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Abstract

The Mellin-Stieltjes convolution and related decomposition of distributions in M(«) (the class of distribu-
tions u on [0, 0o) with slowly varying ath truncated moments fox t*u(dr)) are investigated. Maller shows
that if X and Y are independent non-negative random variables with distributions  and v, respectively,
and both u and v are in D5, the domain attraction of Gaussian distribution, then the distribution of the
product XY (that is, the Mellin- Stieltjes convolution ¢ o v of u and v) also belongs to it. He conjectures
that, conversely, if u o v belongs to D,, then both 1 and v are in it. It is shown that this conjecture is not
true: there exist distributions u € D, and v ¢ D, such that i o v belongs to D,. Some subclasses of D,
are given with the property that if i o v belongs to it, then both u and v are in D,.
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1. Introduction

Let X and Y be independent positive random variables with distributions g and v,
respectively. We denote the distribution of the product XY by u o v and call it the
Mellin-Stieltjes convolution (MS- convolution) of « and v. A distribution u, is said
to be a factor of a distribution u, if 4 = u, o v with some v. Let M(a) (a > 0)
be the class of distributions i on [0, 00) whose ath truncated moments f(; t1*u(de)
are slowly varying. The purpose of this paper is to study properties of distributions
in M(«) related to MS-convolution. Let D, be the domain of attraction of Gaussian
distribution. Maller [5] shows that if X and Y are independent random variables both
with distributions in D,, then the distribution of the product XY also belongs to it. In
the converse direction, he shows that if a distribution of product of two independent
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random variables belongs to D, and one of them has finite variance, then the other is
in D,. Furthermore, he conjectures that finite variance condition could be weakened
to being in D,. Since D, is identical with the class of distributions p with slowly
varying truncated variances fl ex t211(dt), these facts mean that M(2) is closed under
MS-convolution, and that, if one factor of a distribution in D, has finite variance, then
the other belongs to D,. We deal with this problem in detail. Considering the relation
between the truncated moments of two distributions and that of their MS-convolution,
we give some conditions for each factor of L ov to belong to M(cr). The general results
on the decomposition of non-decreasing slowly varying functions are applicable. In
the end of this paper, we construct a counter-example for Maller’s conjecture: there
exists a distribution & ¢ D, such that the MS-convolution of u and v belongs to D,
for every v in D, with infinite variance.

2. Preliminaries

We prepare some notations and fundamental facts, which are in Bingham et al.
[1], Feller [2], Gnedenko and Kolmogorov [3], Seneta [6] and Shimura [7, 8]. The
totality of all probability measures on non-negative numbers [0, co) is denoted by P.
Through this paper, we extend MS-convolution to the all distributions in P since the
mass on 0 is not essential. A positive measurable function f is said to be slowly
varying (s.v.) if lim,_, o, f(kx)/f(x) = 1 for each k > 0. If f is monotone, this is
equivalent to lim,_,», f(2x)/f(x) = 1. Slowly varying functions have the following
representation: A function f defined on [A,00), A > 0, is s.v. if and only if
there exists a positive number B > A satisfying for all x > B we have f(x) =
c(x)exp (f, e(t)t~'dr), where c(x) is a bounded positive measurable function on
[B, oo) satisfying lim,_, .. c(x) = ¢ (0 < ¢ < 00), and £(¢) is a continuous function
on B, oo) satisfying lim,_, . £(¢t) = 0. This representation leads to the following
lemma.

LEMMA 2.1. If | is s.v., then for some B > 0, (I(x)x)/((y)y) is bounded with
respect to x and y satisfying x < yandy > B.

We say that non-negative non-decreasing f is decomposed into components f; and
f2, if both f; and f, are non-negative non-decreasing and f = f; + f,. Concerning
the decomposition of non-decreasing s.v. functions, the following are known. A
non-negative non-decreasing function f is said to be dominatedly non-decreasing if
limsup, , . (f(2x) — f(x)) < oo. Then f is s.v. and the class of dominatedly non-
decreasing functions is closed under sum and decomposition. On the decomposition
of non-decreasing s.v. functions, we recall the following in Shimura [7]. Related facts
concerning monotone regularly varying functions are given in Shimura [8].
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THEOREM 2.2. (1) Every non-zero component of f is s.v. if and only if f is dom-
inatedly non-decreasing. In this case, every non-zero component is dominatedly
non-decreasing.

(2) A component f, of a non-decreasing s.v. f satisfying liminf_, o, fi(x)/f(x) >0
is s.v.

