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BICYCLIC BICUBIC FIELDS

CHARLES J. PARRY

1. Introduction. There is an extensive body of literature on the bicyclic
biquadratic fields. These fields provide the simplest examples of abelian non-
cyclic extensions of Q. In sharp contrast, there is a dearth of literature on the
bicyclic bicubic extensions of the rational numbers. These fields together with the
abelian noncyclic octic extensions provide the next simplest abelian noncyclic
extensions.

In this article, we shall study abelian bicyclic bicubic extensions of Q of
degree 9. Hasse [4, v—ix] has stated as important objectives: the computation
of an integral basis, the determination of class number and the calculation of
fundamental units for abelian fields. In this article, we will solve the first problem
completely, and show that the solution to the unit problem leads to a solution of
the class number problem. Moreover, we shall give a method for determining
the unit group up to a subgroup which has index 1 or 3 and so determine the
class number up to a factor of 3.

2. Notation and terminology. The following notation will be used through-
out this article.

Q: Rational number field.

¢ = ¢®™/3:  Primitive cube root of unity.

k = Q(Q: Third cyclotomic field.

K: Bicyclic bicubic extension of Q of degree 9.

K; (i=1,2,3,4). Cyclic cubic subfields of K.

f: Conductor of K.

fi (=1,2,3,4). Conductor of the field K;.

L; = K;(0).

L =K.

Ngr: Norm function for the extension £ /F.

Sg/r: Trace function for the extension E /F .

Dp: Discriminant of the field F over Q.

h: Class number of K.

h;: Class number of K; (i =1, 2, 3, 4).

U: Unit group of K.

U;: Unitgroup of K; (i =1,2,3,4).

V = U,U,U3U,4:  Product of subgroups in U.

o&: Complex conjugate of a complex number .
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An integer (x +yv/—3)/2 of k is said to be normalized if either x = 2,y =
0(mod 3) or x = 3xq,y = 3y with xy = 2, yo Z O(mod 3). A normalized integer
is said to be strongly normalized if y > 0.

Lemma 1. If « is an integer of k relatively prime to 3 then « has exactly
one normalized associate. If (a,9) = 3, then o has exactly two normalized
associates.

Proof. Since there are exactly six units in &, the lemma follows by an exam-
ination of cases.

CorOLLARY. If a is an integer of k, which is not a rational integer, with
(e, 9) = 1 (respectively _i ), then a has exactly one (respectively two) associate(s)
B such that either 3 or 3 (but not both) is strongly normalized.

Proof. 1f B is normalized and not a rational integer, then exactly one of 3 or

3 is strongly normalized.

3. Integral basis. It follows from Gras [1], Hasse [2] or Maki [5] that the
field K; (i =1,2,3,4) generated by the roots of a polynomial

gi(x) = x* — (fi/3)x — fia; /27

where 4f; = a,-2 +27b,-2 and o; = (a; + 3b,~\/—3)/2 is strongly normalized. It will
be shown that a3 and a4 can be determined from «; and a».

LEmMA 2. Let d = (f1,/2),6 = (a1, &) and Y = 1/3(0(1,0(2) orY = (ay,az)
according as 3 divides both of o) and an or not. Then Ny /Q(év)_: d and there
exist integers 31 and 32 of k such that oy = Y63, and oy = Y6(3,. Moreover,
either Y3182 = p or 3p where p is a square free integer of k relatively prime
to 3 and divisible by no rational integer.

Proof. First note that Ny /p(c;) = f; is square free except for a possible factor
of 9 and «; is an integer of k. Since the integers of £ form a UFD, we can write

B
O = Ty MM oo Ty oo T Ty - . TE]

e = = ! /
Ay = Ty T e e T Mg oe o Mgy o T €2

where mp = (=3 + 3\/:5)/2 and my,..., 7, 7,,,...,m, are distinct, noncon-
jugate, normalized primes of & which do not divide 3, €, ¢, are units of k, and
e, 2 € {0,1}. Since the product of normalized integers, not divisible by 3,
is again normalized and since « is normalized, we see ¢; = 1 when ¢; = 0.
Similarly, e, = 1 when e, = 0. If ¢; = 1, then by dividing both sides of the
expression for a; by 3 and examining congruences modulo 3, we see €; = 1 or
(-1 +\/—_3) 2 according as by = | or 2(mod 3). Similarly, whenes = 1,6, = 1
or (—1 ++/—3)/2 according as b, = 1 or 2(mod 3). Let m = min{e,, e2} and
note

m
O = Ty Mgl - Ty

Y=m...T,.
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Setting

ey—m

Bi =7y "mg...me and  Br =wg ", .. e

s+l

where € = (—1 — +/—3)/2, the result follows.

