = L A + o ( l ) as n - o o 
i D r 

where L» (x) is the x Bore l -Lebesgue constant. Using the 

resul t of Lorch [4], 

(1-7) S | ) =p2 l o g f • Y " logT - S + Ê ) B i a t d t 
2 IT 

/ 
0 

°fâ as n -* oo 

where 

(1-8) +(*> = -
r*(x) 
r(x) ' 

it follows that 

(1-9) l£(n) = L!.(a-1) + 0(-) 
T T n 

,n% = LB(~) + o(i) 

as n -* oo 

as n -* oo 

(2 

2 ' Proof of 1-6- Using (1.2) , 

tr/2 

f 
0 

-1) I ^ ( n - l ) = | / ( i l £ ) n | s i n [ ( 2 n - l ) u + n e ] | ^ - u . 
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where 

(2. 2) pe = 1 - r e . 

The following lemmas and corol lar ies a re required, the 
proofs being given in Section 4: 

LEMMA 1 

for 0 < u < -

whe: 

ffl'f 
re A is a po 

-2Au2 

sitive constant. 

COROLLARY 1 

P?)V 
LEMMA 2 

. 2 -Anu 

. 2 4ru 

for 0 < a < -r . 

J p i £ j _ e <*-*) | < B u 4 for u * 0 . 
2 . .2 

where B is a positive constant. 

COROLLARY 2 

2 
2nru 

- e ( 1 ~ r ) | < Bnu4 for u > 0 
P ( — 

\ P 

LEMMA 3 [Due to Miracle (see 4. 9 of [7])]. 

|6 - - ^ | < C u " for 0 < u < ^ , 
1 1-r — 

where C is a positive constant. 
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COROLLARY 3 

| | s i n [ ( 2 n - l ) u + nG ] | - | s i n [ ( 2 - + 1 ) y ^ ] | | <J G n u 3 + - ~ 

for 0 < u < •£ • 

The fol lowing s t a n d a r d r e s u l t s a r e a l s o r e q u i r e d : 

2 TT 

(2 . 3) — u < s in u < u for 0 < u < — 

3 
(2 .4 ) 0<L u « s i n u £ u for u > 0 . 

The i n t e g r a l in (2 . 1) c an b e r e d u c e d , in t h r e e s t e p s , to a 
s i m p l e r , a p p r o x i m a t e i n t e g r a l , the e r r o r c o m m i t t e d a t e a c h 
s t e p be ing o ( l ) a s n -» oo. To f ac i l i t a t e c o m p u t a t i o n , it i s 
conven ien t t o r e d u c e t h e r a n g e of i n t e g r a t i o n by r e p l a c i n g TT/2 

-E 
by Ô w h e r e Ô = n . F u r t h e r a n a l y s i s w i l l show tha t e m u s t 
be c h o s e n to l i e b e t w e e n 1/3 and 1/2. H e n c e , to be s p e c i f i c , 
l e t 

- 3 / 8 
( 2 . 5 ) 6 = n ' . 

Then the e r r o r c o m m i t t e d by r e p l a c i n g TT/2 by 6 i s 

TT/2 tA x n 

r 
6 

«rr/^ n 
- / [ — [ s m [ ( 2 n - l ) u + n 6 ] i - ^ -

TT/2 2 du 
2 r - A n u _ . . by C o r o l l a r y 1 and (2 .3 ) 

-£— / e (2/TT)U J TT 

- A n ô 2 

TT e 
< 
= 2 6 

1/4 
TT 3 / 8 -An ' 

= ~ n e by (2 .5 ) 
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= o(l), exponentially, as n «**«>. 

The steps in the reduction of the integral are then 

2nru 

(a) the replacing of h 1 by e 

(b) the replacing of sin[(2n-l)u + n0 ] by sin[(2 —-+ 1)- ] 

and 

(c) the replacing of sin u by a. 