(3) Forany unbounded non-decreasing s.v. function f, there exists a non-decreasing
function f that is asymptotically equal to f but not dominatedly non-decreasing.

(4) For a dominatedly non-decreasing f, limsup, _, . f(x)/logx < oc.

Let F(x), S(@), and C(xx) (¢ > 0) denote the subclasses of P defined by the
following conditions: u is in F(«) if  has dominatedly non-decreasing ath trun-
cated moment, y is in S(@) if lim,_ o fo"2 r*u(dr)/ fy t“u(dr) = 1; pis in C(a)
if limsup, _, fo"2 1*u(dr)/ [y t°u(dr) < oo. It is easy to see that u is in S(a) if
and only if its truncated oth moment is written as f(; t* u{dt) = I(logx) for some
non-decreasing s.v. function /. Similarly, u is in C(«) if and only if f; t*u(dt) =
exp f (log x) with some dominatedly non-decreasing function f. Although S(a) is a
subclass of M(a) and C(), it is not a subclass of F(«) (Theorem 2.2 (3)). C(a) is
not a subclass of M(«) as we shall show in Section 4.

Let X, X5, ... be R'-valuedi.i.d. (independent and identically distributed) random
variables with distribution v. If, for suitably chosen constants B, > 0and A, € R', the
distribution of B;' 3/ _, X, — A, converges to a distribution u as n — 00, then we say
that v is attracted to . The totality of distributions attracted to u is called the domain
of attraction of ;1. We denote the domain of attraction of Gaussian distribution by D;.
If, for suitably chosen constants B, > 0, the distribution of B;' > ";_, X, converges
to 1 in probability as n — oo, then we say that v is relatively stable. Those classes
are characterized by truncated moments as follows: v belongs to D, if and only if v
has s.v. truncated variance f t?v(dt). Under the assumption that v is in P, v is

|t]<x

relatively stable if and only if v belongs to M(1).

3. Mellin-Stieltjes convolution of slow varying truncated moments

As we mentioned, Maller shows that M(2) is closed under MS-convolution. By
change of variables, this implies that, for each @ > 0, M(«) is closed. We give a
new proof of this fact and investigate the relationship between the growth order of the
truncated moment of MS-convolution and that of its factors.

THEOREM 3.1. If  is in M(), then

3.1 lim Xt“uov(dt)/fx t*u(de) =/ t*v(dt).
X—> 00 0 0

0
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If, moreover, v has finite ath moment, then y o v belongs to M(a).

PROOF. Assume that fooo t*v(dt) is finite. Since [, r*p o v(dt) = f0°° t*v(dr)
fx/' s®u(ds), we have

0
fyrmuov@dn _ f‘” RN S ICL)
0

fy s*n(ds) Jy s*u(ds)
! x* [ s u(ds) o0 fx/'s"‘p,(ds)
= dr b + f fu(dn) e —
/0 O iy s T T e

Since sup, 5 SUP,¢ (.1 (x" Ox/' s"’u(ds)) / ((x/t)"’ f(;r s"‘p,(ds)) < 00 by Lemma 2.1,

the first term goes to fol t*v(dt) as x — oo by the bounded convergence theorem.
The second term converges to [~ t*v(dt) because fox/ "s*u(ds)/ fy s*u(ds) < 1on
te[l,o0). If f0°° t*v(dt) is infinite, then, by Fatou’s lemma

liminff t"uov(dt)// 1% u(de) z/ t*v(dt) = 0.
0 0 0

X—=>00

THEOREM 3.2 (Maller [5, Theorem 1], if ¢ = 2). M(a) (@ > 0) is closed under
MS-convolution.

PROOF. Notice that
[Erewovdn _ o mvdn [5 s uds) N S e uan [5 s v(ds)
JotewovdD Ty 7 sepds) [ e [ sov(ds)
fzx/' s u(ds) 2/ @y (ds)
su

x/t x/t

< sup ————— p -
(<% fo/t seu(ds) <y fo/' s*v(ds)
Since u belongs to M(w), the first term tends to 0 as x — oo. Similarly, the second
term goes to 0. Thus we get lim,_, ffx 1°u o v(dn)/ f; t*u o v(dt) = 0, which
means that u o v belongs to M(a).

By the above theorems, we obtain the following result.
COROLLARY 3.3. If u is in M(a) and v is in M(B) with ¢ < B, then | o v belongs
to M(o).