ProposiTioN 3. Let f; = df] for i = 1,2 and Nijp@0) = ¢, Nijo(Y) = g.
Then fy = gf\fs and fa = cflfy. Moreover oz = +383183 or oz = £YB13, and

oy = 16615 or ay = £63) .
Proof. By the cubic formula, K; = Q(#;) for i = 1,2 where

0; = 1/3(Vfioi + Vf;a).
Also
0, =1/3(fiai +CVfia) and 8] = 1/3CVfiai + (Vfiaw)

are the conjugates of 6; and are also contained in K;. Now
L; = k(Vfiot) = k(Vf;a)

and since there are exactly 4 cubic intermediate fields between & and L, we may
number L3 and L4 so that

Ly = k(Vficnfron) and Ly = k(Vfiofrd0).

Now
ficnfran = df{V6Bdfs 1603,
= d’ 111667 6132
= (g’ iV’ 8182
= gAY BB
= (¢ il 1B152
SO

Ly = K(y/8 fif37B152) = K(Vfr3).

Since gfif,78182 and fiaz are both cube free integers of k, it follows that
fi = gflfy and a5 = 7818, or a3 = £YB313,. Similarly, fs = ¢f{f; and
oy = £68315; or oy = £66 3.

CoOROLLARY 1. For any prime p, either p divides none or exactly 3 of the
conductors fy, >, f3, fa.
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CoRrOLLARY 2. We may choose f| with (f,3) = 1. If this is done then

a3 =018 or oy =7B1Bx and s =633 or ou=6B5s.

Proof. The first statement is immediate form Corollary 1. Under the hypoth-
esis (fi,3) = 1, e; = 0 in the proof of Lemma 2. Hence €; = | and so (3, will
be normalized. Also m = 0 so that § is normalized. If e, = 0 then all of 7, 7,
B, B1, B2, B> and a3 are normalized so the sign in the equation a3 = 73,
or a3 = Y38, must be positive. If e; = 1 and a3 = +73,3, then divide
both sides of the equation by 3 and take congruences modulo 3. Since ¥, §; and
(62/71'062) are normalized this reduces to

2+ b3v/—3 = (=1 +vV—=3)e> (mod 3).

Recall ¢ = 1 or (—1 + v/ —3)/2, but in either case the sign must be positive.
Similarly, the sign must be positive if a3 = +Y33,. Likewise the sign in the
equation for ay must be positive.

THEOREM 4. The discriminant Dk is given by

_ {(91171192~~Pn)6 if31f2
(pip2--.p)°® if31h

where py, pa, ..., pa are the distinct prime divisors of f\f> other than 3. Moreover,

P {9p1pz..-pn if 312
pip2--.pn if31f2

Proof. A prime p ramifies in K if and only if p|f; or p|f,. Moreover, in
K (p) = (P\P,P3)’ with Nx/o(P;) = p or (p) = P{ with Nx/o(P)) = p°
where each P; is a prime ideal of K. If p # 3, Dedekind’s formula shows that
the different Ag /o is exactly divisible by (P,P,P3)> or by P} depending on
the factorization of p. In either case p% is the exact power of p dividing the
discriminant Dg. If 3 1/, then 3 { D and we are done. If 3| f, then (3) = P? in
K, where P is a prime ideal of norm 3. Since P* exactly divides the different
Ak,/o and (Ak/k,,3) = 1, it follows that P* exactly divides Ag/o. Hence 3'?
exactly divides the discriminant Dg.

The conductor f of K is clearly the least common multiple of the conductors
fi of the fields K;(i = 1,2,3,4). Thus f has the stated value.

COROLLARY. Dy = Dk Dg,Dg, Dk, .

