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SOME TRANSLATION PLANES CONSTRUCTED
BY MULTIPLE DERIVATION

N.L. JoHNsON

It is noted that the translation planes of Rao and Rao may be
constructed from a Desarguesian plane by the replacement of a
set of disjoint derivable nets. Their plane of order 25 which
admits a collineation group splitting the infinite points into
orbits of lengths 18 and 8 may be obtained by replacing
exactly three disjoint derivable nets and may be viewed as being

derived from the André nearfield plane of order 25 .

In [4], Rao and Rao construct a class of translation planes in the

following manner:
Let I denote the Desarguesian affine plane of order q2
coordinatized by GF(q2) . I may be identified with X = GF(qh) where

the components of I are aGF(qz] = aF vhere a € K. Now let V be a

2-dimensional subspace of K over GF(gq) which is not of the form

aGF(qz) . Rao and Rao [5] construct translation.planes by taking images of

2
such 2-spaces V under the mapping T : x - zad +l where o 1is a

primitive root of X and then determining certain situations under which
the image sets are pairwise disjoint. (Notice that V has exactly qg+1

images under (70 .)

The mapping I acts as a collineation of I which fixes each

component and will induce a collineation in the planes constructed above
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but 7T will clearly act differently on the new planes.

NOTE 1. Every 2-dimensional subspace of K over GF(g) is either a

component (line) of I or a Baer subplane of I .
Proof. See, for example, (3.8) [3].
NOTE 2. The gq + 1 images of V (as Baer subplanes of I ) under

T must have the same infinite points in I . Thus {VTt} is the set of

q + 1 Baer subplanes of a derivable net in I .
Let V, U be distinect 2-spaces which are not components of I . The

L =17
planes of Rao and Rao are obtained by assuming sets {VTt} and {UT } are

disjoint. So:

NOTE 3. The planes constructed by Rao and Rao are the planes
obtained from I by the replacement of a set of pairwise disjoint

derivable nets in I .

NOTE 4. Corollary {2.11) [5] shows that two such nets can always be
found which are disjoint. By Bruck [1] (7.6), the corresponding planes are
Andre planes.

In [6] Rao and Rao completely determine the full collineation group of
a plane of order 25 constructed as above and which admits a collineation

group that has infinite point orbits of lengths 8 and 18 .

In [4] Johnson and Ostrom considered translation planes admitting
several homology centers and constructed a class of planes admitting
homologies of order 3 with exactly eight centers all of which are in the
same orbit (see [4] (2.8)). The plane constructed in [4] of order 25 is
of particular interest. It not only has the eight homology centers in an
orbit but also has 18 homologies of order 2 whose centers are in a

single orbit.

The full collineation group G of the planes constructed by Johnson
and Ostrom is determined by Johnson in [2] and G D PGL(2, 3) by (2.6)
[4].

NOTE 5. The plane of Rao and Rao of order 25 constructed in [6] is
the plane of Johnson and Ostrom [4]. It may be constructed by the

derivation of the Andre nearfield plane of order 25 and is the unique
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plane of Bruck type {1} .

Proof. There are only 5 - 1 = 4 possible pairwise disjoint
derivable nets (with 6 components) in the Desarguesian plane I of order
25 . By Note 3 the Rao and Rao plane must be so constructed. If it is
obtained by replacement of one or two nets, the plane is Hall or André and
cannot have the orbit structure that it has. Thus, it must have taken
three nets to construct the plane. Thus, the plane is either Hall or the
triple of nets is nonlinear in the sense of Bruck [1]. By Bruck [1]

(7.67), there is a unique such plane (also see [4], Section 3).
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