In the above corollary, if @« < B, then the growth order of the truncated moment of
(o v is given by (3.1). We will compare in the next section the truncated moment of
1 o v and the product of the truncated moments of the two factors, including the case

a=p.
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4. Decomposition problem of distributions in M(«)

In this section, we investigate properties of factors of distributions in M(«). One
purpose is to give some conditions for every factor to belong to M(«). In particular,
S(a) is closed under MS-convolution and decomposition. Another is to prove that
Maller’s conjecture is not true. Namely, we will prove that if v is in C(a), then
@ o v belongs to M(«) for every p in M(a) with infinite ath moment. First, applying
Theorem 2.2, we give a theorem on the decomposition problem.

THEOREM 4.1. Every factor of distribution in F(«) belongs to F(x).

PROOF. We assume that p o v has dominatedly non-decreasing ath truncated mo-
ment and v(1, 0o) > 0 without loss of generality. Notice that

x oo x/t o0 k x/t
/ w0 v(dt) =f t"v(dt)/ s ulds) = Z/ t"v(dt)/ s u(ds).
0 0 k=1 v k-1 0

0

x/t

Set v (x) = fkk_l o s*u(ds)t*v(dt). Then [; t“u o v(dt) = Y ;o v(x). Choose
and fix an integer k > 2 such that v; is not identically zero. By Theorem 2.2 (1), v, is
dominatedly non-decreasing. Since

k x/k k x/(k=1)
“.1) / t"‘v(dt)/ sCu(ds) < v (x) 5/ t"v(dt)/ s*u(ds),
k-1 0 k-1 0

we have

-1

2x k
f s u(ds) < (] t"v(dt)> (v (2kx) — v ((k — D)x)).
x k—1

By the dominated non-decrease of v;, we get limsup, _, .. fx > ga u(ds) < oo. Hence
u € F(a). Sois v,

REMARK. In this proof, we get the dominated non-decrease of the truncated moment
of u from the dominated non-decrease of v;. Similarly, if it is shown that v, is s.v,,
then we can prove that i belongs to M(«) by (4.1). But, it is impossible to show that
Ui is s.v. under the assumption that f; 4 o v(dr) = Y 7, ve(x) is s.v., as will be
shown in Section 4.

LEMMA 4.2. If p o v is in M(a), then
x x oo -1
limsupf t“u(dt)// *uov(dt) < (f t"‘v(dt)) .
X—>00 0 0 0
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PROOF. For arbitrary k£ > 0,

kx k kx/t
/ t*uwov(dt) > f t"v(dt)/ s*u(ds)
0 0 0

k x
> f t“v(dt)/ s*u(ds).
0 0

Since [, t*p o v(dt) is s.v., we get

x x k -1
limsupf t"u(dt)// t*uov(dt) < (/ t"v(dt)) .
xX—00 0 0 0

Letting k — oo, we get the conclusion.

LEMMA 4.3. If u o v belongs to M(a), then, for arbitrary € > 0, there exists § > 0

such that s -
fy r*v(@n) ;7 s*u(ds) -

lim su —
xaoop /;) t*w o v(dt)

PROOF. We can choose a positive constant C such that fi t*u(dr)/ f; t*u o
v(dt) < C for large x by Lemma 4.2. Let V(x) = fox t*u o v(de), Ulx) =
fo'S t*v(dt) fox/' s®u(ds), where § is a positive constant satisfying C f(f t*v(dt) < s.
We have

é x/t
4.2) Ux) < C/ t“v(dt)/ s* 1 o v(ds).
0 0

On the other hand, by the representation theorem of s.v. function, we have fox su o
v(ds) = c(x)exp(f, e)u~"'du), where lim,,.c(x) = ¢ (0 < ¢ < o0) and
lim, .« &) = 0. Since

x/t _ x/8 _
sup / sw -, / cw -,
O0<1<8 Jx U x u

for sufficiently large x, we get

X/t o
« ds) (1
lim sup Jo_S"H° V@9 (_) _
X0C oy <p fo s*uov(ds) \8
Hence
s X/t « d 1~ 8
4.3) limsup/ S s*iovds) v(dt)g/ 1V (dr).
100 Jo V(x) 0

By (4.2) and (4.3), limsup, , ,  U(x)/V(x) < Cf(;S t*v({dt) < &.
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Using this lemma, we get the following propositions.

PROPOSITION 4.4. If i o v is in M(«) and v has finite ath moment, then p belongs
to M(a).