If 3|11 let pi(x) = qi(x) and otherwise set

1—f  fla —
pitx) =x3 =12+ 3fzx_f,(a, 273)+1

fori=1,2,3,4.
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Let 8; be a root of p;j(x) then Maki [5] shows that 1,8;,8. form an integral basis
for K;/Q where 8. is a conjugate of 0;.

LEMMA 5. The basis 1, 0y, 8], 6, 05, 03, 0, 04, 6, for K/Q has discriminant
38Dk, Dk, Dg, Dk, .

Proof. A straight forward, but tedious calculation using the standard repre-
sentation of the discriminant as a determinant, gives the result.

THEOREM 6. An integral basis for K /Q consists of 1, 6, 01, 0,, 65, 0s, 06, 67,
0s where

Os = 1/3[—€+ €6, + 0, + 63 + 4]

0o = 1/3[—€+ €| + 0, + 65 + 0]

67 = 1/3[e0) + 05 + 65 — 64 — 0]

s = 1/3[e0) + 0, — 65 — 0 + 04]
and € = fr(mod3) is 0 or 1.

Proof. First we need to show that s, 6, 6; and 0y are integers. Since 3 1 f)
it follows from Cardan’s formula, (see [6, p. 179])

0 = 1/311 +vfia +Vfia]
and fori =2,3,4

0; = 1/3[e + Vi + Vi)
Here we choose conjugates so that

6, = 1/31¢ + (Vi + Vi)

where ¢ = 1 or € according as i = 1 ori > 1.
Now by Corollary 2 to Proposition 3,

0,0, = 1/9[e(1 +Vficry +Vfizn) + Voo +Vhao
+Vfihoon + Vi hanan + Vi o + Viha o)
= 1/3[—6/34—691 + 0,

+¢ /303 + TWf06) + g 30V facts + 8v/fsa)],

where we are assuming for the moment that az = 73,3, and o4 = Sﬁlﬁz. Since
(f1,3) = 1, Lemma 2 shows that both v and ¢ are relatively prime to 3 and are
normalized. Thus

Y=1/2w+vv=3) and §=1/2(r+sV—=3) withu,v,r,s €Z
andu =r =2(mod3) and v =s = 0(mod3).
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Now
0,6, = ]/3|:— 6/3 +€e6, +0,+ %—l(vxf}(,h
— 3! \/
+Vf306) + (v 303 — Vf zaz)+( )(\/ 10+ Vfady)
esvV—=3 .~ P
;8 z (Vfsoq — \/.50(4)]
7, y oF ‘ub
= 1/3[—5(1/3+— %+%+%)+591 +02+(u &
(0; +26%) + —94 +8 (04 +29/4)]
_l/%[—e<(£ +1/3<1+7 %))+50|+92
cut ")93 +ovly + M&; + gsﬂfl].
By an analysis of cases cu + gr = —2ru(r + u) = 4(mod 9), so that
0=360,0, = —€+el; +0, + 05+ 0s(mod 3).
Hence

Os = 1/3(—e + €l + 01+ 05 + 0s)

is an integer of K. If a3 = 73,8, and/or oy = 633> then the signs are changed
on the ¢v and/or gs terms respectively. Since these terms vanish modulo 3, the
same proofs holds. Since 6¢, 87 and 8y are conjugates of 05, they are also integers
of K.

By direct computation, the index of the basis 1, 6y, 6}, 62, 6, 05, 66, 67,
and g, relative to the basis of Lemma 5, is 373. Therefore the new basis has
discriminant equal to Do and so is an integral basis for K/Q.

4. Class number considerations. The following class number relation is
immediate from [7].

PrOPOSITION 7. 3%h = Q* hihahshs where Q* = (U : U,U,U3Us] = [U : V.

LemMma 8. Q* =3 with0<a < 5.

Proof. Let G denote the Galois group of K/Q and G, denote the Galois
groups of K /K; for i =1,2,3,4.
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For any subgroup H of G, let H denote the sum of the elements of H in the
integral group ring ZG. The direct norm relation

G|+Gz+(~;3+c4:3e+6,

where e is the identity of G, shows that for any unit € of K, ¢! € V. Hence
Q*=3with0=a=8.