The error committed in (a) is 

2 

«rr J 
0 \ P 

2nru 

« e 
du 

sin[(2n»l)u + n9] I——- I 
'sin u 

^ 2 /* _ 4 du 
< - J Bnu 
358 ir ^ 2 /TT u 

Bn 
-1/2 

by Corollary 2 and (2.3) 

by (2.5) 

= o(i) as n -> oo 

The error committed in (b) is 

2nru 

(1-r) n .. ru , , , du 
g / e . | a - " [|sin[(2n-l)u + n9]| - |sin[(2^+ 1 )^] | ] ^ 

6 
< - f fcnu3 + - S i ) „fU by Corollary 3 and (2. 
- IT J V 1-r ) 2/ir u 

3) 
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- -1/8 -3/8 
Un rn .~ „. 

- + by (2.5) 
3 1-r 

= o(l) as n -*• oo . 

The error committed in (c) is 

Znru 
„ 6 2 
h J e v sin [(2-+ 1 -—] \-r— - - du 
ir ^ f r l - r J l ' sin u u 

2 r u - sin u , 
< — / . du 
= ir ^ u sin u 

ô 

< / *du by (2.3) and (2.4) 
0 

-3 /4 
n by (2.5) 

= o(l) as n -*• oo . 

(2.1) then becomes 

2nru 
ô 2 

/o o\ r r / ,% 2 r (1-r) , . r /_n i t ru .» du 
(2.8) la ( n - l ) = - / e S l n[(2-+i)——] — 

T ÎT J l u r 1-r ' u 

as n -** oo 

ru 
The substitution t =—— yields 

1-r 

rô ^n 2 
n T ~ -2-t 
2 r l - r r , . r _ n . , , , dt 

o (2.9) L <n- l )=- f e r | sin[(2-+ l)t] | ^ - + 
* •* v\ r t 

a s n «^ oo 
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rô IT 
—— can now be replaced by -~ • For sufficiently large n 

rÔ IT „ , , . 
—— < -r and the error committed is 
1-r 2 

7 * ' 2 -z~tZ 

\ f e r |sin[(2f,l)t]|f. 
r6 

1-r 

Hence 

1-r 

, 1/4 2rn 

, , , 3/8 (1 -r ) 2 

( l -r)n e 
by (2. 5) 

= o(l) , exponentially, as n -*• » 

w/2 -2 - t 
(2.10) L ^ n - l ) = - f e r IsinRZ^+Dt] | — + o(l) 

T T J r t 

a s n -*• 00 

L~~(~") + o(l) as n «** 00 in Lorch1 s notation 
B3 r 

(Theorem 3. 3 of [4]) 

L, (— ) + o(l) as n -** 00 by Lorch1 s theorem 

(Theorem 3. 3 of [4]) . 
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3- Remark. The above methods can also be applied to 
the Euler -Lebesgue constants of o rder r a l ready studied by 
Lorch [5] and Livingston [3]» It can be shown that 

r m 
(3.1) L_Jn) = L (—— ) + o(l) a s n - o o 

E B 1-r 
r th 

where L (n) denotes the n Euler -Lebesgue constant of 
E 

order r . 

4. Proofs of Lemmas and Coro l la r ies . In the proofs, 
the following r e su l t s a r e requi red , along with (2. 3) and (2.4): 

- x 2 
(4.1) 0 < e - ( l - x ) < x for x > 0 

(4.2) I l* | - | y | | < | x - y | for al l x and y 

(4. 3) j sin x - sin y | < |x - y | for a l l x and y . 

F r o m (2. 2), 

p = 1 - 2r cos 2u+ r 

2 2 
(4.4) .= (1-r) + 4r sin u 

2 2 
= (1+r) - 4r cos u ; 

hence 

(4.5) 0 < l - r < p < l + r < 2 . 

Proof of Lemma 1. 

M \ 2 A • 2 

r " r I ~ A 4 r S m U u IA A\ 

rp"J • "—~T™ y ( * 2 
p 

< l - **W" a > 2 by (2. 3) and (4. 5) 
2^ 
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4 r u 
2 

<_ e by (4. 1) 

C o r o l l a r y 1 fol lows i m m e d i a t e l y . 

P roo f of L e m m a 2. 