PROOF. Let U¢(x) = V(x) — U(x) = [, t*v(dr) fox/' s®u(ds) in the proof of
Lemma 4.3. From this lemma, for 0 < ¢ < 1, we can choose § > 0 such that
liminf,_ ., U¢(x)/V(x) > 0 and v(8, oo) > 0. It follows from Theorem 2.2 (2) that
Uc(x) is s.v. If we choose a constant B satisfying fsB t*v(dt) > 0, then

- fF t2v(dr) fo’/’ s'pds) _ f) tvn)
x>0 [% pay(dr) [ s*pu(ds) f,, revdr)

x/t

By Theorem 2.2 (2), fs
that § > 0 and

B Sx/t B x B Bx/t
/ / s*u(ds)t®v(dr) 5/ t"‘v(dt)/ t*u(de) 5/ t“v(dt)/ t*u(dt),
s Jo s 0 s 0

we get [ t%pu(dt) is s.v.

s*u(ds)t*v(dt) is an s.v. component of U(x). Noticing

PROPOSITION 4.5. If i o v belongs to M(at), then

4.4) lim sup fx t*uov(dt)/ (/X 1% u(dt) /X t"v(dt)) <1.
x—00 0 0 0

PROOF. By Lemma 4.3, for arbitrary € > 0, we can take § > O such that

t*v(dr) [} s*u(d
limsupf v@n fy sl s)<€ and limsu

fy t°ndn) [ sv(ds) _
x—00 j;) ta/.LOU(dt) - x—»oop ‘/;)x ta[LOU(dt)

Therefore we have

lim sup f 14 o v(dr) < 1
x->00 fs t*v(dt) fx/t seu(ds) ~ 1-— 2’

lim sup /-x t*wov(dt)/ (/ t"‘u,(dt)/ t“v(dt))
. ‘ x ’ x/8 ° x/8
= limsup/ t*wov(de)/ (/ t“u(dt)/ t"v(dt))
xX—>00 0 0 0
x o0 x/t
< lim supf t*u o v(dt)/ (/ t*u(de) / s"v(ds))
x—00 0 8 8
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1
1—-2¢

=
Letting ¢ — 0, we have completed the proof.

The following proposition gives another condition for every factor to belong to
M().

PROPOSITION 4.6. 1 o v belongs to S(«) if and only if both . and v are in S(@). In
this case,

(4.5) im [ 1% o v(dt)/ (f t"‘u(dt)fx t"v(dt)) =1
xX—=00 0 0 0

PROOF. Since S(«) is a subclass of M(a) and M () is closed under MS-convolution,
w1 ovisin M(x). Hence it follows from Proposition 4.5 and the assumption that

2

limsup/ t*1ov(dt)/ (/ t*u(de) /q t“v(dt)) <1.
x—00 0 0 0

2

4.6) / t*w o v(dt)/ (/X t* u(dt) fx t"v(dt)) >1
0 0 0

for any distributions p and v in P, the left-hand side of (4.5) is not less than 1.

Since

REMARK. Though (4.4) and (4.6) give the relation between the truncated moments
of MS-convolution and the product of those of their factors, the asymptotic orders of
the following three can be different from each other:

2

/ %1 o v(dt), f t“u(dt)f t*v(dt), / t* 1 o v(de).
0 0 0 0

Hence if p in F(a) satisfies lim,_,o f; t*u(dt)/logx = 1, then lim,_, f; 11 o
u(dt)/logx = oo by (4.6) (or Lemma 4.2). Therefore, u o u & F(x) by Theorem
2.2 (4) and we see that F(«) is not closed under MS-convolution.

The following theorem shows that Maller’s conjecture is not true.

THEOREM 4.7. If w is in M(«) with infinite ath moment and v is in C(a), then pLov
belongs to M(w).
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PROOF. Let C be a constant such that fo"2 s*v(ds)/ [y s*v(ds) < C for large x. In
a similar way to the proof of Theorem 3.2,

P

X — P X X
Jo ttmwov(dt) ~ L [ seu(ds) fo t*p o v(dr)
0

a VI g X/t o
[ tpovdn _ w S2 s u(ds) .\ S e 1 s v(ds)

The first term tends to 0 as x — oo by 4 € M(«). Since fox t*w o v(dt) >

fom t*u(dt) f(;/z_x t*v(dt), it is sufficient to prove that

fﬁ; t*u(dt) fzx/t s*v(ds)

0] x/t

“«.7 im =
=% (T e (dr) [ teu(dn)