Suppose now ¢ € U with € ¢ V and that ¢* € U, for some i = 1,2,3,4. Set
e’ = € and note since € & U;, K = K;(¢) = Ki(y/€o). But K; does not contain
the third roots of unity so K;(,/€)/K; is a nonnormal extension, while K /K;
is a normal extension. Thus €’ ¢ U;. Now choose bases B for U and B* for
V such that B* = (e, €3,...,€g) where €2, and €;; form a basis for U; with
i =1,2,3,4. We may assume that all elements of B and B* are positive. Let A
denote the 8 x 8 matrix which expresses the cubes of the elements of B in terms
of the elements of B*. Then by changing only the basis B, we may assume that
A is a triangular matrix. Now Q*-detA = 3%. Replacing ¢; with ¢; ! if necessary,
we may assume that the diagonal elements a;; are all positive and so a;; = 1 or
3. It follows from the remarks above that a;; = ay; = 3. Suppose that a33 =1,
then e = ee; for some units e of K and € of K,. If o is a generator of G, then

31=9) = o(1-0)

again contradicting the above remarks. Hence a3; = 3, so 33 divides det A and
the lemma follows.

The class number of a cyclic cubic field is relatively prime to 3 if, and only
if, the conductor of the field has exactly one prime divisor. An analogous result
is obtained for bicubic fields. When the conductor f of K has exactly two prime
divisors, set f = pg where p # 3 is prime and either ¢ # p is a prime of ¢ = 9.

THEOREM 9. The abelian bicubic field K has class number relatively prime
to 3 if, and only if, f = pq (as above) has exactly two prime divisors such that
not both p and q are cubic residues of one another.

Proof. By Hasse [3, p. 98] the number of ambiguous classes for K /K; is
given by
ag jk; = 343,
where d is the number of primes of K; which ramify in K and 39 = (N(3) : U})
where N ((3) denotes the subgroup of the unit group U; of K; consisting of norms
of elements of K. Note that ¢* must be 0, 1 or 2. Now (3,/) = 1 if, and only
if, (3,ak/k,) = 1 for some i = 1,2,3,4. Assume that the conductor of K has

exactly two prime divisors and let p, g be as above. We may choose K| and K>
so that K has conductor p and K, has conductor ¢. If ¢ is not a cubic residue
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modulo p then ¢ (or 3 when ¢ = 9) stays prime in K; and so g (or 3) is the
only prime divisor of K| which ramifies in K. Thus

d=1 and aksk, =3""h.

But 314y and ¢* = 2, so ¢" = 2. Hence 3 { ag/k,, so (3,h) = 1. A similar
argument can be given when p is not a cubic residue modulo q.

Conversely, assume (3, h) = 1. If 9|h; for some i, then class field theory shows
that 3|A. Thus for each i = 1,2, 3,4 the conductor of K; has at most two prime
divisors. Since any prime divisor of the conductor of K, divides the conductors
of exactly 3 of the subfields Kj, it follows that the conductor of K can have at
most two prime divisors, and so has exactly two prime divisors. Let p and ¢ be
as above, but suppose that both are cubic residues of one another. Then p splits
into three distinct prime divisors in K, and ¢ (or 3) splits into 3 distinct prime
divisors in K. Thus d = 3 for each of the extensions K /K, and K /K>, hence

ag jx, = 3% h;,

s0 ¢} = ¢5 = 0. Now 91 h;, for any i, while h;, h, are relatively prime to 3 and
h3, hg are divisible by 3, so Proposition 7 shows Q* = 3% If A is the matrix
described in the proof of Lemma 8, then det A = 3°. Hence the diagonal entry
a;; = 1 for some i = 6. For such an i,

ef = c'l"egz . ..ef’_",‘ <
where ¢; is a unit of K and 0 = b; = 2. In the proof of Lemma 8, it was shown
that the right hand side of the equation must contain units from at least two
fields K;. Thus by # 0 for some k with 1 = k = 4. Now ¢, € K, forj =1 or 2
and

by by

NK/K,((’i) = 52_7,;52__/'/7
but k = 2j — 1 or 2/, and so ¢; = 1, contradicting ¢; = G. Thus not both p and
g can be cubic residues of one another.

COROLLARY 1. There are infinitely many fields K with class number not di-
visible by 3 and for each of these fields Q* = 27.