4 r u 

f l - r \ 2 ( 1 - r ) 2 

e 
P m 

4 r u 
2 2 

4 r s in u ( 1 - r ) , tA A. 
= 1 • - e by (4 .4 ) 

= (: 
2 2 

4ru 4r s in u 
~2 T 
P P 

' M l - r 

2 A 2 
4ru 

( 1 - r ) 2 p 2 

4 r u 

^ ( i - r (1 -r ) 

Hence 

4ru 

m 
v2 2 

( 1 - r ) (1 -r ) 
- e 

P 

4r , 2 . 2 % , 2 
jç—r1 (u - s in u) + 4ru 

f i o 
Ml-r) p ; 
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4ru 

(1 r) . f 1 _ 4rU 

V (1-r (1-r) 

= f(u) + g(u)+ h(u), say 

4r 
f(u) = —z (u + sin u)(u - sin u) 

4 r , , 4
 3 

< (2u) u 
~ ( l - r ) 

by (4.5), (2.3) and (2.4) 

8ru 

(1-r)' 

2 
g(u) = 4ru 

r 2 2 1 
P - (1-r) 

2 2 
L(l-r) p J 

4ru tM . Z % 

< — (4r sin u) 
= 4 

(1-r) 

I6r2u 
4 

by (4. 5) and (4. 4) 

by (2. 3) 
(1-r) 

h(u) < 
4 r u 

2 \ 

(1-r) 
by (4.1) 

w 2 4 
lor u 

(1-r)" 

Hence (T) 

4 r u 

(1-r) / 8r 32r2 \ 4 

< z + T u • 
- V(l-r) (i-r) ; 
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Proof of Corollary 2, 

4 r u 

Let a -Prl-
2 2 

b = e and f(x) = x , so that 

_ n n/2 - 1 
f (x) = - x 

By the mean value theorem, f(a) - f(b) = ff (£)(a-b), where 
I l ies between a and b, inclusive, and hence 0 < £ < 1 by 
(4.5). 

Therefore , f(a) - f(b) = | f,Z " 1 (a-b) 

and |f(a) « f(b) | < - [ a - b | 

is >, 

1 2nru 

m°-'ii-')Z n 
Î2 

! 4 ru 

( Ï Ï E ) Ï - , 1 - " Z I 
4 

< Bnu by Lemma 2 

J Proof of Corollary 3. 

n . v ru | | s i n [ ( 2 n - i ) u ; + n e ] | - \Bm[{2çH) — ]\\ 

n ., ru. < |sin[(2n-l)u+ n9 ] - sin[(2^f 1 ) ™ ] | by (4.2) 

< | ( 2n - i )u+n9 - ( 2 - + l ) ~ by (4. 3) 

, ft 2 ru , ru 
< n 9 + - — 
= ' 1-r ' 1-r 

^ 3 ru 
< Cnu + 
» l - r 

by Lemma 3. 

807 

https://doi.org/10.4153/CMB-1965-060-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-060-2


REFERENCES 

1. V. F. Cowling, Summability and analytic continuation, 
P r o c Amer. Math. S o c , Vol. 1 (1950), pp. 536-542. 

2. K. Ishiguro, The Lebesgue constants for ( \ , r ) summation 
of Fourier ser ies , Proc. Japan Acad. , Vol. 36, 1960, pp.470 

3. A. E. Livingston, The L»ebesgue constants for (E,p) 
summation of Fourier ser ies , Duke Math. Journ. , 
Vol. 21 (1954), pp. 309-314. 

4. Li. Lorch, The Lebesgue constants for Borel summability, 
Duke Math. Journ., Vol. 11, No. 3 (Sept. 1944), 
pp. 459-467. 

5. L». Lorch, The Lebesgue constants for (E, 1) summation 
of Fourier ser ies , Duke Math. Journ. , Vol. 19 (1952), 
pp. 459-467. 

6- L.. Lorch and D.J. Newman, The Lebesgue constants for 
(v, r) summation of Fourier series , Can. Math. Bul l . , 
Vol. 6, No. 2 (May 1963), pp. 179-182. 

7. C. Li. Miracle, The Gibbs phenomenon for Taylor means 
and for [F, d ] means, Can. Journ. Math., Vol. 12(1960), 

n 
pp. 660-673. 

University of Alberta, Calgary 

808 

https://doi.org/10.4153/CMB-1965-060-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-060-2