We split the numerator into three parts and estimate each term:

V2x 2x/t
/ t“u(dt)/ s¥v(ds)
0 X

/t

1 2x/t V2x 2x/1
:/ t"u(dt)/ s"‘v(ds)+/ t"‘u(dt)/ s*v(ds)
0 x 1 x

/t /t

e o] 2x/s 2x 1
=f s"v(ds)f t"u(dt)+/ s“v(ds)f t*u(dt)
2x x/s x x/s

V2x 2x/t
+/ t"’u(dt)f s*v(ds);
i X

/t
00 2x/s 0o 0 2x/s
/ s“v(ds)/ u(de) = Z s"v(ds)/ 1 u(dt)
2x x/s k=1 @x)*! x/s
o peo? 1/en? o
< Zf s*v(ds) *u(dt)
=1 v @0 1/2Q2xy? -1
00 2x /@'
< ZC"/ s%v(ds) 1 u(dt)
=1 0 1/22x)* -1

i Ck /Zx
< VYN s*v(ds);
c— (2x)@ == fy

2x 1 1 2x 1 2x
/ s"v(ds)f t* u(dt) _<_/ t",u(dt)/ s*v(ds) f/ t"u(dt)/ sv(ds).
X x/s 0 x 0 0

The last term is the most important and estimated as follows. Define n = n(x) ¢ N
as 2" 1 < 4/2x < 2". Then
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V2x 2x/1 n 2% 2x/t
/ zm(dr)/ s*v(ds) < Zf t"u(dt)f s*v(ds)
1 x k=) v 2k x

/t /t
4x /2%

n 2k
< ; /2 *u(dt) s*v(ds)

x/2k

2 n 4x /2%
< sup/ t“u(dt)Z/ sv(ds)
2

I<i<n J2i-) k=1 v x/2%

I<i<n J2i-!

2 2x
<2 sup / t"u(dt)f s*v(ds)
x/2n

2 2x
<2 sup / t"‘u(dt)/ s*v(ds).
0

1<i<n Joi-i

Thus we have

V2x 2x/t
/ t"’u(dt)/ s*v(ds)
0 x/t

2 00 Ck 1 2x
<{2su t*u(dt) + ———T+f t*u(dt / s v(ds
sup f2 o) ;(w@ =il A )) | s"vds)

2 oo Ck 1 V2x
<C|2su / t*u(de) + —_— +/ t*u(dt) / s*v(ds).
( P 2 # ,Z:l: (2x)@ ' —De 0 # 0

I<i<n i-i

Since p belongs to M(cxr) and has infinite ath moment, we get lim,_, sup,.;.,
2 @)/ [ = u(dr) = 0. Ttis easy to show thatlim, o, Y57, C+/(2x)@ D
= 0. Using these facts, we get (4.7).

REMARK. By Theorem 4.7, it can occur that u o v belongs to M(«) for u € M(a)
and v & M(a) even if lim,_  [; t*u(dt)/ f; t*v(dt) = 0.

We construct a distribution in C(a)\M () to show that it is not empty.

EXAMPLE. Let f(x) = logx and r = e. Define a discrete probability measure p
as follows: p ({e"k }) = ce~2¢+* where c is a normalized constantand k = 0, 1, ....
Then V (x), the truncated second moment of p, is

1

n+
“ < x < e,

n+1l __ 1
¢ N for e

Vix)= cZek =c
k=0 €
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Kx < e’ thenx? < ¢””. Therefore we have V (x2)/V (x) < (e"t2—1)/(e"*' —1).
Thus we conclude that

ven o Ve

V) | PV

lim sup
X—=>00

REMARK. It is still open whether there exists a distribution in D, that can be
decomposed into two factors neither of which belongs to D,.

We add a general result to this problem. We say that v belongs to the domain of
partial attraction of a distribution u if, for i.i.d. random variables X, with disribution
v, there is an increasing sequence m, of positive integers such that, for some constants
A, € R' and B, > 0, the distribution of B! 3"/ X, — A, converges to uasn — 00.

PROPOSITION 4.8. Every factor of a distribution in D, belongs to the domain of the
partial attraction of Gaussian distribution.

PROOF. Since p o v belongs to D,, 1 o v has finite absolute oth moment for every
a € (0, 2), which is equivalent to that both 1 and v have finite absolute ath moments
for each a € (0, 2). Maller [4] shows that this implies that both 1 and v belong to the
domain of partial attraction of Gaussian distribution,
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