COROLLARY 2. [If p and q are distinct primes congruent to 1 modulo 3 or
q =9 and not both p and q are cubic residues of one another, then any cyclic
cubic field K; of conductor pq has class number h; = 3(mod9).

Proof. Let K be the bicubic abelian field with conductor pq. It follows from
Theorem 9 that h; # O(mod9). Suppose h; = 3/, then K’ is the order of the
3-complement of the ideal class group of K;. Call this group H’ and decompose
it into orbits under the action of the Galois group G(K,-/Q). Each orbit, except
the identity, has length 3 so 4’ = I(mod 3). Hence h; = 3(mod9).
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CoroLLARY 3. If p and q are distinct primes congruent to 1 modulo 3 or
q = 9 and both p and q are cubic residues of one another, then any cyclic cubic
field K; with conductor pq has class number h; = 0(mod9).

Proof. Let K be the bicubic abelian field with conductor pg. By Theorem 9,
the class number h of K is divisible by 3. Hence 3 divides ax/x, = 3% h;,
but d = 0 and ¢* = 2. Thus 9|A;.

5. The unit index. In this section we study the unit index (U : V). According
to Hasse [2] we may choose the fundamental units €;;_; and ey; of K; to be
conjugates. The following lemma provides a basis for the study of the unit
index.

Lemma 10. For each i = 1,2,3,4, there exists a cube free positive integer
b; and an integer B; of K; with
62,‘4165[ = }J,/B,ﬂ5 and NK,/Q(B,') = b,‘.

Moreover, b; # 1, b; is uniquely determined and b;| f,z.

Proof. Let G(K,-/Q) = (o), where o is chosen so that e5; = €5;_,. By Hilbert’s
Theorem 90, there exists an integer B of K; with €3, = B'~7. Since B is unique
up to rational multiples, we may assume it is divisible by no rational prime and
that it has positive norm. Since (B) = (BY) as ideals of K;, it follows that
only ramified primes of K; can divide B. Since no rational primes can divide
B, the ramified primes can only divide B to the first or second power. Hence
bi = Nk,/o(B) is a cube free positive divisor ofﬁz. Now e, = €5, = B so
that

621‘-162-,-1 — Bl—zfmﬂ — Bl+a+a2/33a - b,-/B3”.
Set B; = 6;[180, then
€163 = bi/(e5'B°)* = b;/B}.
Suppose now that
€165 = a/A3
where a is a positive cube free integer and A is an element of K;. Then
(A/B) = (a/by),
SO a/b,- must be a rational cube. Since both @ and b; are positive cube free
integers, a/b; = 1 and so a = b;.

Since €;;— and €y; form a fundamental system of units of K;, it follows that

bi # 1.
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Lemma 11. The unit index (U : V) is a divisor of 3°.

Proof. Lemma 8 shows that (U : V) divides 3%, If the index is 33 then by
examining the matrix A described in the proof of Lemma 8, it is seen that the
equation

e’ = elehesey
has a solution e in K with 0 = a,b,¢ = 2. The proof of Lemma 8 shows that
not both @ and b can be zero. However,

3(1—0o> —a+2h
e (1—03) — E111+I)62u+ h

and

A7) = e 2 where G(K/Ki) = (0;) fori = 1,2.
It follows that « = 2b and ¢ = 2(mod 3). Hence

e} = (6163)(Eeq)

has a solution ¢; in K with @ = 1 or 2. Lemma 10 shows that x3 = h‘l’bg has
a solution x in K, so h¢b3 must be a cube of a rational integer. Thus the prime
divisors of b; and b, must be identical. Suppose p is any prime divisor of by,
then p|f. Since p divides exactly three of the conductors f, f>, f3 and f;, we
may number the fields so that p f>. Thus p T b, and so the above equation has
no solution. Hence (U : V) divides 3%.

Suppose now (U : V) = 34, then the matrix A of Lemma 8 shows that

3 _ ab _c_d
€ = €1€,€3€4€5

has a solution e in K with 0 = a, b, ¢,d = 2. The proof of Lemma 8 shows that
at least one of a or b and at least one of ¢ or d is nonzero. Now

(,3(]*170 _

_ €g+d€;r+2d€5 -1

€6
and

3(1— — 2
e,(l 02) _ Ec|l+h62 u+2b65

€6
Since €5fgl and e%eﬁ cannot be cubes in K,
a+b#0#c+dmod?3).

The argument given above shows that b;, b3 and b,, b3 have identical sets of
prime divisors, so b, and b, have the same prime divisors. This contradicts the
way K| and K, were chosen above. Thus (U : V) is a divisor of 27.
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Let W denote the units ¢ of K such that ¢ € V or

3 ay 2ay _ay 2a> _ay 2ay _ay 2ay
(1) e’ =¢€)'6;) e57€,7eTe ety

where a, ay, az, a4 are any integers.

Lemma 12. Ife € U then ¢'™" € W for any T € G(K /Q).

a)

Proof. Suppose e = €' ...€g" then

(,31I~‘r) — etlutlff) o egx(l-—r).

-y A

For each i = 1,2,3,4 the terms (5} }€57)' ™ will be one of

@y tay  —dri-+2a 2ay—ay a4y +ay
L6y or € €2

Thus e! 7€ W.
THEOREM 13. W is a subgroup of U and (W : V) = 3% where r is the rank
of the n X 4 matrix M = (my;) over Z3 where

m;  na;

b, =Py P

My

"’pll

for i =1,2,3,4. Here py,...,p, denote the distinct prime divisors of the con-
ductor f of K. Moreover, either

U:vy=Ww:Vy=130r9 or (U:V)=3W:V)=27.

Proof. Clearly, W is a subgroup of U. It follows from Lemma 10 that (1) has
a solution for a,, s, a3, as if and only if b{'b5*h3*by* is the cube of a rational
number. But this is equivalent to

myja, + mpax + myzaz + mpas = 0(mod 3)

Mmy1a) + mpaz + mp3az + myaag = 0(mod 3).

The number independent solutions is the dimension of the null space of M over
Zs. This is 4 — r. Hence (W : V) = 3*".

Let p, be a prime divisor of by, then p; divides f;. Since any prime divides
none or exactly 3 of fi, f>, f3 and f4, we may assume p, does not divide f>. Let
p2 be a prime divisor of b,. Then the upper left hand corner of M is the 2 x 2
my
myy Mo
Hence (W : V) = 3% divides 9.

matrix where myymy; Z 0(mod 3). Thus the rank of M is at least 2.
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Next it will be shown that (U : V) divides 3(W : V). First assume that
(U : V) =27 then the matrix A of Lemma 8 shows that the equation

(2) e’ = elef eV el el es
has a solution ¢ in K with 0 = g¢; = 2. Assume that ¢ ¢ W and note that

63( l—0oy) — 6(}1;+a4 6;a;+2c146%15+l 6;a<+2

and

3(l—07) __ _ay+axy _—a;+2a> 2as—1 as+1
€ =€ 6 5 6

Since e ¢ W, we may assume that as # 2(mod 3) so that as+1 #Z 0(mod 3). Thus
both ¢'~9" and ¢'~2 are in W and must be independent. Hence (W : V) = 9.
Suppose now that ¢ € W, then 3 divides (W : V). Since (U : V) = 33, the
equation

3 ¢ 2 €3 _Cy (5 _Co
3) e} = €6 e e, e5es€r
has a solution in K for some ¢; with 0 £ ¢; £ 2. Now

3(1—0)) __ c3+cq —c34204 _Cs+ce —Co+20q —1
[ = €3 €4 €5 €e €7€g .

Thus not both of ¢3 + ¢4 and ¢5 + ¢¢ can be congruent to 0 modulo 3, so e‘l'f”')
is in W. Now ¢ and e!' " are independent elements of W so (W : V) = 9.
Assume now that (U : V) = 9 then either equation (2) or equation (3) has a
solution in K and as above (W : V) is divisible by 3.
Finally, we show (U : V) = (W : V) when (W : V) = 1 or 3. First assume
that (W : V) = 1. Suppose there exists an ¢ € U with ¢ ¢ W. Then

et = ey’

...€g"  with as;_| # 2ax(mod 3) for some i = 1,2, 3, or 4.
Let j# i be 1,2, 3 or 4 and let o be a nonidentity element of G(K/K,-) then the
expression for ¢*!=?) involves either the terms

@i +ay —ax-+2a; a1 —ay pax-+ay;
€1 € or  €,- €;

Thus ¢!'=? € W, but not in V, contradicting the hypothesis that (W : V) = 1.
Thus U =W and so (U : V) = 1.

Now assume that (W : V) = 3. Then there is exactly one unit and its square
(where exponents are reduced (mod 3)), of the form ey = €|'...€* where
¢; = 0,1 or 2 are not all zero and ¢,;_; = 2c¢,;(mod 3), such that ¢ is the cube
of another unit of U. Suppose that (U : W) > 1. Then there exists ¢ € U with
e W and e’ = €{'...€" where each @; = 0,1 or 2 and a;_; # 2a>;(mod 3)
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for some j = 1,2,3 or 4. In the proof of Lemma 8, it was shown that ¢; # 0
for units ¢; from at least two fields K;. Choose ¢ # j such that ¢;, Z O(mod 3).
Let o be a generator of G(K /K,), then by Lemma 12, e'=% € W. However,
the expression for ¢*!~? does not involve either €5, or €, so 317 £ ¢,
or eg. This implies that (W : V) > 3, a contradiction. Thus (U : W) = 1 and
w:vy=W: :V)=23.

CoroLLARY. [If f has exactly two distinct prime divisors then (W : V) = 9
and if f has exactly three prime divisors then (W : V) =3 or 9.

Proof. 1If f has exactly two distinct prime divisors then M is a 2 X 4 matrix
and so has rank at most 2. But it was shown in the proof of Theorem 13 that M
always has rank at least 2, so r =2 and (W : V) = 9. If f has exactly 3 prime
divisors then M is a 3 X 4 matrix so has rank 2 or 3. Thus (W : V) =3 or 9.

6. Computation of (W : V). The value of (W : V) can be determined if the
values of by, by, b3 and by of Lemma 10 are known. In this section we give
a method for computing these b;’s. To simplify notation we let € = €, for
i=1,2,3,0r 4 and ¢ = ey, ¢’ denote the conjugates of e. Using the notation
of Lemma 10, G(K;/Q) = (0) and € = ¢7, 0" = €.

LemMa 14. Not both of B = 1 +e+¢€’ and Y = 1+ ¢ +e€c” can be zero. If
B#0 then e =3 and if Y# 0 then e = ',

Proof. Since 3 —7 = e(e’ — €”) and € # €”, it follows that 3 # 7 and so at
least one is nonzero. Note that

e =e(l+d+dy=c+e +1 =4

s0 € = 377 when 3 # 0, similarly, e = 7'~ when Y # 0.

LEmMA 15. Let S(e) = s and S(e™') = t where S denotes the trace of K,~/Q.
Then 3Y" = s+t +3. Hence one of 3 or Y is zero if, and only if, s +t +3 = 0.

Proof.
BY = (1 +e+ee)(1+€" +¢€e")
=3+c+e+" +e +ee” +€¢”
=3+S5@E)+SE™h

=3+s5+t.

LEMMA 16.
N@B)=6+3S(€)+35( )+ Sy and
NOY) =6+3S(€)+3S( )+ S 'e)
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where N denotes the norm of K; / 0.
Proof. By direct computation
NB)=868" = +e+e )1+ +€e)1 +€" +e€”)
=6+3(c+e +€")+3ee’ +€'€” +ee)+ (e + €™ + €2
=6+3S(€)+3S(e ) +See’ )
=6+35+31+5( )

since e€” = €’¢""! and S('¢”') = S(ee’ ). A similar computation gives the

expression for N (7).

LeEmmaA 17.
Stee’ Y+ S 'éy=st—3 and S ") S '€)y=9+s'+1 —6s1.
Proof Since s ¢ ' =1+e e +e '€,

st =sS(e "= S(se*l) =3 +S(6716/)+S(66/-l).

Also
S ey Sy =3+SE)+SEe )
=3+55(e?) —1S(e)+3+1S(e ?) —sSe )+ 3
=094+5(s>—2t) — st + t(r2 — 2s) — st
=9+5 +11 —6s1.
LEmMa 18.

S tey=(st—3— D)/2 and Stee’ Ny =(str—3 +D)/2

where D = 18st — 4s® — 41% + 5°¢> — 27. (The sign of D is not specified.)
Proof. Set w = S(e”'¢’) and v = S(ee’"). By Lemma 17,

wHv=st—3 and wv =9+ +1 — 6st.

Hence w and v are roots of the quadratic equation y>+(3 —st)y +9+s +1* — 651
The roots are

y=1/2(st =3+ D)
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where
D> =3 —st) —49+s5>+1 — 6s1)
= 18st —4s® — 41 + 521> — 27.
Note that D is the discriminant of f(x) = x* — sx? + tx — 1, which has € as a

root. Thus D is a perfect square.

ProrposiTION 19.
N@B)=6+3s+3t+1/2(st —3+D) and
N =6+3s+3t+1/2(st—3—D)
for some choice of the sign of D. Moreover,
N@B)N(Y) = (s +1+3)°.

Proof. Lemmas 16 and 18 give the values of N(3) and N (7). It follows from
Lemma 15 that

N(@BN ) =N@BNO")
=NBY)=NGE+1+3) = (s+1+3)".

Proposition 20. Let b = b; of Lemma 10. If 3 # 0 then b is the cube free
positive kernel of N(B). If Y # 0 then b is the cube free kernel of N(Y?).

Proof. If 3# 0 then 3'=% = ¢ and so

» N@ ( a )“
= s = b sy
Ty T\

where bg is the positive cube free kernel of N(3). The uniqueness of Lemma
10 shows that b = by.

If ¥# 0 then Y/~ = ¢ and so

n () VRIS
R (84 :
=Ny VO (N(W))

The uniqueness of Lemma 10 shows that b is the cube free kernel of N ).

7. Four examples. In the Corollary to Theorem 13, it was shown that (W :
V) = 9 when f has exactly two prime divisors. From Theorem 13, one would
generally expect (W : V) = 3 when f has 3 prime divisors and (W : V) = 1
when f has 4 or more prime divisors. While it appears to be almost certain that
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this index assumes each of the values 1 and 3 infinitely often, we have not been
able to prove this. Four examples are described below. In two of these f has
three prime divisors, but (W : V) = 9 for the first and (W : V) = 3 for the
second. In the final two examples f has 4 prime divisors, but the unit index is
3 in one and 1 in the other.

Example 1.
f=9709=7-19-73

—10+4(3v/=3
fi=133=7-19, ) = ——2(—),1)1 =7

37+5(3v/-3
H=511=7-73,ar = —t—(z-———),b2=72

6i—_7;3__ ”_3)7[,3 —192.732

fr=1387=19-73, a3 =

197 +3v/-3
fr=9709=719-T3, a4 = —————,b; =719-73
2 2 0 1
Mz(o 0 2 l)hasrankZ,so(W:V)=9.
00 2 1
Example 2.
f=819=9-7-13
—3+3y/=3
fi=9a =tV =3
2
—16+2(3vV-3
f2:9l:7'|3,(12:——-2(———),b2:‘3
—3+113v/=3
f5:8l9:9-7~13,a3:——+——2(——),h3:72-132
1 V=3
f;,:819=9-7-13,a4=2—’1(23——),})4:32-72

1 0 0 2
M:(o 0 2 2) has rank 3, so (W : V) = 3.
01 20
Example 3.
f=15561=9-7-13-19

—5743v/3 )
fi=819=9.7-13, =—+2———,b1 —3.72.13?
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—66 +4(3v—
f2:1197:9-7-19,012=——“‘%,1;2:32-192
29+ 15(3v/-3
]‘3:1729:7-13-19,053=——;——),173:72-13492
v—=3
f4:2223:9~13-]9,0(4:&(;—),}74:349
1 2 0 1
M = 2020 has rank 3, so (W : V) = 3.
2 010
0 2 2 1
Example 4.

f=15561=9-7-13-19

_ 24+103v-3)
S S

fi=819=9-7-13,q by =7-13

69 +3v—3
1197 =9-7-19,a, = f,b2:3-72-192

_83+3v3
BT

f

f=1729=7-13-19, a3 3 =72-13-19°

Jbs=3-132-19

33+ 173v=3
fi=2223=9-13-19,04 = %

01 0 1

M = 1220 has rank 4, so (W : V) = 1.
1 01 2
0 2 2 1
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